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Jlekims 6

BepositHOoCcTHBIE aJITOPUTMEI.
ByieBbl cxeMbl

(Koucmnekt: C. ®emun)

6.1 DByJseBbl cxeMbl

Omnpenenenne 6.1. Bysepoii cxemoit C' HazpiBaeTcst OpueHTUPOBAHHBIN Tpad
6e3 (OpHEeHTHPOBAHHBIX) IMKJIOB, BEPIIMHBI KOTOPOIO MOMEYEHbl BXOJHBIMH
ouramu x1,To, ..., Ty, U OyJIeBBIMU omepamuaMu V, A, —; OJHA BbIIEJTeHHAS
BEPINUHA SBJIIETCS BBIX0A0M. Bepmuubl 3Toro rpada Has3pBaloTCd refftamu,
BO BXOJIHBIE T€THI HE Be/IeT HU OJTHO PeOpO, U3 BBIXOJAHOTO TeiTa HE UCXOIUT
HU 0JIHOTO pebpa. Bxojnas crenens reifra jgo/2KHA COBIAIATH ¢ KOJIMYECTBOM
apryMeHTOB TOil onepainuu, KOTOpoil OHa IoMedeHa (Tak, HalpuMmep, B reifr
MIOMEYEHHBbI — JIOJIPKHO BXOJUTh POBHO OJIHO peOpPO, a B I'elT, IIOMEYEHHbIH
V miu A, JOJKHO BXOAUTH POBHO JBa pebpa).

Brorunciienusi B 0y/1eBoit cxeme IPOUCXOIST CJIIYIOIUM 00Pa30M: Ha BXO/I-
Hble reiiTol nogaercs Habop X € {0, 1}™ 3nauennii nepemeHusIx x; (i € 1..m);
3HaYeHHe B KaxKJIOM CJIeJIyIoIeM IeiiTe olpejiesidercd yepe3 3HaYeHud B reii-
TaxX, U3 KOTOPHIX BBIXOJAAT peOpa B JAHHBIM reiT: HaIIpUMep, €CJId B TeilT,
IIOMEYeHHbIN V, BXOAAT pebpa u3 reiiToB, 3Ha4YeHUs B KOTOPBIX PAaBHHI ¥ U
12, TO 3HAYEHUE B ITOM TeiiTe paBHO Y1 V Yo. Pe3ysibTaToM BBIUHCIEHUS CXEMBI
ABJIdeTCd 3HaueHue, BLIUNCIEHHOEe B BBIXOIHOM reiTe.

Oupenenum reneps kiaace P/poly, cocrosimuit u3 GyieBbIX cXxeM HOJIH-
HOMHAJIBHOI'O Pa3Mepa.

Omnpenenenune 6.2. L € P/poly eciu cymecrsyer cemeiicrBo cxem {C; }ien
u 1omHOM p, Takue uto Vi |C;| <p(i) mx € L & Cp)(z) = 1.
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AJII)TepHaTI/IBHOG OoIpeJieJIcHue:

Omnpepenenne 6.3. Kiacc P/poly cocrout u3 rex si3bIKOB L, IpHHUMAMBIX
HeJIeTePMUHUPOBAHHOM MalnHoO# ThIOpUHTA, 110JCKA3Ka KOTOPO HE 3aBUCUT
OT BXO/Ja (HO MOYKET 3aBHCETh OT €r0 JJIMHBI), T.e. UMeEeTCs] TTOJHHOMHUAIBHO
BBIYUCIUMOE OTHOITIeHue I, 1151 KoToporo

Hyitien Vo (z € L & R(z,y5) = 1).

Herpya#o Bumerh, 9T0 9TH ONpeeieHns SKBUBAJEHTHHI.

Xoresoch Obl HOHATHL B3auMocBa3b KjaccoB P u NP ¢ HoBeIM KJjaccoMm
P/poly. Ouesunno, uro P C P/poly. Jlerko ysuners, uro P # P/poly
(Benp P/poly comep:Kutr jaxke HEKOTOPbIE S3BIKH, TPOOJIEMa TIPHHAIIEK-

?

