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Jlekimsa 3

Nepapxust mo namMsTu

(Koucmniekt: M. Ilinuckus)

Onpenenenne 3.1. lna nanunoit dbynkuuu f, DTime(f(n)) obo3nauaer
KJIACC SI3BIKOB, MPUHUMAEMBIX JeTePMUHUPOBAHHBIMEU MAITMHAME T BIOPUH-
ra, 3aKaHYMBAKOIIUME CBOIO PaboTy 3a BpeMsi, He mpeBocxojsiiee f(n), rie n
— nymna Bxoma'. DSpace(f(n)) o6o3HavaeT KJaacc S3BIKOB, TPUHAMAEMbIX
JIeTePMUHUPOBAHHBIMY MaITuHaM¥ ThIOPUHTA, UCTIOJIB3YoIIue He 6osiee f(n)
sYeeK maMsTH Ha paboumx JeHTax (BxomHas readonly jeHTa — HE B CYU€T).
AHaJIOTMYIHO ONIPEJEIIOTCS W APYTHe MOA00HbBIE STUM KJIACCHI, TOJHKO OYKBa
D szamensierca ma apyrue’. Ecam Bvecto dbyuknmm f ykazaH Kiaace (pyHK-
nuit (nanpumep, O(n)), noxpasymeBaeTcsi OObeJIUHEHHE COOTBETCTBYIONIUX

kiaccoB: DTime(F) = |J DTime(f).
feF

Onpenenenne 3.2. /[ns 1106010 BEIYUCIUTETHLHOTO yeTpoiicTBa M 0603Ha-
yum L(M) npunumaembiit UM s3bIK (HOHATHE NPUHAMUSA CTPOKH DA3JIHYHO
JIsl PA3HBIX TUIIOB BBIYUC/IUTETHHBIX YCTPOHCTR).

3.1 Hebojbnioe KOJanm9IecTBO IIaMATH, TOMOTaI0-
1ee B BBIYMCJIEHUSX

Sameuanwue 3.1. Ormernm, uro mamuna Treiopunra c jentoii aiuabr O(1)
€CTb KOHEYHBIN aBTOMAaT.

' Boobme, eci He CKa3aHO MHOTO, N Be3le 0003HAYAET UMEHHO IJINHY BXOJA.

2Henonublii cniucok coxpamenuii: N — HeleTepMUHAPOBAHHEI, R — BepOATHOCTHBIH
C OrPAHUYEHHOU OJHOCTOPOHHEH OInbKo, B — BEepOSTHOCTHBIN C OTPAHUYEHHON IBYCTO-
pouHeit omubkoit, BQ — KBAaHTOBBIM ¢ OrpaHUYEHHON JBYCTOPOHHEHN OMOKON. 3HadeHue
9TUX CJIOB OyJIET IMOSICHEHO MO3KE.



2 Jleknmst 3. Hepapxwst mo mamMsita ‘

Teopema 3.1. Ioxascem, wmo DSpace(O(loglogn)) # DSpace(O(1)).

okxazamenavcmeo. OnumieM si3biK D:

=0 =1 =2k_1
D=<0...00$0...01%...$1...11$| ke N

[TokazkeM, 9TO JaHHBIN sI3BIK He TpUHaAIeRuT Kiaaccy DSpace(O(1)). s
3TOr0 BOCHOJIb3yeMCsl TaK HA3bIBAEMOH JIeMMOH O paspactanuu (pumping
lemma), JIOKa3aTeJIbCTBO KOTOPO#W MOYKHO HailTH B JII00ON KHHUTE 110 TEOPUH
dopMaIbHBIX SI3BIKOB.

Jlemma 3.1. Jas 2106020 0emepmMuHuUpoOGaHHO20 KOHEUHO20 asmomama A
cywecmeyem makoe n € N, umo xaorcdas uenouxa w € L(A) daunv ne
menee n npedcmasuma 6 eude w = affy, npuuem aff’y € L(A) dan arbozo
r e N

