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Jlektima 7

IP = PSPACE. Jlemma
Bamanra-Bazupann

(Koncnekt: C. HukoJseHko)

7.1 IP =PSPACE

NurepakTuBHbie nporokosbl. I[P (Interactive Protocol) — sro knacce
SI3BIKOB, MOJIMHOMUAJIBLHO PACIIO3HABAEMBIX TPH TIOMOINM TAK HA3BIBAEMOTO
MHTEPAKTUBHOTO MPOTOKOJA. VIHTEepaKTUBHBI! TPOTOKOJ — 3TO AJTOPUTM,
ONMCHIBAIONINI TPOIECC MePeavu TAHHBIX MEXKIY IBYMS BBIYUC/TUTETHHbI-
mu yerpoiicrBamu: P (Prover) m V (Verifier). P o6amaer HeorpaHndeHHbI-
MU BBIYUCTUTETbHBIMA BO3MOXKHOCTSIMH, V — TIOJIMHOMHUAJIBHAS 110 BPEMEHH
BepositTHOCTHast MammuHa Teiopunara (P He mmeer mocryna x Jientam V; B
YaCTHOCTH, K MCHOJIb3yeMbIM V ciydaiiHbiM unciaam). P obiraercs ybeaurs
V nmpuHATH BXOJ aArOpUTMa, a V X04eT MPUHSATH €r0 TOTa ¥ TOJbKO TOT/A,
KOTJIa 9TOT BXOJ IPUHAJJIEZKUT SI3BIKY, /IJIsT KOTOPOTO M COCTABJIEH IIPOTOKOJI.
To ectp P nepenaer V Hekoropyio uadopmaluio, a V ee mpoBepsieT B Mepy
CBOHUX IIOJIMHOMHAJIbHBIX criocobHocTel. f3pik L npunaiexkur IP, ecm cy-
IECTBYET TAKOil MOJMHOMHUAJIBHBIN 110 BpeMeHH (U pa3Mepy IepeJaBaeMbIX
JAHHBIX) TIPOTOKOJI, YTO

e ectu x € L, To P Bcerma moxker yoenutb V B TOM, 4TO BXOJl HAJIO
HPUHSITD;

e eciim x ¢ L, 1o P moxer ybenurh V ¢ BepOSITHOCTBIO He HoJiee %

IIpumep 7.1. 35K, cocTOsMi U3 Hap HEU30MOPAMHLIX Ipad OB, IPUHA,IIe-
xkut IP: V Gepet BoiOupaeT caydaitHbIM 00pa3oM rpad u3 mapbl, IPUMEHSET
K €ro BepHIMHAM CJIy4YalHyI0 IePeCTaHOBKY, OTIIPABJ/ISIET MOJIyYeHHbIN rpad
P u npocur ero orrajsiath, Kakoii ke rpad OH BbIOPAJI.
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HAcno, uro IP conepxkurca 8 PSPACE: nepebepem Bce BO3MOXKHBIE OT-
BeThl Prover’a; ecnm Jj1d Kakoro-To m3 HUX TpU MojenupoBanuu Verifier’a
(¢ mepebOpoM BO3MOXKHBIX 3HAUYEHHil CJAydailHBIX OMTOB) BCe BETBH OYIyT
NPUHUMAIOIIMME, TO T € L. 3HA4YUT, IJIs JO0KA3aTEIHCTBA PABEHCTBA JO-
CTATOYHO TIOKa3aTh, uTo HEKOTOPbIit PSPACE-noHbIil s3Ik pa3no3HaBaeM
IP-niporokosioMm. Ml Oy/1eM UCIIOIB30BATh SI3BIK OY/I€BBIX (DOPMYJI C KBAHTO-
pamu (QBF), To ectb bopmyn Buga Q121 ... Qur,B(xy ... x,), tne B(xy ... x,)
— GynieBa popmysia 6e3 KBaHTOPOB, u Q1 ... Q, € {V,3}.