HOCTH KOTOPBIM ajiropuTMudecku Hepaspemuma). Bonpoc NP C P /poly or-
KpbIT. OJIHAKO OH He SBJISIETCS COBEPIIEHHO HE3aBHCHUMBIM BOIIPOCOM.

Teopema 6.1. NP C P/poly = PH = Y?P.

Jlokasamenvcmeo'. Pacemorpum Y3 P-1oHbBI S3BIK
L ={F — dopmyna 8 KHO | JxVy3zF(z,y, 2)}. (6.1)

JlocTaToOuHO MOKa3aTh, 4TO OH JIEXKUT B L2P.

Heiicreuresnsro, nycre NP C P/poly. Torna jyist SAT uMeroTcst CXembl
HOJIMHOMHUAJIBHOTO pa3Mepa. [Ipu moMomu ux Mbl U cupaBuMcs ¢ Gopmy-
goit F'. IlpaBina, oHu HaM He J@HbBI; [MO3TOMY MbI M300peTeM HUX IIPHU II0-
MOIIM KBaHTOpa J ¥ NMPOBEpPUM HUX KOPPEKTHOCTh HPH MOMOIIU KBaHTOPA
V. KoppekTHocTh cemeiicTBa cxeM 1yisi SAT MOYKHO TPOBEPHTH (y HAC €CTh
KBaHTODP BceobirHocTH!), 3Hasi, 4TO Jisd J060i dbopMysabl G U nepeMeHHOH
k semosusiercss G = Gk = 0] V G[k := 1] — ase mocseguue Hopmysist
— MeHbIIle, U UX MOXKHO MPOBEPUTH CXEMOH MeHbIero pasmepa (u T .
710 TpUBHATBHBIX). Bosee dopmanbro, cemeiicto cxem {C;}! ; KOppeKTHO
11t bOPMYJIBI W JJIAHBL 1, €CH JIJId KaXKI0# nmepeMeHHoO k BBINOJIHSeTCS
Cru|(w) = Clypr=q)|(w[k := 0])VC yk:=1)(w[k := 1]), a ecm w BoBCe HE COmED-
XKUT TepeMeHHbIX, T0 Cly, (W) BBIIAET COOTBETCTBYIONIYIO KOHCTAHTY (true
win false).

Urak, ciemyiomee BeIpaXkenue J0Ka3eiBaet, 4yto L € Y2P:

3 cxemst CY, . .., Cy, A1t BXOZOB pa3Mepa 1,...,n COOTBETCTBEHHO;
dz (310 crpoka kKak B (6.1));
TaKkue, 4To

Vy (310 crpoka Kak B (6.1));
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Yw — OyneBoit hpopMyIbl JTUHBL < N

cemeiictBo {C;} KOPPEKTHO JIjisi BHIDAYKEHUST W U
Cip|(F(z,y,2)) = 1.

(B nocsieaaem BoiparkeHun cBOOO/HBIE NEPEMEHHBIE — TOJIBKO 2!)

DTy TeopeMy MOXKHO HepedOpMyJIUPOBATH CJIEAYIOIMNAM 00pPa30oM:

Teopema 6.2. NP C P/poly < 3 pedkoe NP-mpyduoe mmoocecmso 6
emwiene ceodumocmu no Kyky.

Jlokasameavcmso. Tocrarouno nokazars, uro SAT € P/poly < SAT cso-
autcst 1o Kyky K pejikoMy MHOXKeCTBY.

