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BPP ⊆ ∃ · BPP ⊆ NP
BPP ⊆

MA2 = MA ⊆ ZPP
NP ⊆ Σ2 ∩ Π2

FHGJI�KLNMOQPRTS	UWVYX�Z	[/\	P]"^	_`GaV	bdc$[�P�I�e)f

gJhjilknmok�pjk�qlrlkts�u`vws�v
L ∈ ∃ · C x�y&z2{�|}z2~��dy&z2�,�n~ny1�$�*�&��� L′ ∈ C �Q�n���,�`x)�*�n�

L = { x | ∃y (x, y) ∈ L′ }.

�����������������}�d�������
� {������N���Q{ �¡�n�,¢oy2�,|�¢£�*y&z&���/{�¤,���6�,¥*|��,|��Q{�¤,����¦}�,�T{)§¨��y&�*|��`©s*ª

BPP ⊆ ∃ · BPP« ª
∃ · BPP ⊆ NP

BPPu"ª
ZPP

NP ⊆ Σ2 ∩ Π2¬®�¯�k�°j*qjrlk3s�u`v±s�v 92² �,y³|µ´ ² �,y}�n�T{)§#�*y&��|*�=¶�¥���¢o�·z+{)y+¸�~T§¹�º|*�»�n¶�¥�y+¸)y2{)y ²�*|*�º�,¶�y1¥��/�,�n¥��½¼¾�,��|��*¿+� ∃ · BPP À � {��Á¸ �n�T�Q�Â�/�ny2{)¤,z2�,���ÁÃ ² ¿1�Ä�,�T{)§¨��y&�*|*�¸)�,z1�Q�/�n�,�����Å�7�n¢oy1�n|*�,¤�x��*�,� RP
NP ⊆ NP

NP x��Æ¶��·�n¶�¥�y+¸)y2{)y1��|�§ ZPP =
RP ∩ co Ç RP.È$É*Ê k�iË�mok�qlrjkÆsTu`vws�v

NP
BPP ⊆ MA2 ÌÍ�ÎÂÏ�ÐNÑQÐnÒ¡ÓÕÔ Ö�×2Ò¡ØnÎ Ì#Ù �/Ú�|����}|*� NP |�¢oy&y2��¸ y1¥�y&�n�Û�,����|*z2{)y1��|��·¶��Q{)|����,¢o| ²�N{)¤,���,�Ü�,��z1�n�,� p(n) À�ÝtÞ1�n�,¢Á¸ y1¥�y&�,y¹¢o�£�,z2~���y&z2�,�/{���y&¢ß�,�à�&�,�,�£�,¥��n�*~Â{ ��|*�

BPP áwân~7¸ y1¢=z&�*|*�Q�/�,¤*x"�*�n�6�ny&¥��Â�*�n���,z2�,¤��/Ú�|�â,�*|}� BPP ¢oy&�*¤nÚ�y 1

2n ã Àä ~,z2�,¤ Ù y&¥T{�|���¸"�/y1�6å#¥*�/~T¥T~}¶T~��n¤6�¡Þ2�,�,¢ß¸)y&¥�y1�,ynÀæ z2{�| x ∈ L x�n�,¿ç¸"�$�Q�n���,�Á¶T~��n¤}z2~���y&z2�,�,�n���Q{YxY�a�7���N�*|*� Ù y&¥T{�|��Á¢o�ÂèJy2�¶*�,���/�Â�/�n¤d¶�¥��n�,|T{)¤n������¶*~��n¤�ÀTå¨¥*�n~�¥a¢o�ÂèJy2�dy1¿&��¶��,¶��à�Q�/�n¤,z!�$¶�¥*�,�,y&¥*|*�,¤�x��,� ²�*|�z2{��T�¡�n�,�ny1���,¥��/�*~Â{ ��z7�n¢o�,z2�,�Â�*�ny2{)¤n���aáéz2{�~����/������y���|�z+{ �¨¸�{��JÞ2�,�,¿1��~���y&¿1�
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BPP ⊆ ∃·BPP ⊆ NP
BPP ⊆ MA2 = MA ⊆ ZPP