Honycrum, uro nam si3bik D npusaiexxkur kiaaccy DSpace(O(1)), To
€CTh OH PACIO3HAETCSI HEKOTOPBIM JIETEPMUHUPOBAHHBIM KOHEYHBIM aBTOMa-
ToM. Torma 771 Hero BHITOJTHSIETCS JJeMMa 0 pa3pacTanuu. PaccMoTpuM cTpo-
Ky JJIMHBI He MeHee 71 U TONBITaeMCs HAaflTH TOBTOPSIOILYIOCA MOJCTPOKY
B. TlockoabKy € pOCTOM CTPOKM HAYAJbHBIA OJIOK W3 HyJel J0JIKeH pac-
TH, CTPOKa (3 JOJKHA HAYMHATHCS € HYyJsl (IPUYEM 5TO HyJib, CTOSIIUA 10
nepBoii eauuuIp). [1o aHAIOrMYHON TPUYKMHE OHA JOJIKHA OKAHUYNBATHCS HA
equnuiy. Ho Ttorma misa moboro r € N cTrpoka «ff"y HauMHaeTCd HA OIHO
1 TO K€ KOJUYECTBO HYyJeil, 4TO JJjisd JOCTATOYHO OOJIBIIUX 7' MPOTHBOPEYHUT
af™y € L(A). (Ipyroe goka3arebCTBO: KOJIMYECTBO CHMBOJIOB $ B KaXK/10M
cJ0Be si3bIKa [ sIBJIsI€TCS CTENEHbIO JIBOWKM, 3HAYWT, 10 JIeMMe O pa3pac-
TaHWM BCE OHHU JOJIXKHBI BXOIUTH B CTPOKY (3, UTO MPOTHBOPEYHUT TOMY, UTO
PACCTOSTHUE MEXKJy JBYMsl CUMBOJIaMHU $§ yBeJIMumMBaeTcss ¢ POCTOM JJTMHBI
crpoku.) Takum o6pazom, D ¢ DSpace(O(1)).

[Toctpoum Tenepbr Mammuy ThrOpuHTa, TPUHUMAIOINLYIO HAI SI3BIK, UC-
nosb3yst O(loglogn) stueek mamsitu. [lycTh Ha BXOJ, MaIWHe MOJAHA CTPOKA
13 HAIEro sA3bIKa, COOTBETCTBYIONAsT HEKOTOPOMY HaTypajbHoMmy k. Marrm-
Ha Oy/ieT B 9TOM caydae paboTaTh B k TanoB. Ha i-M sTane 3aa4deit ManiuHbl
Oy/eT IPOBEPUTH, YTO TPYIIIBI U3 § TOCIEAHUX OUTOB (CUYETUUK 7 3aHUMAET
O(logk) = O(loglogn) 6utos), B3aTHIX U3 Kaxjoit u3 2% mogcrpok mameii
CTPOKH, 3aK/JI0YEHHBIX MeXK/1y 3HaKaMu $, 00pa3yror apudMeTndecKyio mpo-
rpeccuio mo Moyaio 2¢ ¢ paznocteio 1. Hampumep, 1714 ¢ = 1 Ha10 IpOBEPHTS,
YTO IMOCJeaHne OUTHI B KaxKjoi rpymnme dyepenytorces: 0,1,0,1,...,0,1. dxa
1 = 2 HaJI0 yOeMThCs B TOM, YTO JBa IOCJEIHUX OUTAa 00pPa3yl0T COOTBET-
CTBYyIOINLyI0 nocaeaoBarenbHoctsb: 00,01,10,11,00,01,...,11. [To okoHuanuu
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BCeX k 9TAIOB clieyeT TpOBEepUTh, 9TO (k 4 1)-if cHMBOJ KayK 10 TPYIIBL —
neficrBurebHO $. O4eBHMIHO, UTO 1Jis CTPOK U3 [ BCe 3TH MPOBEPKH MPOii-
nyT. Ecnu ke cTpoka He TpUHAIIEXKUT [, TO PaHO WU TO3THO AJTOPUTM
O00HAPYKUT HAPYIIEHWE CTPYKTYPhI, U CTPOKa OYIeT OTBEPTHYTA.
EjuacTBeHHbIil MOMEHT, KOTOPBI HE OBLJT PACCMOTPEH JI0 CHX IOP — 3TO
cOOCTBEHHO OpraHu3alus Ipolecca cpaBHeHusi rpymnn ourtos. Ilycts y Hac
ecThb rpymnmna 6utoB A, KOAUPyIOIIas HEKOTOPOe YUCJIO0 S, U Ipyta 6utoB B,
Kojupytomas aucyo t. Ham Heobxomumo yoeautbes, uro t = s + 1. s sTo-
IO JOCTATOYHO MOJCYUTATH JIIMHY HENPEPLIBHON MOC/IeI0BATETLHOCTH €U~
Hul, B A, HadumHaomelics ¢ KpaifHero mpaBoro OuTa, W NMPOBEPUTH, YTO B
B cupaBa cTrouT TOYHO Takoe ke KojudecTBO Hyseil. Cienyiomue mudpb
JIOJ2KHBI OBITH PA3JIMYHBI, & OCTABIIASCH YAaCTh JOJIKHA COBIAJATh. 3HAS ¢
u k, HeTPYAHO (IPU MOMOIIY CUETUUKA, HE MPEBOCXOAAIIEro k) m00paThes ¢
HYKHOI mo3unuu A 10 HyKHO# no3unuu B, u Hao6opoT (BCoMHUM, uTO A
u B HauMHAIOTCSA Cpa3y 3a COCEAHMMHU CUMBOJaMu $ miau, ays camoii nep-
BOit rpynnbl 6UTOB, HaYaJIOM CTPOKK). OYEeBUIHO, YTO Pa3Mep HY»KHOTO HAM
cueruanka — takxke O(loglogn). O