Heobzodumocms. Ilycts SAT € P /poly. 3adukcupyem cemeiicTBo cxem
{C;}ien monuHOMUAIBHOrO pa3mepa (MOXKHO CYMTATH, YTO pasMep cxembl C;
— poeno p(i) = dc) nnsa aspika SAT. IlocTpomm Temeph TpeGyemoe peji-
Koe MHOXKecTBO L. 3akoaupyeM Bce cxeMbl, U OyneM COCTaBIATb MHOXKe-
crBO L ¥3 KOJOB BCeX CXeM H BcexX HX IpedurcoB T.e. s cxembl (), C
KOJZIOM @103 . . . Gp(n) (Taie a; € {0,1}) B MHOXKeCTBO L momajyT: a10s . . . Gy,
(103 - - - Gp(n)—1%, Q102 - . . Ap(n)—2##, ..., a #Pm=1, [TordaTHO, 9TO TOCTPOEHHOE
MHOKECTBO PEJIKO (JJIsl JAHHOM JJIMHBI CTPOKY p(n) B MHOXKeCTBO L momnajia-

er oxHa cxema u p(n) — 1 ee npedukcos). Teneps, ucnosnb3ysi L kKak opaky,
?
MOYKHO HafiTH cxeMy Hy:KHOTO pasmepa: crpocum ero 0#P(ZD)=1 ¢ I ecim on

OTBeTHUT «aa», To cipocuM 00#P(2D)~2; ecin «ners, To 10#7(2) 1 i 1. 1. Urax,
3anas p(|z|) sampocos opakxymy, Mbel mocrponm cxeMy C)y. Ocraerca mpo-
MOJIETMPOBATH €€ BBIYUCJIEHUs] HA BXOJIEe & HA JETEPMUHWUPOBAHHON MalluHe
Trropunra.

Llocmamounocmo. [lycts y nac umeercst NP-TpyaHoe pegkoe MHOXKECTBO
L, x xoropomy cBogutcst SAT. JTokaxkeM, uto SAT € P /poly, moan3ysick onpe-
nesienneM 6.3. B kauecTBe MOJCKa3KU y; BO3bMEM BCe CTPOYKY U3 L paszmepa 1
(obbeuHenHbIe B OHYy: L1 #lo#ls . . .. [TockoabKy L — pejikoe MHOXKECTBO, CyM-
MapHasl JJIMHA TAKO# 1MOJICKA3KH ¥J; O'PAHUYEHA, HEKOTOPBIM HMOJIMHOMOM. [

6.2 BepogaTHOCTHBIE AJITOPUTMBI

Onpepesienne 6.4. f3pik L npunamiexut kaaccy RP, eciu cymectByer
BEPOATHOCTHBIN NOJIMHOMUAJBbHBIN 110 BpEMEeHU aJITOPUTM, KOTOPBIA Ij1d & €

L npunuMaer ¢ BepOSTHOCTBIO > %, a st x ¢ L oTBepraer ¢ BEpOSITHOCTBIO
1.
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3ameuanme 6.1. Knacc RP He udMmenuTcs, ecim B ONpeie/IeHUN 3aMEHUTH
KOHCTAHTY % Ha JII00YI0 JIpyryio, He paBuyio 0 u 1.

3ameuanue 6.2. MoxHo caenarh, 9To0Ob TAKOH aJropuT™M «BpPaJi» CO CKOJIb
YTOJIHO MAJIEHBKOW BEPOATHOCTHIO. JleficTBUTEIbHO, TOBTOPUB BHIUKCI€HNS K
pa3 M OTBETHB «JIa» €CJU XOTd Obl OJIUH pa3 BBIYUC/IEHUE OBLIO MPUHUMATO-
UM, MBI MOJIyYUM BEPOSTHOCTH OMUOKHU He OoJiee 4%.

Onpepnenenne 6.5. f3pik L npunagnexutr kiaaccy BPP, ecu cymectByer
BEPOSATHOCTHBIN aJTOPUTM, KOTOPBII i & € L npuHUMAaeT ¢ BepOSTHOCTHIO
> %, a ana r ¢ L oTBepraer ¢ BEPOSITHOCTHIO > %. Jpyrumu cioBamu,
CYIIECTBYET aJTOPUTM, BBIJAIOIINN TPABUIBHBIM OTBET ¢ BEPOSATHOCTHIO > %.
3ameuanue 6.3. Kiiacc BPP ne uzmenurcsi, ecjiv B onpe/ie/ieHUM 3aMEHUTH
3 1
KOHCTAHTY % Ha JIOOYIO JIPYTYIO KOHCTMAHMY, CTPOTO GOJBIIYIO 5.