NP ⊆
Σ2 ∩ Π2

|�¢oy&§¹�,z!� ã À ä ¥*|³¶*¥��,�,y1¥���y�¶*¥��n�,|T{�¤,���,¿1�Ü¶T~��n|Ûå¨¥*�n~�¥Û¢o�ÂèJy2�Üy&¿&�¡�n�n�,y&¥*¿&�*~��,¤|*� ² �Â���nÚ�|�ân�,�����,¿1�Û�n�n�,y1�Q�}¶�¥�|·�,���*|�z2{)y1��|�|·�/�,�,y2�Q�Û�,¥��n�T~N{)�}|*� BPP À	���n��T�/�Û�,y1¥��Â�*�,�*�,z1�n¤$�nÚ�|�ân��|Ä�Q{)¿1�,¥�|*�n¢®��� BPP Þ1��z1¶��,��y1��
�|��N{)¤,����¢®�Q{ �Tx)�n��|�,y&¥��Â�T�,���,z2�,¤Ä�,�n¿&��xl�*�,�Ä¢o� ¶�¥*�,¶*~,z2�,|�¢ ��y1¶�¥��n�,|�{)¤,���,y¡¸ �,���/�Â�Q�,y2{�¤,z1�n�,��x �,� ²èJy�¢®�Q{ �»áé�}�n¥��n�*~Â{�~³¢o� ¢o�,¿�{�|}~,z1¶�y1�n¤$�,â,¥��Q�,|*�n¤,z!�}{)|TÚ�¤�¶*�/{)|����n¢o|��Q{)¤,�*�,y��|�z2{��6¥��Q� ã Àæ z+{)| x 6∈ L x��n� Ù y&¥�{)|��·¸"�Q{ß��y1�,y&¥��*���t¶*~��n¤�|ºå¨¥*�n~�¥`xo¶�¥*�,�,y&¥��T�Åy&¿1��x{)|�â,��¸ �n��¸ y1��¸ �J���,��
��J|$�n�,�,y1¥�¿&�*y1�6y&¿&�*xT{)|�â,�J¶*�/{�~���|*�Ü�nÚd|�â,�*~�¶�¥�|��,����|�z ²{)y&��|*|}�n�n�,y1�Q�Ü�,¥��n�T~N{)�Ü|*� BPP x��,y1¥��Â�*�,�*�,z1�n¤���y1¿&���n¶*�*�n¤Ü¢®�N{ �*À
È$É�Ê k�i"ËÁmok�qlrjkÁs�u`v « v

MA2 = MA.

Í�ÎNÏ�ÐNÑQÐnÒ¡ÓÕÔ)Ö�×1Ò¡ØnÎ Ì Ý {)�ÂèJy&�*|�y MA ⊆ MA2 �n¥�|��,|��Q{)¤,���*xl¸ �,���/èJy1¢ �nâ,¥��/� ²���,y��,�T{)§¨��y&�*|�ynÀ
Ý�z&y�¢o���ÂèJy&z2�,�,�6z1�n¥��,�Ûz+{�~����n���*��¦³z1�,¥*�,��¸ y+{)|*�nz!�»���d¦��n¥��nÚ�|*y�|³¶T{)�7¦T|�yáwå#¥T�n~�¥Û���J��|�¦��,¥�y2� ã À ä {)�7¦T|T¦�z2�,¥��,�*y&�»¢®�Q{���À����n¿ç¸"�J¶��,¶��à�Q�ny1¢oz!�»zç¸ �n|��*~��,¤¢o���ÂèJy&z2�,�,�J¦��,¥*�nÚ�|T¦³z2�,¥��n�}�Q�n�`x)�*�n�,â,�W¶��,��¥��à�n¤��,z1y�¢o���ÂèJy&z2�,�,��À� �,¥*¢®�Q{)¤,���*x	¦,�n�,|*¢�x��*�n�,â,� ¸�{����*�&����� L ∈ MA2 â,��{)�Û�n��¶��/{)��y1���ºá ⊕Þ1�,������ ã ©9 ã y1z2{)| x ∈ L x®�n� ∃w ∃r1, . . . , rk ∀r

∨
k

i=1
A(x, w, r ⊕ ri) = 1 x �n�Æy1z1�,¤¦��n�Â��â,� �&¸ ���$|*�¡z2�,¥��,� r ⊕ ri � ¦��,¥*�nÚJ�/�tá w � ¸ �,���/�7�/�,y+{)¤,z2�,�,� Ù y&¥�{)|����|*� MA2 ã��

