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Jlekims 6

Anroputmsbl Ha rpadax (II).

Haxo>xxagenune kparuaiimux nyreii. I3omopdusm nepeBbes.
MaxkcuMaJsIbHBIN ITOTOK.

6.1 Haxox/ieHue KpaTJdailmx IIyTei

Bajava: B OpHEHTHPOBAHHOM rpade ¢ 3aJaHHBIMM JJIMHAMH pebep HaiiTh
KparJaiiime nyTH U3 OIHOW BepIIMHBI S BO Bee ocrajbhble. (Ha camom je-
Jie, «HAWTU MyTU» 371eCh O3HAYAET <« KaxKIOW BEPITUHBI ¥ HAWTU IIUHY
KpATYAIIero myTH u3 o B ¥ U IPEIBAYILYIO BePITUHY p|v] Ha KaKOM-HHOY/IH
KparJaiiiem myTu u3 So B U».)

6.1.1 Auaropurm JleitkcTpsbl

B anropurve JIeHKCTpBI IIPEJIIOIAraeTCs, YTO JJIUHBL BeexX pebep w(vq, vg)
HEOTPHUIATEIbHBI. DTOT aJIFOPUTM IIOXO0XK Ha, aaroputM IIpuma: Mbl mocre-
IIEHHO [OJCYMTBIBAEM Kpardaiiimme paccrosinust d[s| (1 HaxoquM Kpardaiinie
IyTH) JJIsi Bce OOJIBIIEro YuCJia BEPIIMH S — MHOXKECTBO S 00paboTaHHbBIX
BEPIIUH pacTeT Ha KaxkKjoMm mare. JlJimHbl 1myTeil 10 BepIuH, He BXOJALIINX B
S, MBI TOXKe TIOJICYATHIBAEM, HO Ha IPOMEXKYTOYHBIX 3Talax 3TO OyIyT elre
He KpaTyailnge IyTH.

Ha ouepesnom mare gobasisieM K MHOXKecTBY S Bepiuny v € V' \ S, 1yist
KOTOpPO#t d[u] MuHMMAIBHO (B JasibHeieM OyIeT IOKa3aHO, YTO 9TO aBTOMAa-
THYECKU O03HAYAET, YTO d[u] yKe MOJCUNTAHO PABUIIBbHO). Jlajiee yauThiBaeM
sroT (haKT: JJIs KaXK0# cocesHeil ¢ u BepmuHbl v ¢ S KoppekTupyem d[v]
caenytomum obpazom: d[v] ;= min{d[v], d[u]+w(u,v)}. Ecau d[v] ymenbmn-
JIOCh, OTMEYAEM U KAK IPEIbIIYILyI0 BePIIMHY Ha KpaTdailieM IyTH U3 So B
v.
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st mobaBiieHust OUepeIHON BEPITUHBI HAJO ee HANTH (/I 9TOro J10CTa-
touro O(|V]) onmepanumii) ¥ MPOCMOTPETH BCeX ee coceieit (B cyMMe JJist BceX
BepunH — O(|E|) omeparmit). Uroro nonywaerca O(|E|) + |V| - O(|V]) =
O(|V|?) onepaunii ¢ Bepumuamu, pebpamu u daunamu nymed.

3ameuanme 6.1. MoxkHO HaliTu €nocod 1pejCTaBUTH JAHHbIE B AJITOPUT-
me [eiikcrpsr Tak, urober orpanmuntbes O((|V| + |E|)log|V|) u nmaxe
O(|V]log |V |+ |E|) onepaimusivu.

Teopema 6.1. Anzopumm letixempor npasuavho HaLodum Kpamyatiuiue ny-
mu.

Joxazameavcmeso (undykyus no nocmpoenuto mmoscecmea S). Ilycrs  Ha
OYepeTHOM Tare Mbl JOOABUJIM K MHOXKECTBY S BEpIIUHY U, HO HA CAMOM
nejie umeercst myTh aiauHbl 0 < d[u]. Paccmorpum mepsoe pebpo (s,t) Ha
9TOM IYTH U3 So B U, BHIBOJSINEE 3a TPeJIeIbl MHOXKeCTBa, S mycTh 7y (t, u) —
JTMHA, OCTATKA TOr0 IyTH OT t JI0 U.