3.2 CoBceM MaJjieHbKOE KOJIMYeCTBO NaMATH, He
IIOMOTAIOIIEE B BHIYUCJIEHUAX

Teopema 3.2. Ve > 0 DSpace(O((loglogn)'¢)) = DSpace(O(1)).

Jlokazameavcmeso. PaccMOTpuM MammHy, KOTOpasi 3aTpaduBaer He 0OoJiee
S(n) = O((loglogn)!'~¢) mamarn Ha KaxKIO0M BXOJE [JIMHBI T, W TOKAXKEM,
4TO, HAUMHAS C HEKOTOPOH JIMHBI BX0Aa N HAIla MAIIWHA UCIOIL3YET OJHO
1 TO 2K€ KOJIMYECTBO d4Ye€K JICHThl HE3aBUCHUMO OT /IJIMHBI BXO/a.

Jist abHeinero pacCMOTPEH I BBEJIEM CJIEJLYIOIIEE OIPE/IEJIEHUE: NCE6-
doxonpuzypayueti mamuubl ThIOpUHTa MBI OyIeM HA3bIBATH KOHMUTY PAIHUIO,
B KOTOPOH BMECTO TO3UIMA CUUTHIBAIOIIEH TOJOBKU Ha 6T00HOT JIEHTE Xpa-
HATCSL CaM CHMBOJI, Ha KOTOPBIif 9Ta TOJIOBKA YKA3BIBAET.

OrMmeTuM CHavaja, 9T0 eciu aadaBAT MAmUHB ThIOPHHTA €CTh MHO-
x)ectBo {0,1}, To obmee kKommuecTBo mnceBgokoHburypamuii ecrb C(n) =
O(S(n)25M™) (3mech neppoe S(n) Hy»HO it TOrO, 4TO6HI yUecTh HOMED TO-
3unuu Ha, paboueti enre). PaccMoTpuM Tenepb Moc/e10BaTeIbHOCTD TCEB/I0-
koHMUrypanuii Jjis COCTOSHYSI, XaPAKTEPU3YIOMIEroCsi HEKOTOPBIM (HUKCUpPo-
6aHHbLM TIOJIOYKEHHEM YUTAIONIEH TOJIOBKYU HA JIeHTe. ZICHO, UTO HAC MHTEpe-
CYIOT JIUIITb [OCJIEA0BATEIbHOCTH JIiuHEL He 6osiee C'(n) (MOCKOJIBKY MO3UIHUST
IOJIOBKH HA BXOJHO JilenTe 3adpuKcupoBana, 60Jiee JJIMHHbIE OCIe10BATe b
HOCTH 1CeBIOKOHMUrypanuii Hen36e:KHO BeyT K 3alMKIMBAHUIO, TAK KAK UX
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KOJIMYECTBO — 9TO KOJIMIECTBO PA3HBIX kKonpueypayud). Takum obpasom, 06-
Imee 9HCJI0 TAKUX TOCTeI0BATETbHOCTEl MOXKHO OIEHUTh KaK

n)25(n) .
C(n)C’(n) =0 (S(n)QS("))O(S( )2 ) -0 (S(n)2(5(n))2,25( )) _
— O(n(l(’g10gn)2—25-10glog10gn/(log n)a) _ O(n)

s Becex n, 6onpmmx wekoroporo N € N, sra dynkunus < 5. Mbr yTeep-
KJIaeM, 9TO Hallla MAIIMHA He UCIOJb3yeT Oosiee S(IN) siueek JIeHTbl HU IS
KaKoTo BXOoJa JajaunHee V.