Apudmernsamusi. Beckpanropuyio 6ysieBy dopmyiay B(x ... x,) MOXKHO
«apu(pMeTH30BaTh»: MOCTABUTH €#i B COOTBETCTBHE MHOTOUJIEH b(Ty...T,),
3HaveHne KoToporo Ha 0 u 1 coBmagaeT ¢ COOTBETCTBYIOMUM 3HaUeHUEM (HOp-
mysiel B (rpe 0 coorBercrByer false, 1 coorBercriyer true). Vimenuo, a A 3
3amensiercst Ha « - 3, "o — Ha 1 — o, mw a V 3 — kak —(—a A =) (r.e. HA
1—(1—a)(1—=03)—ary dopmyny oboznaunm « * (). O4eBUIHO, YTO 3HAUE-
HYe MHOTOYJIeHA b, 3allMCAHHOTO COTJIACHO STUM IpaBUJIaM B BUE (DOPMYJIbI
(ckOOKM He PACKPBIBaeM!), BBIYUCIUTH IPOCTO — HO JIJisl STOTO JOJIZKHbI ObIThH
3a/laHbl 3HaYeHHst (CBOOO/HBIX) MEPEMEHHBIX.

Apudmeruzyem renepsb Bero dopmyly ¢ kBanropamu. [lycrs reneps P(z, . ..
— HEKOTOPBI# MHOTO4JIEH (110 CMBICJIy — KAKUM-TO 06PA30M I10JIy YeHHbIH Ha-
Mu u3 OyseBoit popmyiis). OmpeesuM onepaTopbl «PACKPBITUSI> KBAHTOPOB

(A,P)(...)=P(0,...)- P(1,...),
(E,P)(...) = P(0,...)% P(1,...),

W ONEpPATOp TOHWMKEHUS CTENeHN (JIMHeapH3aInm)
(L P)(z,...) = P mod (2? — x)

(To ectsb Bce z" mpu n > 1 3aMEHSIIOTCSI HA ).

Muorounen L, P umeer Te ke nepemennsie, uto u P; 8 A, P u E, P nepe-
MeHHast x orcyrcrByer. Ormerum, uto P u L, P coBnagaioT npu 3HAYEHUAX
nepemennbix u3 {0, 1}. fcHo, uto ucxomuas Oynesa (opmysia ¢ KBAHTOpaAMH

Qi1x1 ... Qur,B(xy ... 1))

umMeeT TO kK€ CaMO€ 3Ha4Y€HUue, 4TO U

¢V Ly ¢ LeLe, ¢ .0 ¢ Ly ... L,

1 xo Tn

b(ar...xp), (7.1)

n

re ¢V = A, eciu Q; =V, ¢ = E, ecu QQ; = 3. MokHO GBLT0 651 060HTHCH
u 6e3 oneparopoB L,; OHH IPHMEHSIOTCS, YTOOBI CTEIEHb HPOMEXKYTOUHBIX
MHOrO4IeHOB (npu Bbrauciaenuu (7.1) cupasa HasIeBO) ObLIA He CJIUIIKOM Be-
JIMKA.
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ITporokosn. Harma 3amaga — BeraucanTs 3uadenne (7.1). Caenars 910 TPyI-
HO (IIpH PACKPBITHH CKOOOK OyIeT MOMydaThCsl SKCIOHEHINATBHO MHOTO MO-
HoMOB). Ilosromy wmbr (Verifier) Bocnosnbsyemess Prover’om. Ilpm ommcanuu
MPOTOKOJIA 3a0IHO Oy/JeM JI0Ka3bIBATh W €r0 KOPPEKTHOCTb, 6bl0eAss IMO
KYPCUBOM.

[Tporokost GyneT 3akJ/FOYaTHCS B TOM, YTO MbI OyJ/IeT IOCJI€I0BATEIHHO
crpamBarh P 0 mojMHOMAaX, SBJISIONUXCS He 0 KOHIA BbIYUCIeHHbIM (7.1),
CHUMas KBAaHTOPHI cyieBa Hampaso. llycts ¢ € {F, A, L}, a R — noauHOM,
3anucanublii Kaxk B (7.1), T.e. ipu momoru oneparopos E, A, L, a He B sBHOM
Buje. Hamreit mpoMexkyTouHoil 3a/1a4eit OyieT yoeauThCcsd B TOM, 9TO

Qe R(T1, .o iy, 2) = ¢, (7.2)

JIJIST HEKOTOPBIX 33 JaHHBIX YMCIOBBIX 3HAUEHUI CBOOOTHBIX TEPEMEHHBIX '] =
Ty Xiog = 1321 (M x; = 1y, ecim ¢ = L). (¢cHo, uTo ucxoqHas 3a7ada
dbopmynmpyercst nmeHHO B Takux TepmuHax: ¢ = 1, R — Bes dopmyaa (7.1),
KpOMe 11epBoro oreparopa ¢.) Mbl Gymem cBOAuTH Hamly 3ajady K 3ajade
JJis OoJiee KOPOTKOTO IR, T.e. HAI ITPOTOKOJ Oy/IeT PeKypPCHUBHBIM.