[To mpeanosoKeHuIo WHAYKIMH, d[s] — JAJUHA KpaTIalInero myTd Jo .
Takum obpazowm,

0 = d[s]+w(s,t)+y(t,u) >

(mocxonbKy anropuTy JeHKCTPH 06A3ATENBHO yien pe6po (s, ¢) mpu AoGaBmeHUE BepmHHE §)
> dlt] +(tu) >
(o mGopy u)
> du] +7(tu) 2
> d[u],
YTO MPOTUBOPEYUT TOMY, 4TO & < d[u]. O

6.1.2 Aaropurm Bennmana-®Popaa

PaccmoTrpum Teneps ciydaii, KOTJia HEKOTOPBIE peOpa UMEIOT OTPUIATETbHYIO
qymHy. Kak BugHO u3 jioka3aresibcTBa TeopeMbl 6.1, amroputm JlelkcTpsb
MOXKeT Ha TakoM rpade paborarh HENPaBUILHO.

VYupaxkuenue 6.1. [Toctpours KOHKperHBIH npuMep (63 MUKIOB OTPUIA-
TEeJIbHOI JINHBI), HA KOTOPOM ajroput™ JlefikcTpsl paboTaeT HenpaBuib-
HO. ]

Bynem nmpenmosiarath, uTo B rpade HeT NUKJIOB OTPUIATEIHHO JJINHBI,
JOCTUKUMBIX U3 S (€CJIM OHUM €CTh, HEKOTOPbIE U3 KPATIYANIINX PACCTOSHUN
Oy/yT paBHBI —0O — B 9TOM CJIy4ae aJrOpuT™M Oy/eT BbIJABATH OMIMOKY ).

Anropurm Bennmana-Popaia nosb3yercs Temu ke nanabivu d[v] u plv],
yTo u anaroput™m Jleiikcrpel. OH mpocT: n — 1 pa3 NOBTOPUTH CJIEAYIONLYIO
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omepanuio: i Kaxkaoro pebpa (u,v), ecan dju] + w(u,v) < d[v], To d[v] :=
d[u] + w(u,v) u p[v] := u. Ecam nociie Bcex 9TUX UTEpanuii I KaKOTO-TO
pebpa mo-mpexkuemy d|u|+w(u,v) < d[v], 3HAUAT, €CTH UK OTPUIATETHHOMR
JUIMHBI, ¥ MOXKHO BBLJATh OIIUOKY.

Ouesuuo, sror anropur™ 3arpadusaer O(|V] - |E|) onepauuii.

Teopema 6.2. Aazopumm Beaamana-DPopda koppexmmo narodum kpammuaii-
wue nNYmu Aubo 00HAPYHCUBAEM UUKA OMPUUAMEALHOT ONUHDL.

Jokasameavcmeo. Vaaykius no piune nytu (a ona < V| —1).

YT0 ke KacaeTcs IUKJIa OTPUIATETHHON JJIMHBI — €CJIM OH €CTh, HO CTPO-
roe HepaBeHCTBO d[u]+w(u,v) < d[v] He BBIIOJHSIETCS HU JJIsI OTHOTO U3 €T0
pebep (u,v), CI0XKUM BCe OOpATHBIE HEPABEHCTBA W TOJYYMM, YTO JJTMHA
9TOrO [UKJIA HEOTPHUIATEbHA (IPOTHBODEYHE). O

6.1.3 PexkypcuBHBIii aJITOPUTM JJIs OIIPEIeJIEHUS JJIMHbBI
KpaT4aiiinero myTu

Hameit cnenyromeit 3aadeit OyaeT ompeeseHne KpaTdalimux MyTeh Jjis
Bcex map BepmwuH rpada. [lepen sTuM u3yuum Apyroif ajaropuT™M, OCHOBAH-
HBIH Ha CJIEIYIOMEM POCTOM COOOPAYKEeHWH.

Ou4eBuHO, YTO KpaTUaiIuil IyTh W3 BEPIIMHBI & B BEPIIUHY Yy u3 < t
pebep MOXKHO pa3buTh Ha aBa myTu u3 < [t/2]| pebep Kaxblii: Kpardaiimmii
IyTh U3 T B HEKOTOPYIO BEPIIUHY Z W KpaTdyaliiuil myTh U3 2 B Y.