3ameuanue 6.4. CHOBA MOYXKHO CeJIaTh TaK, YTOOBl BEPOSATHOCTH ONTUOKH
OblLy1a SKCIOHEHIMaAbHO MaJja. [loBropuM Bhruucienus k pa3 U OKOHYATE b-
HBII pe3y/bTaT Oy/ieM JlaBaTh MHEHUEM OOJILITUHCTRA. J[1s1 JoKa3aTe/bcTRa
TOT0, YTO B UTOTE BEPOSITHOCTH ONTUOKHU MaJia, BOCIOJIb3yeMCsi HEPaBEHCTBOM
YepHoBa.

dakrT 6.1.

£ pk 9
e pke
P{X 1+ ¢)pk —_ <e”
{ > ( 6)p }< ((1 E)1+E) =~ € 4 )

k .
ede X =)0 | T, 0T — HE3GEUCUMDLE CAYHATIHVIE BEAUNUNDL, KOMOPDIE Pa6-
not 1 u 0 ¢ sepoammnocmamu p u (1 — p) coomeememeerho.

[IpaBasi yacTh 3TOr0 HEPABEHCTBA — ITO BEPOSITHOCTH TOTO, YTO «MHO-
ruey r; = 1. B namem ciy4ae £ = 1 COOTBETCTBYET HENPABUJIBHOMY OTBETY
B k-OM BBIYUCJIEHUU; BEPOSITHOCTH ONIUOKU p = i. Bozbmem € = 1. Torna,
HepaBeHcTBO uMmeer Buj: P{X > %k} < e 16 =2 k), Urak, st Toro, 4ro-
Obl TIOJIyYUTh BEPOSTHOCTH ONIUOKM QLm, JIOCTATOYHO TOBTOPUTH BBIYUCJICHUS

k = O(m) pas.

Omnpenenenne 6.6. Kacc 3ama4, 1jiss KOTOPHIX €CTh aJTOPUTMBI C HYJIEBO
BepositHocThIO onmnOku: ZPP = RP Nco-RP.

VYupaxkuenne 6.1. s onpenenenust x € L niss L € ZPP 6ynem 3amyc-
KaTh cooTBeTcTBYyIOomue aaroputmMbl 3 RP u co-RP mapaanensno, moka
XOTs OBl OJIMH U3 HUX HE JIACT TOT OTBET, B KOTOPOM OH 3aBEJIOMO HE «BDET».
Jlokaxkure, 9TO MaTeMaTHYECKOe OXKHUIaHWe BPEMEHH, KOTOpPOe IPOoiaeT 10
9TOr0 MOMEHTA, IIOJJHHOMHUAIBHO. O
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Knaccer, onpenesienable BBITIIE, MOXKHO ONPEIETUTH MTO-IPYTOMY, ¢ TTOMO-
IO OTHOIIEHUI:

Onpenenenne 6.7. L € RP, eciiu umeercs MOJUHOMUAIBHO IIPOBEPSIEMOE
oTHOmIeHre R, orpaHMYeHHOe IIOJIMHOMOM P, TaKOe, 4TO ecau T € L, To ajd
10 Kpaiineil Mepe 3 Bcex BOBMOXKHBIX IOICKA30K Y A1uHbl p(|z|) BEIIOMHEHO
R(z,y) = 1; eciu x ¢ L, To pyist mo6oii mojgckasku — R(z,y) = 0.

Omnpepenenne 6.8. L. € BPP, eciu umeeTcs moTuHOMUAIBHO TPOBEPSIEMOE
oTHomeHne R, orpanndeHHoe TOJMHOMOM p, TaKoe, 9YTO ecau x € L, 1o 1ist
1o Kpaiineil Mepe 3 Bcex BOBMOXKHBIX TOACKA30K Y auubl p(|z|) BRIMOMHEHO
R(z,y) = 1; ecim x ¢ L, To aja mo KpaifHeii Mepe 3 BcexX BO3MOMKHBIX

1
no/cka30k y jynunbl p(|z|) Bemonueno R(x,y) = 0.