´ ã y1z2{)| x 6∈ L �n� ∀w ∀r1, . . . , rk Pr
{∨

k

i=1
A(x, w, r ⊕ ri) = 1

}
≤ 1

3
x	�,�

y&z1�n¤����/{)|*��y&z2�,�,�$z+{�~����n������¦}z2�,¥��,�x"�,¶*¥��,�,y1¥�¿+�n§¨�d|T¦�¸ �,���/�Â�Q�,y2{�¤,z1�n�,� Ù y1¥ ²{)|����*x��nz1�Q�n��y2�,z!�Ûâ,�/{)¤nÚd|�¢�À� z1����x`�*�n�}|T�¡Þ1�,�n¿&�³z2{)y'¸)~,y2� MA2 ⊆ MA ©`�,�àÚ�y¡���/¶�|�z7�/�������n�,�����nz1�,|�,¶�¥�y'¸ y2{)y1��|�y MA À���z1�Q�ny2�,z!�$¸ �,���/�7�/�,¤�x��T�,� 9 ã |}´ ã �,��¶��Q{)��y&�*�J¸�{��a{)§#â,�n¿&��*�7����� L ∈ MA2 À� ~Â¸)y&¢µz&��|T�Q�/�,¤�x�*�,�$�,y1¥��Â�*�n���,z1�n¤$�nÚ�|*â,��|Äå#¥T�n~�¥�� � 1

2u x ¶�¥�|���y1¢ u �n� ²â,y&¥�y1¢=¶��/�2¸ ��y1ynÀ� ���N���Q{ �Ä¸)�,���/èJy&¢ z1~���y1z1�n�,�,���n�*|�y r1, . . . , rk À®Ý�¥�y&¢oy1��������|���z1|�¥*~,y1¢ r ÀÝ���â,y&¥*y&¢µz1�n¥��,��| r1, . . . , rk z+{�~����n������¢W�,â,¥��Q�7�,¢E|»¶*�,z&��|T�Q�ny&¢W�,y&¥��Â�T�,���,z2�,¤
Pr{A(x, w, r⊕ri) = 0} À����,���n�7���Â���/y1�Nx��*�,���,z1y ri ¶T{��Â¦T|�yà¸�{��Ü|�z�¦,�&¸ ���,¿1�då#¥ ²�n~�¥�� � �,z1¶��,¢o��|*¢�x,�*�,���&¸ ��� ri ân��{ ��¶T{)�7¦��n�6z��,y1¥��Â�*�n���,z1�n¤,§ 1

2u xn��|T¦ k Ú��n~��`À
���,¿ç¸"�à¶*¥�|���|*��z1|�¥��,�,�n�����,¢ r ¶��Q{�~���|�¢ Pr

{∨
k

i=1
A(x, w, r ⊕ ri) = 0

}
≤

(
1

2u

)k À
 �n�,¿&� Pr

{
∃r

∨
k

i=1
A(x, w, r ⊕ ri) = 0

}
≤ 2

|r|

2ku À®å �n�,¿ç¸"�Æ���n¢ ¸ �nz1�Q�/�n�,�����
�,��â,¥��/�n¤ u, k �Q�n��|*¢o|`x �*�n� 2

|r|

2ku < 1 xl¶��,z+{)y$Þ1�n�,¿&���n�/�,�,¢®�/�n|���y1z&��|t¶��/{�~���|�¢z1~���y1z1�,�n�,���n��|*y r1, . . . , rk x��,y'¸ ¤d¢o�£|�¦Ü�,��â,¥��Q{�|�z2{�~T���n������x�|6¶��/{�~���|T{�|`xT�T�,��,y&¥��Â�T�,���,z2�,¤Ü~,z&¶*y1Ú��*�,¿&�a���nâ,�,¥��Jâ,�Q{)¤nÚ�y 0 À�Ý���â,y1¥�y&¢ u, k �T~��n¤�¶��/�&èJy/À
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ä ~,z2�,¤ x 6∈ L À Ù � �n�1�T{)|}z1�,¥*�,�*~ r x)|}¶�¥�|Ûzç¸)�,|�¿&y�¢o� ¶��/{�~T�*|T{)|»¶T{��Â¦�~�§z2�,¥��n�*~,xn�n��y&z2�,¤ r {)y1è¡�N{)����¢o���ÂèJy1z1�,�nynx/�*�/{��*§¨��y1¢oz!�¡zç¸ �,|�¿1�,¢½¶T{)�7¦��n¿&��¢o��� ²è�y&z1�n���6¶*�7¸)z&���/�7�n�Û��� ri x�y1¿&�¡¸)�/{��³�n�6�,z&y+¦³¶��&¸ z&���/�&�,� 1

2u À����,¿ç¸"�¡¢o� ¦,�n�,|*¢�x�T�,�,â,� k

2u < 1

3
ÀÝ��/�7¤,¢oy1¢ u = |x| + |w| | k = |r| xT{)y&¿1���6�Â�/¢oy1�,|T�,¤�x �*�,�Ü¶�¥�|³Þ1�n�,¢£�,��¶*�/{ ²�T��§¨�nz!�Û�nâ����,¥�y1ân~,y1¢o��¦Û�*y&¥��n�ny&��z2�,���*À