Dra upes NPUBOIUT K CAELYIONIEMY PEKYPCHBHOMY AJTOPUTMY s
HAXOXKICHUS OAUHMb, KPATJailllero IyTd U3 BEePHIMHBI S B BePIIUHY i,
sarpaunBaomemy Jmmb O(log|V|) sueek mamstu pasmepa O(log|V| +
log max jyiua pebep) B MPeANOOoKeHuH, 4To Tpad 3aJaH HEIBHO (T.e. MMe-
ercst JIIh (hYHKIUS, ONpeIeIsdionas mo u u v gy w(u,v) peépa (u,v)).

function shortest(x,y,t) : boolean;

begin
if x = y then return 0;
if t = 1 then return w(z, y); (*moxer 6bITH +00%*)
best := +o00;
for z:=1to |V] do
begin
new:=shortest(z, z, [t/2])+ shortest(z, y, [t/2]);
if new<best then best:=new;
end;

return best;
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end;

Brr30B 13 riiaBHOit porpaMumsl: shortest(s, ¢, [V — 1).
BpeMeHHAs1 CI0XKHOCTD 9TOTO AJATOPUTMA BEJIHMKA.

Yupaxxuenue 6.2. Oupenenurh ee. O

6.1.4 IlyTu MmexkJay BceMu mapamMu BEPIINH

[TonobHO TOMY, KaK MbI y»Ke JieJiajid, BOCIOJIb3yeMCs JUHAMUYECKUM IPO-
rpaMMHUPOBaHUEM, YTOOBI M30aBUTHCS OT PEKYPCHH. 3a0JHO MBI HaiigeM u
JUTMHBI BCEX KPATYAUIITUX MyTell MEXK Ty BCeMU TapaMu BEPIIWH, U CAMU KPaT-
vaiiiume myTH, IpudeM ObicTpee, YeM ecu Obl Mbl |V| pa3 moBTOPUIN AJIro-
putm Beimana-Popjia.

Anropurm ®aoiiga-Yopmrosia. bByjneM nocreneHHO 3allOHATH TPeX-
MepHBI# MaccuB d, Te dz(-;-c) — JIIWHA KPATYalIero myTu u3 BePIUHBI ¢ B BEP-
IIMHY j C IPOMEXKYTOYHBIMU BEPITMHAME MOoAbKo U3 MHOXKecTBa {1, ..., k}.

Suavenud npu k = 0 — 310 ATMHBI pebep ucxoaHOro rpada, T.e. dg-)) =
w(%, j). Jasee maccus 3anoHsiercst 1jisi BO3PACTAOIUX k, & IPU MOCTOSTHHOM
k — ngst Bcex ¢ u j, 110 popmyJie

k o oa(k=1) (k=1 k-1
dz(-j) = mln{dl(j ), dz(k ) + d,(c]- Y.
KoppekTraocts aaroput™a u BpeMs ero paborsl O(|V|?) oueBunusi.

Ynpaxkaenue 6.3. 3a01HO OIpeNeIUTb W MATPHIY P, TAe p;; — IIPeJIo-
cJIeJIHSIS BEPIUHA HA KpaTdaiilieM IyTd U3 % B j. ]

6.2 Ill3omopdu3m aepeBbEB

Bzanmuo-onno3HauHOE oToOpazkenue [ : Vi — V5 Mex 1y MHOXKECTBaMu Bep-
mus rpados (V1, E1) u (Va, Ea) HA3BIBACTCH U30MOPPHUSMOM, €CITH OHO PeOPO
IIePEeBOIUT B PeOPO U HAOOOPOT:

Vu,v € Vi (u,v) € By <= (f(u), f(v)) € Ex.

['padbl, MK Ty KOTOPBIMU CYIIECTBYET U30MOPMU3M, HA3BIBAIOTCS U30MOPP-
HOLMU.

[IpoBepka m3oMopdHOCTH rpadoB — 04YeHb TpyAHAA 3a/1a4a. MbI pemum
0oJiee TIPOCTYIO 33/1a49y: OIpPeJIeuM U30MOPMHOCTH J1epPeBbeB.
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Orcryniienue: jiekcukorpadpuieckasd COPTUPOBKA. 3aj1ada: JaHO 7
crpok obrmeit giuuoit L, cocrosmmux w3 uuces ot 1 g0 k. Tpebyercsa orcop-
THPOBATH MX B COOTBETCTBHUH C JIEKCHKOTPAMDUIECKUM YIIOPSIOICHUEM:

s<t <= s—mpedukct V Ji(s; <t; AVj <i(sj =t;))

(kax cjI0Ba B CJI0Bape).