[Tyctsb ' — cambiii KOpOTKUil BX0, (M3 BXOMOB JJTMHBI > N), Ha KOTOPOM
ucnosib3yercs Gonee S(N) namsaru; n’' — ero JAjiuHa. 3aMeTUM, 4TO ' MOYKHO
npeacTaBUTh B BUAE

x' = a a B a7y a o

(HOMepa mo3uImii: i j k ),

rJie TMO3HUIUSIM %, J, kK COOTBETCTBYET OJHA U Ta Ke IOCIeI0BATETbHOCTD IICEeB-
nokoHburypanuit (1s KaK10i MO3UIUE PACCMATPUBAIOTCS HCEBIOKOHMU-
Typallfi¥, CYIIECTBYIOIIMEe B MOMEHTHI, KOI/Ia TOJJOBKA HAXOJUTCS MMEHHO B
970i mo3unuu). Takoe npeacraBjieHne BO3MOXKHO, TaK Kak eCTh n' mo3uimit
BXOJIHO# JIEHTBI, HO MeHee 1’ /2 1ocJieJ0BaTeIbHOCTel 1CeBIOKOHMUTY PAIHIA.

[Tokarkem Terepnb, 9TO KarkK1asi U3 MCeBAOKOHMUTYpalii, BCTpeYaOIIX-
ca npu paboTe Ha CTPOKe ', BCTpedaeTcsl TaKk:Ke W IpHd padore XoTd Obl Ha
oiHO# U3 cTpoKa aayad u aafad (310 OyneT 03HAYATH, YTO MAIIMHA 3aTPa-
yuBaeT Ha I’ CTOJILKO K€ IaMATH, CKOJBKO M Ha 6oJjiee KOPOTKOM CTPOKe,
YTO IPOTUBOPEYUT MPEJIIOJI0KEHHIO 0 MuHUMasbHocTH Z'). VIMenHO, cooT-
BETCTBYIOIIAsl ICEBIOKOH(MUIYpals I0/JKHA BCTPETUTHCH IPU paboTe Ha
COOTBETCTBYIOIIEHl CTPOKe (B MOMEHT 4TeHHs 5 — mpu pabore Ha aaflad, B
MOMEHT YT€HHsl 7y — TpH paboTe HA aayad).

CpaBHuUM paboTy MammuHbl Ha aayad 1 Ha x'. COOTBETCTBYIOINIHE «ITPOTO-
KOJIBI» PAbOTHI He Oy/1yT OTJIMIATHCA JI0 TeX MOP, 0K MAIIHHA He CIBUHETCS
BIIEPBBIE [IPaBee i-il MO3UIUYN BXOJHOHN JIEHTHI (ILyCTh JO0 STOT0 MOMEHTA II0-
CJIEJIOBATEJIBHOCTD TICeBAOKOHMuUrypaiuii B i-it nozuiuu — C1, Cy, ..., Cy).
JlanbHeiilnee nopeieHe MAIIMHB Ha &' HAC HE HHTEPECYeT M0 TeX IOp, MOKA
OHa He BHIAJET 3a mpejenbl mojacTpoku afa. Vmeercss nBa crocoba BHIATH:
Hanpaso (mpasee k-if mo3unuu) u HaJEBO. PaccMoTpuM mepBbiii corydaii.

BamernM, 9To npu pabore Ha T’ IOC/IEI0BATEILHOCTD IICEBI0KOH(MUTYPa-
it B k-it no3unuu — ta xe camasi: O, Oy, . .., Cy. CienoBareibHO, MAITUHA
BIIEPBBIE CIABHHETCH IpaBee k-it nmosunuu B KoHurypamuu C;. Ee naabueii-
mast pabora He OymeT OTJIMYATHCS OT AajbHeifmeit paboTel HA aayad, TO-
CKOJIbKY IICeBIOKOH(DUIYPAIMN U CYATHIBA€MbIe CHMBOJIBI HA BXOIHOI CTPO-
Ke COBIAJIAIOT — M TaK JO TOr0 MOMEHTA, ITOKa IOJIOBKA HE CIBHHETCS JIeBee
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COOTBETCTBYIOIIEH (B OMHOM ciIydae — i-if, B IpyroM — k-it) MO3UIUH, U T. 1.
(Coyuait, Korja mepBbIit BHIXOA U3 3 — HaJIeBO, aHAJIOTHYEH. )
Cuyuait aafad Takke MOXKeET OBITH PACCMOTPEH AHAJIOTHYHO. O