È$É*Ê k�iË�mok�qlrjkÆsTu`v u`v
MA ⊆ ZPP

NP

Í�ÎÂÏ�ÐNÑQÐnÒ¡ÓÕÔ Ö�×2Ò¡ØnÎ Ì ä �,z2�,¥��n|�¢Ä¢®�/Ú�|*�*~d|T� ZPP
NP á �NÀ y/À/�,y1¥��Â�*�n���,z1�n�*~�§µ�,¥�� ²�T~N{�¤,�*~�§ ¢®�/Úd|��*~ ��¤,§#¥*|���¿+��|6�,¥��n�T~N{a|*� NP ã x����n�,�n¥��/�6¶�¥�|���|*¢®�ny1���7�N¸"�n� ²�*���³�T�7���Û|T� MA À

� ��¡s)v ä ~nz1�n¤��,y&¥*�N�T�,���nz1�,¤#�nÚ�|�ân��|då¨¥*�n~�¥�� � 1

2u á u ¢o�·�,��â,y1¥�y&¢Ä¶*�n�&èJy ã ÀÝ���â,y&¥�y1¢ r1, . . . , r2u z2{�~����n�*����¢µ�,â,¥��/�&�,¢�À � ¶�¥��/Úd|����ny1¢£~}�n¥��n�*~Â{ ��|T� NP ©z2~���y&z2�,�n~ny1��{)| w x&�Q�n���,ynxN�*�n� ∧
2u

i=1
A(x, w, ri) = 1 À æ z2{)|��,¥��n�T~N{�z1�T�Q�Â�Q{��Õ��y2���!x�n�,¿ç¸"�a¶*~	�2�,¤$���/Ú���¢®�/Úd|����6¿1�,�,�,¥*|*�
�Õ�*y1���!x"y1z2{)|}èJyd�,¥��n�*~Â{Äz1�T�Q�Â�Q{��±¸"���'x��n�¶*¥��&¸ �/{�è¡�/y&¢=z2�,¥��n|*�,¤��Q{)¿&�n¥�|*�,¢�À

�#�,�ny1��H��y1���'xY�,��¸"�n�*�����·���³Þ1�,�n¢ ÚJ�n¿1ynxl�,z&y1¿ç¸"�Û�,y1¥������`ÀjÝ z&�n¢o�,¢ ¸ y+{)ynxy1z2{)| x ∈ L x��,� Ù y1¥T{)|��Å�&���Q{ß�Q�n���,y w xj�Û�7���Â��|T�Nxo�,¥��n�*~Â{t��ya¢o�n¿$z&���/�Â�Q�,¤
�H��y1���'Àä ~,z2�,¤ x /∈ L À ä �,z1��|*�Q�ny1¢�x�za���n���,�·�ny&¥��Â�*�n���,z2�,¤,§ �,¥��n�*~Â{º¢o�,¿6z&���/�Â�Q�,¤
�±¸"���!© Pr{∃w . . .} ≤ 2|w| Pr{

∧
2u

i=1
A(x, w, ri) = 1 ¸�{��³���,����¥�y2�,���n¿&� w} ≤

≤ 2|w| (Pr{A(x, w, r) = 1})2u ≤ 2|w|
(

1

2u

)2u
� 1

2
áéÞ1�n�,¿&�Ü¢o�Âè����d¸ �nâ,|*�,¤nz!�Û�,� ²ân�,¥��,¢ u ã À

� �� « v ��y1¶�y&¥*¤����,�*��~,z2�Q�n���,�,|*¢ w À Ù � zç¸)y2{ �ny1¢µÞ1�,�$¶*�,â,|*�n�,�,��À � �n�}���n��n¥��n�*~Â{Åz1���/�Â�Q{�� ¸"���!x`�,�»z1¶�¥��,z1|�¢ ~½�,¥��/�*~Â{ �*©Yz1~���y1z1�n�n~,y2��{)| w̃ x	�Q�n���,y/xj�*�n�∧
2u