ITocrymuMm Tak: OTCOPTHPYEM CTPOKH IO JJIMHE, IIOJIYYHM YIIOPAI0YCH-
HBII coucok A. Bymem mommep:uBaTh MaccuB B, cocTosimuii u3 k ymopsmo-
YEHHBIX CIMCKOB CTPOK, COPTUPYS CTPOKM TI0 YUCJIY S;, CTOAIIEMY Ha OIHOM
U TO K€ MO3WIMK ¢ (eCTECTBEHHO, PacCMaTPUBAsi TOJBKO T€ CTPOKH, IJIe
9Ta MO3UIUSI €CTh): IPOCTO MEPEMeCTHM CTPOKY § B crmcok B[s;]. Haun-
HaThH Oyjem ¢ mocseaueit mosunuu (I CTPOK MaKCUMaJsbHOU symab). Ha
OYepesHOM dTare 6epeM CTPOKH yiKe U3 YIOPSIOYEHHBIX CIUCKOB (U3 0CTa-

romeiica gactu cmcka A, a rakxke u3 couckos B[1], ..., Blk]) B Tom mopsi-
Ke, B KOTODOM OHH B THX CIMCKaX HAXOASTCs (KOHEYHO, CHAYaJIa HyKHO
u3 crmckor A, B[1],..., B[k] caenars cimcku B'[1], ..., B'[k], a ye norom

nepenmenosarts cuucku B'[i] 8 Bli]). fIcHO, 94TO M1 CTPOK, HONAIANMX B
OJIVH CIMCOK, COXPAHSIETCS «CTapoes yIOPSI0YeHue.

KoppekTHOCTS 3TOr0 asiropurMa OdYeBHHA. lemeph OymeMm «gopabda-
TBIBATH» ero, 4robsl orpanmunthest O(L + k) onepammsivu ¢ cuMBOJIa-
MU, yKa3aTeJsIMA Ha CTPOKY W JJIMHAMU CTPOK (3HAYWT, BpeMs paboThl —
O((L+ k) log(L + k)). Kaxk/ty1o CTPOKY MBI II€DEMEIAaeM MEXK/Ly CIUCKaMU
CTOJIBKO pa3, CKOJIbKO B Hell cmMBosioB — Beero O(L) mepemernennit; cop-
THPOBKA CTPOK 1o JymHe 3aiiver O(L) na Beramcitenne quesl 1 O(L) Ha
COPTHUPOBKY (9Ta COPTUPOBKA TOXKE COCTOUT TIPOCTO B TOM, YTO MBI OTTIPAB-
JIIEM KaXKJIyI0 CTPOKY jymHbl | B ciimcok A’[l] BcrmoMoraresbHOro MaccuBa
A’ a norom cimsaem Bee crmcku A'[l] B crmcox A); opraHnsanust CIuCKoB
U UX OKOHuUarTejbHOe oObemuuenune — (k) omepanmit. IIpobieMa TOJBKO
B IIPOCMATPUBAHUN k CIIUCKOB Ha KazKJOM IIare: TakK MO2KET IIOJIy9YUTHCA
Q(kL) oneparuii; 3T0 MHOTO; HO BEJb CIIUCKU-TO 339aCTyH0 — IIyCThIe (IIpo-
CMOTD HEIYCTBIX CIIUCKOB Mbl, KCTATH, YK€ yU/IU B I€PEMENIEHUN CTPOK!).

Yro6bl He MPOCMATPUBATE IIYCTHIE CIUCKU, CO3JaJUM 3apaHee CIHCOK
nap (I, 8;), Korga s;; aeiicreurenpao cymectsyer. OTCOPTUPYEM 3TOT CIm-
COK CHAJaJIa 10 BTOPO KOMIIOHEHTE, & TIOTOM II0 MEepBOii (TakiKe «paccop-
TUPOBBIBAsl» COOTBETCTBEHHO 110 k wiw L ymopsimoueHHbIM crmckaMm). [Toce
9TOr'0 JIETKO CO3JaTh YIIOPAAOYIEHHBIEC CIUCKU CUMBOJIOB, BCTPEYIAIOIIUXCA Ha
nosurwn . Ha Bee a0 yitmer O(L + k) onepanuit, 3aT0 JaCT BO3MOXKHOCTD
NPOCMATPUBATE B UCXOJHOM AJIFOPUTME TOJIBKO HEIYCThIE CIUCKH.