Baazodapa onepamopam L, cmenens no kaxrcdot nepemennoti npomesrcy-
MOYHBLT MHO20UAEH06 NPU 8vvucaenu (7.1) cnpasa naaeso we npesocrodum
d, 2de d — obwee Koauuecmeo BTONHCOEHUT NEPEMEHHLT 8 UCTOOHY0 dop-
myayt. MHorouwnenamu q,, R B HameMm airopurme Kak pas3 OyayT 9TH mpo-
MEXKYTOUHBbIE MHOTOYJIEHBI, TIO9TOMY MbI OyjeM TpeOOBaTh, YTOOBI CTEIEeHb
R(ry,...,r;_1) KAK MHOTOYJIEHA OT OMHOI TIEPEMEHHON He TMPEeBOCXOAUIA d.
Cayuaitubie uncya 6yayT BoIOMpaThcs u3 mosst B = Z/pZ OCTaTKOB MO MO-
JIyJII0 TIPOCTOTO YHUCJIa P, KOTOPOE CJIejlyeT B3sTh 4yTh 6oJbiiuM, yeM d* (p
MOKeT BhIOpaTh jinbo P, 6o V, moromy 4To nnpoBepKa IpOCTOTHI JIJisi YUCeJT
TAKOr0 pa3Mepa TPUBHAJILHA).

Crporoe onucanue IpoTOKoJIa (BepHEE, PEKYPCUBHOI POIE/YPBI TIPOBEP-
KH TOrO, 4YTO €eCAd TPOU3BECTH BCe [efCTBUS B  «MHOTOYJIEHE»
Qa; -y, R(T1, ..., 7i_1,%;, ..., ;) C BHEITHEM OIIEPATOPOM ¢ [caM MHOTOUJIEH
3anvcaH KakK B YCJIOBUU, TOJHKO BMECTO MEPBHIX ¢ — 1 ONepaTopoB K HeMy
NPUJIATAIOTCS 3HAYEHHUST JIJIsl COOTBETCTBYIOIIMX MEPEMEHHBIX|, TO MoJIyYuTest
KOHCTaHTa ¢) TakoBo. Vmeercs: Tpu ciydast:

q = A. P momken nociars V ko3bdUIEEHTH MHOTOUIEHA OT OTHOHN Tepe-
mennoit s(z;) = R(r1,...,7_1,%;). Ecim deg s > d wim s(0)s(1) # ¢,
V orBepraer Bxog anropur™a (u on npag — ecau 0eticmeumesvHo
(7.2) sepro u P npucaan npasuivrvie Koahhuyuermot S, paseHcmeo
5(0)s(1) = ¢ 6va0 6L 6bvinoaHero no onpedeaenuto onepamopa A).

'Ha camom gerne, Taxoii 6OIBINOI CTETIEHh MOYKET OBITH TOIBKO JIJIst CAMOTO BHY TPEHHEro
MHOTOYJIEH b, a Jajiee He IPEBOCXOANT 2.
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B nmporuBHOM ciydae ocmaemca ybedumnbea, 4mo koahhuyuerHmos
MHOZOYALHA S — NPABUALHBLE (ECAU IMO MAK, MO 300440 BHNOAHE-
na). V BeIOUpaeT caydaiinoe uncio r; € F. Tenepb, peKypcHBHO HC-
HOJIb3Ys1 TOT Ke IPOTOKOJI, P nosken ybeanrs V, uro R(ry ... .ri_1,1;) =
s(r;). Bamemum, ¥mo ePOAMHOCTID MO0, YMO IMO PABEHCNEO Ebi-
NOAHEHO, HO KOIPPHUUUEHMB MHOZ0UAEHA S — HENPABUALHBLE, HE
npesoczodum d/d* (mw cayuatine nonasu 6 Kopens MHO20MAEHA CIIE-
nenu e 6osee d nad nosem pasmepa > d*). Imum ucuepnvisaemcs
B03MONCHOCTND OWUOUMBCA HA IMOM Waze — darvhetuiee 3a8UCUM
MOABKO 0M PEKYPCUBHO020 BbL306Q.