i=1
A(x, w̃, ri) = 1 x/|�y1yà¶�y1¥��,���¡â,|*�������'À æ z2{�|J�,¥��n�*~Â{Üz1�T�Q�Â�Q{��±¸"���'xÂ�n��z&¶�¥�� ²z1|�¢ ¶*¥��}¶*y&¥��,��y�¸ ����â,|*�Q���������'x`y1z2{)|½èJy¡�,¥��/�*~Â{·z1�T�Q�Â�Q{��Õ��y2���!xY�n�}z1¶�¥��,z1|�¢¶*¥���� 9 ���'x�|a�Q�n��¸"�Q{)y1ynÀ&À1À ���n��|�¢ß�,â,¥��Q�7�,¢Åz1��|*�Q�ny1¢�x��*�,�¡¶��,z+{)y�¶�y1¥��,�,¿1��ÚJ�n¿+�*xy1z2{)|³�Q�n���,y w z1~���y1z1�n�n~,y2�Nx�,�Ü¢o� y1¿&�¡�7���ny1¢�À� �Q{)y1ynx"y&z2{�|�¢o� ~nz&¶�y2Ú����³¶�¥��nÚ�{)|Ä¶�y1¥��,���ÄÚJ�n¿'x"z2{�~����/�������,��â,y1¥�y&¢µ��� ²�n��y�z1�n¥��,��| s1, . . . , sk x |Äz&¶*¥��,z&|*¢ ~}�,¥��n�T~N{)�*©�¸�{��Û{)§¨â,�,¿&��{�| r �,��¶*�/{)��y1���∨

k

i=1
A(x, w, r⊕si) = 1 À æ z2{)|6�,¥��n�*~Â{6z&���/�7�Q{
�±¸"���!x/�,�n¿ç¸"��¶*~	�2�,¤d���/ÚJ��¢®�/Ú�| ²���³¿1�,�,�,¥�|T���±¸"���'xy&z2{�|ÁèJy¡�,¥��/�*~Â{·z1�T�Q�Â�Q{��Õ��y2���'x`�n�}���/ÚJ�³¢®�/Ú�|����³¿1�,�,�,¥�|T�

�H��y��7���/§��'À
�#�,�ny1���±¸"���!x �,��¸"�n�*�����£���½Þ1�n�,¢¾ÚJ�/¿&ynx®�,z1y&¿ç¸"�Á�,y&¥��*���`À Ý z7�/¢o�,¢ ¸ y+{)ynxy1z2{)| x 6∈ L x�,���,âÂ�T�Â�/�ny2{)¤,�*�}z2~��dy&z2�,�n~ny1�»�Q�n���/��z+{�~����n�����Q�½z1�,¥*�,����� r̃ x ¸�{��
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BPP ⊆ ∃·BPP ⊆ NP
BPP ⊆ MA2 = MA ⊆ ZPP

NP ⊆
Σ2 ∩ Π2

���/�,�,¥��n� ∨
k

i=1
A(x, w, r̃⊕si) = 0 xQ�Q�/�J�T�/��|����Â��yà¢o�ºâ,�Å¶*�,��¥���{)|J�nz&yà¢o���ÂèJy ²z1�,�n�Jz2{�~����n�*����¦�z1�n¥��,�$¶��Q{)|����,¢o|��Q{)¤,����¢ß��|�z+{)�,¢ºÞ&�T�7y&¢o¶�{���¥��n�Ü¢o�*�Nè�y&z1�n����nÚ�|�ân�,������¦³z2�,¥��,�Æáw|*¢oy&§¨�dy&¿1�Ü{)|*Úd¤�Þ1��z1¶��,��y1��
�|��N{)¤,���6¢®�Q{�~�§ ¸ �/{)§ ã ÀÝ �T�/��|T¦=z2{�~����/��¦£¢o� ¿1�,�,�,¥�|*¢ �Õ��y³�7���n§ ��� æ z2{)|E���Æ¶�y&¥*�,�,¢ ÚJ�/¿&y»¢o�¶�¥��,¶*~nz1�n|T{)| x 6∈ L áé�,y&¥��Â�T�,���,z2�,¤ � 1

2
x����n�µ¢o� �,�à�*z&��|�{)| ã x�|T{)|EèJy»¢o�z&���/�Â�N{)| �H��y��7���/§������ x ∈ L À����n���,���J�,y&¥*�N�T�,���nz1�,¤6�n�,�n¥��,¿&�Üz&�nâ,�à�,|*���ä �,���/è�y&¢�x`�*�n�}y1z2{)|»¸ �,���/�7�/�,y+{)¤,z2�,�,� w ¶��&¸�¦��&¸ |*��¸�{�� < 1/4 ¸)�/{)|½z2{�~ ²���n������¦Äz1�,¥*�,�`x`�,���,y1¥��Â�*�n���,z1�n¤}�n�,¿&��x	�T�,�����n¢ y&¿1�a¸ �N¸)~��Û���a¶�y&¥��n�,¢ Ú��n¿&y/x¢®�Q{ �*À � y1��z1�n�,|*�ny2{)¤,�*��x®�,y&¥��Â�T�,���,z2�,¤��,�,¿1��x �*�n�����,�*��¥�y1�n���,y w ¶��&¸ �nÚ�{)�����
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