By,ZLGM CYUTAaTb, 9TO B JIBYX HallUX J€PEBbAX BbIJIEJIEHDI KOpHI/Il; NHa4e
roBODs, 3abuKCUpyeM 3HaUeHne 0Tobpaykerus (OyLyinero nzoMmopdusma) Ha

' Boobime roeopsi, mepeBo He 00S3aHO IMETh KOPEHb: Jepe6o — 3TO IMIPOCTO HEOPHEHTH-
POBAHHBIN CBsI3HBIN rpad, HE COMEPKAIUNA ITUKIIOB.
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OHO# W3 BepIIuH (7151 TOro, 9TOOBI CBECTH OOIMYIO 3a1a4y K 9TOif, m1ocTa-
TOYHO B3ATb NPOU3E0ALHYI0 BEPIINHY, O0bLIBATHL €e KOPHEM, W NepebupaTh
BEPIIMHBI, B KOTOPble OHA MOYKET 0TOOPa3uThes). Pa3o0beM MHOKECTBO Bep-
IIUH KaXKJIOT0 JiepeBa Ha YPOBHHU (IO PACCTOSIHUIO BEPIIUHBI OT KOPHs). DTH
ypoBHHE Oy/ieM 00pabarbiBaTh OT HAGOBIEr0 — K HANMEHbIIEMY (TaK 4TO B
KOHEYHOM WTOTe JOWIeM JI0 KOPHS ), MPUITUCHIBAs KayKI0W BEPIIMHE YUCIO.

Ha ouepeasom ypoBHE CHavaja NPHUIUIIEM KarKJIOH BepIIHHE BEKTOD
(6bITH MOXKeT, TycTol!) unces, KOTOpbIMU (y2Ke) TIOMEYEHbI €€ ChIHOBbs. 3a-
TEM OTCOPTUPYEM 3TH BEKTOPA B JIEKCUKOTPabUIeCcKoM T0psijike (OTIebHO
JUist Kax10ro siepesa). CpaBHUM 110JIyY€HHBIE JIBa BEKTODA BEKTOPOB: OHU
JIOJIZKHBI COBIIACTH (€C/IM HET, /IePeBbsi HEM30MOP(MHBI).

[TepenymepyeM pasauukbie KOMIOHEHTHI THX BEKTOPOB (CHOBa BeKTOpa!)
HOCJIeI0BATEbHBIMA HATYPAJIbHBIMA YMCJIAMH. DTO M €CTh IIOMETKH, KOTO-
pble Mbl IIPUIIMIIEM COOTBETCTBYIOIIUM BEPIIHHAM.

Eciu, noiiasg 10 KOpHs, Mbl He OOHAPYKHUM PAa3HBIX BEKTOPOB, JE€PEBbs
H30MOPMHBEIL.

VYupaxkuaenue 6.4. JlokakuTe, 9TO 3TOT aJITOPUTM KOPpPeKTeH (MOauduIm-
pyiiTe aJrOPUTM Tak, YTOOBI OH HAXOMWJ M CaM M30MOPMU3M) U COBEPIIALT
JUHEHHOEe YHUCJI0 Oollepanui (HpngyMaﬁTe OAXOAAI e CTPYKTYPBl JaHHBIX
Jutst ero 3dHeKTUBHON peasu3amun). O

6.3 3ajJadya 0 MAaKCUMAaJIbHOM IIOTOKE

6.3.1 JlemMma 0 MakKCUMaJILHOM IMOTOKE M MUHUMAJIBLHOM
ceyeHuu

Han opuentupoBauubiii rpad G = (V, E) ¢ OpomycKHbIME CIOCOOHOCTSIMU
pebep, 3amannabiMu oroOpaxkenneMm ¢ : E — R. ([ns mpocrorsl mosaraem
c=0naV xV\ E.) Ykazansl ucroynuk s € V u crok t € V.