3.3 DBoJbliee KOJM4eCTBO TaMsATH, TOMOTaIOIIee
B BBIUHNCJEHUAX

Omnpegnenenne 3.3. 151 K/1accoB, ONPEIEISIEMBIX C OTPAHUYEHUEM T10 TTAMSsI-
TH, MBI Oy/IeM pacCMaTPUBATH OTPAHUYEHWSI, SIBJISIIOIIUECS «SPace CONStruc-
tibles dbynkuusvu. Oyukius [ sgBIsSETCS TAKOBO, €CJIM CYIECTBYET IeTep-
MUHMPOBAHHAS MalluHa ThIOPUHTA, BHIYUC/IAIONAs (JBOMYHOE IIPEICTABIe-
uue) f(n) Ha Bxoze 1 ...l u 3arpaumBaioias HA 9TO HaMATh He Gosee f(n).

n

3ameuanme 3.2. JIpyrue Kjacchl MOTYT OKa3aTbCs COBEPIIEHHO HeecTe-
CTBEHHBIMH; JaxKe OOJIbIIas HeBBIUYHCIUMAs J100aBKa K OrPAHMYEHUIO HA Ca-
MOM JeJie MOZKeT He ,HO6&BI/ITI> CUJIbl BBIYUCJICHUAM.

Teopema 3.3. DSpace(S;(n)) # DSpace(S2(n)), 2de Si(n) = 0o(Sa2(n)) u
S1(n) > logn das ecex n > ny.

Jloxazameavcmeso. Pacemorpum coemyromuit si3bik (060o3uadast (M) 3amuch
maruHbl M — T.e., 110 CymecTBy, ee (DYHKIMA MEPEX0/a):

k € NuU {0},
z = (M)01*| [(M)] < %Osz(lx\),

1
M orBepraer x ¢ namMsaTbio < 1—052(|a;|)

DTOT A3BIK MBI MOXKEM DACIO3HATH, UCIOb3Ys So(|x|) mamsaru. [Tokaxkem,
YTO €ro HeJib3sl pPacHo3HaTh, MOTpaTHB TOJBbKO Si(|z|) mamsaru. eiicrBu-
TEJILHO, IYCTh CYIIECTBYeT MaimuHa M, KOTOpasi MPOM3BOJUT TaKOe pac-
no3HaBanue. lorma it Hekoroporo N wm it Bcex n > N cupaBejinBO
S1(n) < £555(n). Pacemorpum uncio n, Goasmee N u 6omsmee [(M;)]. Ecam
cTpoka M, npummMaer cTpoky (M;)01" M= ‘1o oma mo onpemenenuio Ha-
IEro sI3bIKa €My He MPUHAJJIEXKUT, a eCJId OTBepraer, To npuHaiexut! [

MozkHO J10Ka3aTh aHAJOTHYHYIO TeopeMy 00 MepapXWuu 110 BpeMeHH.
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Onpenenenne 3.4. /115 K1accoB, onpeiegeMbIX ¢ OTPDAaHUYEHUEM TI0 Bpe-
MeHU, MBI Oy/IeM pacCMaTPUBATh OIPAHUYEHNUs, ABJISIONNECT «lime construc-
tibley» dynkmuavu. Oyuknusa [ gBiasgeTcsa TaKOBOU, €CJIM CYIIECTBYET JIeTep-
MHUHUPOBAaHHAs MalluHa ThIOPUHIa, BHIYUCIAONAs (J[BOMYHOE IIPEICTABIIE-
uue) f(n) Ha Bxoje 1...1 n 3arpaunBaiomasi Ha 310 He 6osiee f(n) MmAaros.

n

Teopema 3.4. DTime(S;(n)) # DTime(S;(n)), 2de

Sl (n) IOg SQ (Tl)
SQ (n)

u S1(n) > O(n) Hawunaa c HEKOMOPO2O MeECTA.

VYupaxkuenne 3.1. /lokaxure Teopemy 3.4. O