3ameuanune 6.5. Cpasaum kiaccel RP u BPP ¢ NP. Tt NP nano 6nLi10,
9TOOBI XOTsI ObI B OJITHOM JIUCTE JIePeBa BHIYUCIEHUH MAITUHBI | hIOPUHTA OBbLIA
1 gnst cioBa u3 s3bika, U Bce 0 — ist cioBa He w3 si3bika. [ias RP nazo,
YTOOBI JI0JIsI € TUHUIL ObLIA XOTs OBI % JIJIS CJTIOBA U3 SI3bIKA, M BCE HYIU — JJIsd
cJioBa He u3 ga3wika. Jdaga BPP — nona % €INHUIL U IO % HyJiel JJis CJTIOBA
U3 si3bIKA M HE U3 S3bIKa COOTBETCTBEHHO.

Omnpepnenenne 6.9. 3ameuanue 6.5 JaeT BO3MOXKHOCTE onpeneints RP u
BPP npu nomomny HeJeTepMUHUPOBAHHBIX MAIUH ThIOpUHTa (TIOJTHHOMUY-
AJIbHBIX 110 BPEMEHH ).

Oupegenum eme oxaun kiaacc, BPP /poly: kiacc cxem, koropsiM paspe-
II€HO II0JIb30BAaTHhCA CﬂyqaﬁHbIMI/I YucCJIaMu.

Ounpenenenne 6.10. L € BPP/poly, eciu cymecTByer cemeicTBO cxem
{Ci}ien u nommuuOM p, Taxoit, uro pis Vi |C;| < p(i) u ¢ € L Toraa u TOJBKO
TOTIa, KOT/IA, JIJIsT XOTs OBl % CJIy9affHBIX CTPOYEK Y BHIMOTHEHO Oy (z,y) = 1;
r ¢ L Torna m TOMBLKO TOTJA, KOIJA /s XOTd OBl 5 CIydailHBbIX CTPOYEK ¥

1
sbintoHeno Cy(z,y) = 0.

3ameuanue 6.6. [loBTOpsis BBIYUCIEHUS Ha CXeMe <«MHOTO» Pa3, MOXKHO
JIOOUTBHCsI, YTOOBI BEPOSITHOCTH ONMOKHU ObLJIa KCIOHEHIIHATBHO MaJa.

Bepno ciexytotee yrBepK aeHue:
Teopema 6.3. BPP C BPP /poly = P/poly.
Jlokasameavcmeo. Jlocrarouno nokazars BPP /poly C P/poly. [Tycrs nHam

nauo cemeiicrBo cxem u3 BPP /poly; norpebGyem, 4To6bl BEPOSITHOCTH OIIUO-

K1 ObL1a He Oostee 1 — 22% 3ameruM, 4TO 1J1s KOHKPETHOI'O BXOJa X JIJTUHBL N
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«XOPOIIUX» CIYYARHBIX CTPOUEK Y (T.e. TAKMX CTPOYEK, YTO €CJIUM OHH TOTIa-
JIUCH Ha BXOJI, TO CXeMa BBLIACT PABHIbHBIIL OTBET) NMeeTcst He MeHee 1 — o
OT BCEX BO3MOXKHBIX ¥ (JJIMHBI, UCIIOJb3yeMOi CXeMOM [jisi BXOJA I JJIMHBI
n). ITokarkem, 4TO CymECTBYET CTPOYKA ¥, JIJIsi KOTOPOI CXeMa JIaeT IPABHUIIb-
HBIH OTBET JJIsT BCEX BXOJOB T JAHHON JyiMHbI (OHA M OyJeT MOJACKA3KOM s
STOM JIJIUHBI).