Omnpenenenne 6.1. Orobpaxkenue f:V x V — R HazpiBaeTcs nomokxom B
G, ecan

Vu,v €V f(u,v) < c((u,v)),
Vu,v €V fu,v) = —f(v,u),
YveV Z flu,v) = Z f(u,v).

u:(u,v)€E w:(v,w)eE

Besmumna ) f(s,w) (oma xxe >  f(u,t)) HasbBaeTCS 3HAUEHUEM
wi(s,w)eE u:(u,t)€E
IIOTOKA.
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Tpebyerca HaliTH TOTOK C HAMOOJBIIUM 3HAYEHUEM — MAKCUMAALHOLT
NOMOK.

Onpenenienne 6.2. Ceuennem B rpacde HaspiBaercs pas3buenue V Ha 1Ba
HEIIyCThIX Hellepecekaomuxcd MHoxkecTBa Vi u V. Takake cedueHneM Ha3bI-
BAETCsl MHOXKECTBO pebep (v, vq), Takux, 4ro v € Vi u vy € V5 (HO He Ha-
o6opot!). IIpomyckHo# cIOCOGHOCTHIO CeYeHnsT HA3BIBACTCS CyMMapHasi IpPo-
MyCKHas CIIOCOOHOCTD 3TUX pedbep. [loTokoM vepes cevenmre HA3BIBAETCI CYM-
MAapHBIA TTOTOK

Z f(vla UQ)

v1€EVL, v2€V2
4yepe3 9T U 00paTHbie (COOTBETCTBEHHO, ¢ OOPATHBIM 3HAKOM) pebpa.

Onpepenenne 6.3. Ocrarounoit cernio Gy s JaHHOTO 1IOTOKa f B Ipa-
dbe G HasbBaercs muOXkecTBO pebep (u,v), muas koropeix cf((u,v)) :=
c((u,v)) = f(u,v) > 0. JonONHSIOMIM MyTeM Ha3bBIBAETCS MyTh Y U3 S B
t B ocraTrouHoii cetr. OUeBHIHO, IPU HATUYHMHU JOTOJHSIONIETO MyTH TMOTOK
MOXKHO YBEJINYUTH HA Iglélyl cs(e).

Jlemma 6.1 (0 MakcmMaJIbHOM IIOTOKE M MUHNMAJIbHOM CEYEHUN).
Caedyrousue mpu Ycro8us IKE6UBAAEHIMHDL.
1. Homox f — maxcumasvrvid.
2. B ocmamounoti cemu Gy ne umeemca donoasHAowur nymed.
3. Umeemca ceuenue, NponycKras cnocobHocms KOmopozo pasHa nomoxy
uepes Mo ceverue.

Hokazameavcmeo. «ls=-«2» m «3»=>«1» oueBumubl. JlokarkeM «2»=>«3».
Paccmorpum MHOXKecTBO S BepiuH, 10CTHXKUMBIX U3 § B rpade Gy. 1o «2»,

V\S # 0. Ceuenne S, V' \ S — uckomoe. O

6.3.2 Aaropurm Popaa-PagkepcoHa

Asnroputm upe3BhIYaiHO MPOCT: OyIeM HAXOAUTh JIOMOJHSAONNN My Th U yBe-
JMYUBATH OTOK Ha ero 3HaveHune. KoppekTHOCTh aJropurMa oueBuHa (eciim
o ocranoButcs!). OnHAKO, B 3aBUCHMOCTH OT TPOIYCKHBIX CHOCOOHOCTEl
KOHKPETHO} peaJin3alui 3TOr0 aJI'OPUTMa, BpeMsi ero paboThl MOXKeT ObITh
pa3IMYHbIM (B TOM YUCJIe, OH MOYKET W 3alUKJIUThCs ). PaccMoTpuM HECKOIIb-
KO CJIy4aeB:

ITesnouyuncnenHble TPOIMYCKHBIE CIIOCOGHOCTH. B 3TOM Citydae ajiropurm
MOXKHO Jierko peasimzoBarh 3a O(M|E|) onepamuii, rae M — 3HaveHue
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MaKCHMAJIBHOTO TIOTOKA. B caMoM nefie, no0aBisist KayK bl JTOMOJTHSI-
IOyl MyTh, Mbl YBeJMUMBAaeM 3Ha4YeHHe TOTOKa MO KpaiiHeil Mepe Ha
equHUIy. JIOMONHSAIOMMUI IyTh YKe MOYKHO HAWTH IMOUCKOM B TNIyOUHY
(wu mumpuny) u yopaTh U3 OCTATOYHOI CeTU 3a JIMHEHHOE KOJIUYECTBO
Oonepanui.