q = E. TIoJHOCTHIO AHAJIOTUYHO TIPEIBIAYIIEMY IyHKTY (TOJBKO MPOBEPSTH
Ha 10, KoHeuHo, uto s(0) *x s(1) = c¢).

q = L. P nomxken nociarb V k03 PUIMEHTH MHOTOYJIEHA OT OJIHOM Tepe-
menuo# s(x) = (R(ry...7ri—1,2). Ecim deg s > d nim s(0) + (s(1) —
s(0))r; # ¢, o V orsepraer (ommemum, wmo s(0)+(s(1)—s(0))r; —
amo snavenue s(x) mod (2 — ) npu x = r; — Mmax wmMo o cHosa
NPasUALHO 0EAGEm, WMo OMBEP2aEm).

Tak Mbl yOexkjjaeMmcsi, 9TO JuHeapu3alus ObljIa NPOU3BEJIEHA, Tpa-
BuibHO. CHOBa ocmaemcsa ybedumvbea, wmo Koapduuyuermo, MHo-
20uAeHa S — npasuavHuie. Torma V BHIOUpaeT caydailHbIil 9JIeMeHT
ri € F. Tenepb, peKypCHBHO HCIOIB3Ys TOT Ke TPOTOKOJ, P momken
yoenutb V, uro R(rq,...,ri_1,7.) = s(r}). Bepoamuocmv owubumao-
cA Ha amom waze — chosa d/d*.

Taxum obpazom, mui cosepuum O(d?) pexypcusHvis 6v30606, Npuvem 6
Ka2tc0OM U3 MUT 6EPOAMHOCTIL owubumyea ne npesoczodum 1/d3. Taxum
obpaszom, eeposmmocms owubky nawezo npomoxosa < O(d?) - 1/d3.

7.2 Jlemma Baamanta-Basupanun.

JlemMma BSJII/IaHTa—BaSI/IpaHI/I ABJIdeTCd OJHHMM M3 II€PBLIX HETPUBUAJIBLHBIX
pe3yJ/ibTaTOB 00 OTHOIIEHUSIX MeXKAYy CJIO2KHOCTHBIMH KJlaCCaMH.

JIemma 7.1 (L. Valiant, V. Vazirani). Umeemca seposmmnocmuoe (¢ 00Ho-
cmopornett owubkold) NoAUHOMUAALHOE NO BpeMeny ceedénue 3a0ayl 6bi-
NOAHUMOCTU K ee UHOUBUIYANbHBIM 300a4aM, UMEUUM He bosee 00H020
BHINOAHAIOWE20 HAO0PA.

Nubimu cioBamu, no 3ajannoit ¢popmysie ' 8 KHO moxHO nocTpouTh
dopmyast Fi, ..., F, B KH®, takue uto
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e ecu F' BHITIOIHUMA, TO € BEPOSITHOCTBIO, Oobimedi 1/2, mo kpaitneit Me-

pe onna u3 dopmya Fi, ..., F,, iMeeT B TOUHOCTH OJUH BBITIOJTHSIOIIH
HabOD;
e eciu F' HeBbINOJHUMA, TO Bee popMybl Fi, ..., F}, HEBBIIIOJHUMBI.

[Iycts FF — dopmyna, a Habop A mpucBamBaeT 3HAYEHHUS] BCEM €€ IIe-
pemenabiM. OToK1eCTBUM A ¢ N-OMTHBIM YUCJOM G = QoA - . . (1, TAKAM
4T0 a; = 1, ecm COOTBETCTBYIOMAA IepeMeHHas B Habope A mmeer 3Hade-
HEe true, u a; = (0 B IpOTUBHOM ciydae. BribepeMm menble umcia p; u r;
caeaytonmuM oopa3om. CHauasa BhIOepeM paBHOBEPOSITHO CAyYaifHBIM 00pa-
3oM 1esioe i € [0..n]. 3arem BHIGEpEM DPABHOBEDPOSITHO CJIYYafHBIM 00pa30M
pi € [1.b;] u r; € [0..b;], tie b; = 4 - 2in%. Bamenum F ua popmyiy

FA(a mod p; =r1;).