PaccMOTpUM HEKYIO C/IydaiiHyI0 CTPOUKY. 3aMeTHM, 4TO JJisi KOHKPEeT-
HOTO % JUIMHBL 7 T4 CTPOUKA <IJIOXA» C BEPOSTHOCTBIO 3pm. SHAUAT, Be-
POSITHOCTh, YTO OHA OYNET «IJI0Xay XOTst Obl JJIsi OJHOTO BXOJA JJIMHBI 1,

cocraBisier He Gonee 2" = 5- < 1. Taxkum 06pa3oM, BEPOSITHOCTB TOTO,
YTO 3Ta CTPOYKa <«XOpOolla» IJid BCEX BXOIA0B ﬂaHHOI‘;I AJIMHBI — CTPOTO IIO-
noxuTeabaa. Ce0BaTeIbHO, TAKasd CTPOYKA, CYIIeCTBYyeT! O

Teopema 6.4. BPP C ¥?P.

Zoxazameavcmeo. Ilycts L € BPP. Bynem cuutaTh, 9TO COOTBETCTBYIONTHIMA
asroput™Mm A € BPP umeer BeposSTHOCTD OITHOKH 2% O6o3naunMm 4gepe3 A,
MHOKECTBO «XOPOIIUX» CJHY4YafiHbIX CTPOYEK st Bxoja x € L (T.e. Tex, 4To
HIPUBOJAAT K NPUHATHIO T ajropurmoMm A), a udepe3 U, — MHOXKeCTBO BCeX
CIYYAHBIX CTPOYEK JIJIs BXOJIOB JIUHBI 7. [loKaxkeM, 4TO MOJTMHOMHUATHHBIM
KOJIMYECTBOM k Komuit A, MBI MOXKeM MOKPHITh U,, a UMEHHO, JOKaXKeM, 4TO

qTO

k
Ht}h, VreU, \[(re A, oty). (6.2)

=1

(3amerum, uto ayist © ¢ L Tak mOKpHITh U, HEIb3sl U3 MOIHOCTHBIX COO0pa-
KeHuii.) DToro JOCTATOYHO, TAK KAK Mbl JOKA3bIBAJIM, YTO MMEHHO B TaKOi
dbopme npecTaBageTcs 3a0a9a U3 L2P; 9T06b yOe uThCs, YTO BHY TPEHHIO0
JIM3BIOHKITUIO MOXKHO IPOBEPUTH 34 IOJUHOMHUAJIBLHOE BPEMsI, 3aMETUM, UTO
B Heil JIUIIb HOJMHOMHUAIBHOE KOJHIeCTBO (GOpMyJI, a MpoBepKa r € A, @ t;
MOXKeT OBITh TPOU3BEJIEHA 3a MOJMHOMHAJILHOE BpeMs (OHA SKBHBAJIEHTHA
r®t; € A, — mpocro maaum Hamemy ajroputmy u3 BPP crpouky r & t;
cayuaitubix yucen). Eciu BoickaspiBanue 6.2 HEBEPHO, OYEBUJIHO, UTO T ¢ L.

dcno, yro s mokazarenscrBa TOro, uro r € L = (6.2) mocraroyno
MMOKa3aTh, YTO JJjisg k CTpodeK t;, B3ATHIX u3 U, ciydailHO U HEe3aBUCHMO
JIPYT OT JApyTa, CIIPaBeIJIMBO

P{=(VreU \k/(r €A, dt)} <L

=1
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JlokazkeM 3T0:

P{~(vreU \J(red, @)} =P{3reU N\r¢A.ot)}<

=1 i=1

k k
1 n
<Y PN ot} =) [[PlIré Aot} <20
relU =1 reU i=1
Mocneanee HepasencTBo BepHO, Tak kak |U| = 2P tne p(n) = poly(n)

— JIJTMHA Cayd4aitHoit ¢cTPoOKHU, KOTOPOit mosb3yercst Hamn ajroputm u3 BPP;
a TpeaIocye/iHee PaBEHCTBO BEPHO, TaK KaK BHIOOD t; He3apucum. B3ss k,
paBHOe p(n), HOJy4IuM TpeGyemoe. a

Bameuanne 6.7. [Tonarno, uto BPP C Y?P N II?P, tak kax BPP =
co-BPP.

Bameuanne 6.8. Ha camom jeite, MOxKHO 0Kazarh, uro BPP C ZPPNF,