Anropurm Damonaca-Kapna. Ecin M Benuko (uau Beca — He I€JIO0-
YHCJIEHHBIE ), OIEHKA JJIST TIPEJBIIYINEro aJropuT™Ma OyIeT He CIUIIKOM
xopoma. [TokazxeM, 4TO €C/iM MCKATh JIOTOJIHSIONINE MyTH HOUCKOM B
mupuny, Oyaer Haitneno jums O(|V] - |E|) monosusiiomux mytTeii, T.e.
kosinuectso onepaiuit 6yger O(|V| - |E[?).

Orcrymiienue: noucK B mimpuHy. lIoWCK B mMUpUHY mpecieayer
Ty K€ IeJb, 9TO W TOUCK B TIyOuWHY: 00paboTaTh BCE BEPIIUHBI I'Da-
da. B ormume ot moucka B TIyOWHY, OCHOBAHHOTO Ha PEKYPCHUH, a
3HAYUT, UCIOJIL3YIOIIEr0 CTEK, TIOUCK B IMAPUHY MOXKHO Peajn30BaTh
npu momotnu ouepeau. OUepennast BepITNHA BHIHUMAETCS U3 HAYAIA,
ouepenu (IPU MHANMUAIU3ANUEA B OYEPEh ITOMEIIAETCS TOJBKO OZHA
BEPIIMHA — KOPEHb OYYINEro JepeBa MONCKa), 00pabaThIBAETCS, U ee
CBIHOBBSI — T€, KOTOPBIX eIlle HeT B 0UYepe/ind, — KJIAJyTCs B ee KOHEII.
Ecnn ouepens omycreerT, Tyna KJIaJIeTCA CIenyIOias HeoOpaboTaHHas
BeprwHa, ¥ T. i. OYeBUIHO, STOT AJTOPUTM KOPPEKTEH W WCIOJIB3yeT
JIMHENHOe YUCJIO OIepaluil.

«VckaTh myTh U3 § B  HOUCKOM B IMUPUHY» 03HAYAET «3AIyCTUTH MOUCK
B IIMPHMHY, HAYAB €r0 C BEPIIUHBI S, ¥ IPEPBATh, KAK TOJbKO B 04ePe/b
HONaJAeT BepHIMHA {». 3aMeTuM, 4TO NMOMCK B NIMPUHY HAXOAUT IyTh,
cocrosiuii U3 HAMMEHBIEro KoJudecTBa pebep (Kpardaitinmii): B HeM
cHauasia 06pabaThIBAIOTCS BEPIIMHBI, HAXOAAIIMEC Ha PACCTOSHUM 1 OT
S, 3aT€M — Ha PACCTOSHWM 2, W T. 1.

Hazosem pe6po € B JOIIOJIHAIOIIEM IIYTH 7Y KPpUmu4eckum, eCjau Ha HeM
JOCTHUTAETCA min cf(e). HpI/I yYAaJleHun O4YepPeIHOI'0 AOIIOJTHAIOMIErO IIy-
ecy

TH XOTsI OBI OJTHO U3 €ro pedep OKa3bIBAETCs KPUTUUECKUM. SHAUUT, /s
JIOKa3aTe/IbCTBA HCKOMOM BepXHeil OIEeHKHU JOCTATOYHO JOKA3aTh CIeIy-
OIIY IO JIEMMY.

JIemma 6.2. Pebpo moorcem cmamsb kpumuueckum auws O(|V]) pas.
3ameuanue 6.2. 3amernm, 9T0 pedpa MPOMATAIOT, OKA3BIBASICH KPH-
THUYECKUMU Ha BBI6paHHOM JAOIIOJIHAIOIIIEM IIYTH, a IIOABJIAOTCA, KO-
rjga obparHble pefpa OKa3bIBAIOTCs (HEoOsA3aTeIHbHO KPUTHYECKUMMN)
Ha BBI6paHHOM JOIIOJIHAIOIIEM ITyTH.

Jlokasameavcmso. Bynem o6o3nauarh yepes d(z, y) pacCTOSIHIE MEXK Ly
BepIIMHAMHU B OYepeaHON OCTATOYHON CEeTH.
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Jlemma 6.3 (k siemme 6.2). Paccmosanue d(s,y) ne ybwvieaem.