Beipazkenne «(a mod p; = r;)» obo3nagaer 31ech OyiaeBy dhopmyny 8 KHO
OT MEPEMEHHBIX Qg . .., 0,1 (BO3MOXKHO, TAK¥KE HCHOJIb3YIONLYI0 JOMOJIHY-
TeJIbHBIE TIePEMEHHbIe, TPHYEeM 3HAYEHHUs JOMOJTHUTEbHBIX IIeDEMEeHHBIX 00-
HO3HAYHO OTIPEJIEJISIOTCS 10 3HAYEHUSM OCTAJbHBIX MEePEMEHHbIX ), KOTOpas
MIPeJICTABJISIET COOTBETCTBYIOIIEe apudmerndeckoe cpaBHenune. Hampumep,
9Ta PHOpMYysIa MOKET ObITH TMOJYUeHa MOCPEICTBOM KOIUPOBAHUS OOBITHOTO
YMHOXKeHHs «B cTOA0MK» 2. QUeBUIHO, YTO 9TO CBeIGHNE TTOJHHOMUAILHO 110
BPEMEHU M TIePEBOAUT HEBHIOJIHUMYIO (POPMY/Iy B HEBBIIOJTHUMYIO (DOPMYJIyY.
Ocraercs moka3arh, 9TO ecu [’ BbITIOJIHEMA, TO ¢ OOJIBINOI BEPOSITHOCTHIO
HOBast (bOPMyJia OTHOBBITIOTHIMA.

Iycrs oV, ..., a'P) — Bce BemmosHsIONME HAGOPBI bopMYyJIbI F. 3ameTn,
410 i = [log, D] ¢ BepositHocThIO 1/(n+1). IIpeamnosnoxkum, aro 3o cobbirue
MMeeT MeCTO. 3aMeTuM, 4To Ui JaHHBIX j,h (j # h) umeercst He GoJee n
npocreix genureneii pasnocru a) —a™ . C apyroit cropousl, ijs 0cTATOU-
HO GOJILIIAX 1 UMeeTcs, Kak MuaAMyM, 0.92129-b;/Inb; > b;/ logy b; > 27 in
MPOCTHIX YUCEN, He TpeBocxoasmux b;. Takum o0pa3oM, uMeeTcs, o Kpaiineit
Mepe, 277y — 2in = 2'n umcen p, He MPEBOCXOAATIHAX b;, TAKUX, 9TO OCTATOK
BBITIOJTHsTIOIEr0 Habopa a’) 110 MOJLYIIIO P OTIMYAETCS OT OCTATKOB BCEX JIPy-
I'MX BBHITIOJIHSIOMUX HAO0POB 1o Moyt p. CrieoBaTesibHO, 110 Kpaiineit mepe
2in map 0 < p;,r; < b; «ommm4aors HAObOp V) OT BCex OCTAJNBHBIX. 3aMe-
THM, YTO JJIsi PA3JIMYHBIX BBIMOJHSIONMUX HAOOPOB MHOMKECTBA <«OTIHYA0-
mux> nap An3bIOHKTHBL. Clle1oBaTe/bHO, IMeeTcsd He MeHee 2'n- D > 2%~ 1p
UCKOMBIX map. Takum o0pa3oMm, jjisi JTOCTATOYHO 6OJII;HIFX N BEPOSITHOCTH

24" 'n 1

BBIOpATh TaKylO 1apy COCTABJISIET, 110 KpaiiHeil mepe, 16393 = 39,3

2JnemenTapHble onepanuu HaJ OUTAMU KOJUPYIOTCS Tak: 9TOOBI ONPEIeUTb HOBbIH
ouT z = = Ay, JOMHUIIeM AU3IBIOHKINK —x V —y V z, -z V x, -z V y. OcrajapHble onepamnyun
MOYKHO 3aKOJMPOBATH MDY TIOMOIIY ITOM U OTPUIAHUS (3 MOXKHO U HAMPIMYIO).
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JlomMHOXKast Ha BEPOSATHOCTh BHIOPATh «IIPABUIBHOE i, MOJydaeM, 4TO Be-
POATHOCTH OIMUOKYU B HAIIEM CBEIEHUH He TPEBOCXOIUT 1 — m Bribupas
Tpoiiku (i, p;,r;) caydaitnsiM obpasom O(n') pas, moaydaeM KOHCTAHTHYIO

BEPOSITHOCTH OTITHOKH.