Jokasameavcmeo. TlyCTh OHO yMEHBIIMJIOCH, & TIOTOK TIPH 3TOM yBe-
mmauscsa ¢ f go f'. HYO moxkem cuuTaTh, 9To Y — OImKaiimas K S B
G BepmmHa ¢ TaKuM CBOCTBOM. PaccmoTpum BepmuHy T, mpejrme-
CTBYIOIIYIO Y Ha Kpardaiimem myTu u3 s B Y B G pr. J{o 910if BepIIMHEL,
0 TIPEJITIOIOKEHAI0, PACCTOAHIE HE YMEHBIIIIOCh.

Caenosarensno, pebpo (z,y) Bo3HUKIIO pu epexojie oT f K f') T.e. co-
OTBETCTBYIONMH JOMOJHAONMH IyTh coaepxkas (y,z). Ou 6b11 KpaT-
gaitmm; 3uaunT, 6610 d(s,z) — 1 = d(s,y). Ho d(s,z) He ymeHb-
muyiock, u d(s,y) crano 6osbiie, yeM d(s,z); ciaegoBaTenbuo, d(s,y)
VBEJTNIIIOCH! O

Pe6po (u,v) mpomasaer Toraa u TOJHKO TOTJA, KO OHO CTAHOBUTCS
KPUTHIECKUM B KAKOM-TO JIOIOJHSAIONEM IyTH. II0CKOIBKY 3TO pedpo
JIEXKUT Ha KpaTdaiimem mytu, 10 31oro 6bu1o d(s,v) = d(s,u)+1. Pebpo
(u,v) nosiBisieTCs: BHOBB, ecJii pebpo (v, %) BXOAMT B KAKOW-TO JIOMOJI-
HaOMMil nyTh. [ToCcKOIBKY Tenephb yxke (v,u) JIXKAT Ha Kpardaiinem
IyTH, TEpeJi STUM MOMeHTOM ObL10 d(s,u) = d(s,v) + 1. Ho stu pac-
crosinust He yObiBaoT (mo siemme 6.3)! CiiefjoBaTeibHO, B IPOMEXKYTKE
MEXK/Iy JIByMsl MOMEHTaMH, KOrjaa pebpo (u, v) moObIBAeT KPUTHYECKUM,
paccrosiaue d(s,v) yBenuuurcst Ha 2. Ho oHO He MoxkKer cTarh GOJIbIIe
V|- 1! O

6.3.3 IIpumenenue aaropurtma Popaa-PajakepcoHa AJjsd
HaX0XKJIEHNS MAaKCHUMAaJIbHOTO MapOCOYEeTAaHUdA B
ABYI0JIBHOM Trpade

Omnpenenenne 6.4. Heopuenruposaunwiit rpad (V, E) unassiBaercs dey-
JOABHBIM, €CTTH MHOXKECTBO €r0 BEPINUH Pa30UTO Ha JBa HEMEPECEKAIOUXCS
muoxkectBa V) u Va, Takux, uro ViVu,v € V; {u,v} ¢ E.

Ounpeaenenne 6.5. ITapocouerannem B HeopueHTupoBanuoMm rpade (V) E)
HazbIBaeTcsd MHOXKecTBo E' C E, takoe, uto Vei,es € E' e Ney = 0.

Haiinem B 1By101bHOM rpade mapocodeTanne, COCTOAINee U3 HauboIbIIle-
ro KosimuecTtBa pedep. g satoro moguduiupyem rpad: ciaegaeM ero opueH-
TUPOBaHHBIM (HanpasieHue Bcex pebep — u3 Vi B Vs), 106aBUM HCTOYHUK §
u pebpa (s,v1) st Becex vp € Vi, a Takxke crok t u pebpa (ve,t) mjist Beex
v, € V. IIporyckubie criocobHOCTU BCex pedep 1M0JI0KHUM PABHBIMU €JIMHUIIE.
[Tpumenum anroputm @opaa-Pankepcona. Kak HeTpyIHO 3aMeTUTH, pebpa,
IO KOTOPBIM OyIeT Teub HailIeHHBI UM MaKCUMAaJbHBIA MOTOK, U JaJIyT MaK-
cumaibHOe Tmapocoveranue. IlockobKky B Hem He Moxer ObiTh Gostee |V|/2
pebep, anropurm cosepiut juib O(|V] - |E|) onepaunii.



