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Jlekimsr 10

BeposaTHOoCTHBIIT aJaroputm AJsi
3-SAT. IIpubam>xkeHHbIi
AJITOPUTM JIJIA MUHUMAJIbHOIO
BEPIINHHOTI'O HOKPBLITUSI.
Brranciaenne makcnMaJnbHOTO
IIOTOKA.

(Koucmnexkt: M. Ilnuckus)

10.1 Pemtenme 3amaunm 3-SAT

B mannOM pa3zgesne Oyaer npuBeieH BEPOATHOCTHBIN aJTOPUTM JJIsT PEIIeHUs
zagaun 3-SAT (3-BbIIOIHUMOCTS).

Onpeaenenne 10.1 (3-SAT). Ilycrs ectb Jorudeckast (pOpMyJia, 3aMHCaH-
Had KaK KOH'bIOHKIUA 3JIEMEHTaPHbIX rZLI/I3"bIOHKI_U/II‘/i, KaxK/Jlad U3 KOTOPBIX CO-
Jep:KuUT B cebe He Gosiee Tpex JMTepasioB (IlepeMeHHbIX b0 MX OTPUIAHUIA).
Heob6xomumo HaiiTy BBIIONHAIOIUI HAOOP 3HAYEHHUIl MepPEeMEeHHBIX, TO €CThb
TaKyIo IIOJCTAHOBKY, Ha KOTOPOil Hamra popMyJia HCTHHHA.

Byznem cuntarh, 4T0 3HAUEHNS BCEX HAIIMX IEPEMEHHbIE XPAHITCS B «<MaC-
cuBey, 3HaUYeHHe -0 nepemenHoit — A[i]. Onnmem HaII BePOSTHOCTHBIN aJl-
TOPHTM.

AnroputMm 10.1. Naunuanmu3upyem maccuB A ciydailHbIMU 3HAYCHUSIMHU.



Jlexkmus 10. Beposttaoctablii agaropurm gist 3-SAT. IIpubinkeHHbIH
2 aJrOPUTM JIJII MHHHMAJIFHOIO BEPIIMHHOIO IIOKPHITHsI. Bbramcrenne
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Ecmn A — Beimonngomuit Habop, To 3aBepiiaeM paboty. B mpotuBHOM
cJlydae CyIIecTBYeT ¢ — JIOXKHas JU3BIOHKINS Tpu Habope A:

C:CC1VCC2V£L'3,

rJe Ty, T9, T3 — IepeMeHHble Jinb0 ux orpunanus. lI3aMenum 3nadeHue B OJ1-
HO¥ M3 NepeMeHHbIX (CJaydaiiHbiM 06pa30M BHIODAHHON) HA MPOTHBONOIOXK-
Hoe. IIpozmenaem 310 3n pa3 (BHyTpeHHUH TUKII).

Bcio onucannyio nporeaypy (HaunHast ¢ BBIGOpa caydaiinoro A) cHoBa mo-
BTOPMM HEKOTOPOE SKCIOHEHIUAIbHOE KOJMYECTBO pa3 (TOYHOE YUCIIO OIpe-
JIeJIIM TI03J/IHEe). O

Temepb 3aaIUMCs BOIIPOCOM, CKOJBKO XK€ pa3 HaM HEOOXOIUMO IOBTO-
PUTH BBINIEONUCAHHYIO TPOIEAYpy. st 3T0ro paccMoTpum 3jieMeHTapHbII
Al ¥ OTMETHM, YTO BEPOSITHOCTH yMeHbINTh paccrosinue d(A, S) or Hamero
Habopa A 10 BHIIOJHAOIIEr0 HAOOpa S, IOHUMAaeMOe KaK KOJMYECTBO MO3H-
Ui, B KOTOPBIX OUTHI HE COBIAIAIOT, He MeHee 1/3. DTo ciieyer u3 Toro, 4ro
Ha, BBIIOJIHSAIONEM Habope paccMaTrpuBaeMast In3bioHKINS C' J0KHA, OBIThH
ucturHOi. [ToaTOMYy XOTsS OBI OIMH W3 JINTEPAJIOB JOJKEH OBITH MCTHHHBIM.
Takum 06pazoM, ¢ BEPOATHOCTHIO 1O KpaiiHeil mepe 1/3 Mbl BbiGepeM mpa-
BUJIbHBI iuTepas. Takum 06pa3oM, MpOIEece BBHIMIOJIHEHUS aJITOPUTMa MOXKHO
paccMaTpuBaTh Kak caydaitnoe 61y aanue Ha orpeske [0..n], rae n — 4ucio
IepeMeHHBIX B (DOpMyJIe, ¢ OTparKeHHeM Ha, IIPABOM KOHIE W IHOIJIOIIEHHIH
npu nomaJdaHu B Ha4YaJlo.

Omupegesnm Benmunny P(t, j) KaK BEpOSITHOCTH MONACTh W3 COCTOSIHUS j
(paccrosinue j) B cocrosinue 0 (1.e. KOHEUHOe cocTosiHue) 3a t maros. Jasee
npejcraBuM ¢ B Buge ¢t = j + 2i. (OueBugHO, i — 1€JI0€ YUCIIO. )

VYupaxkuenne 10.1. /lokazars, uTo

()16 )

Yrasanue. Ilepeniti eapuanm. Hanucarb pekKyppeHTHOE ypaBHEHHE JiJisi IIy-
reit Ha miaockocru u3 rouku (0,7) B Touky (¢,0), JeKamux MOJIHOCTBIO B
[EePBOM KBajpaHTe (M HE KACAIOUMXCS OCell 33 MCKJIIOYEHHeM KOHIOB); HA
KayKJIOM Iare MyTH MBI c¢aBuraeMcs Ha BekTop (1,—1) ambo (1,1). damee
JIOKa3aTh 0 WHAYKIUH, 9TO ITUX MyTeil (f)%
Bmopoti eapuarnm. Basth kumxkky Desiepa m nmocMorperh 6osiee mpocToe

NoK-BO (cM. Teopemy o 6aLIOTHPOBKE).

Teneps ompemenum Beqauuuny P(j) kKak BeposTHOCTH momacth B 0 3a
KaKoe-HuOyIb KOJIMIeCTBO HIArOB:

P(j) =) P(tj).
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O1eHnM 3Ty CYMMY CHH3Y €€ CJIaraeMbIM, COOTBETCTBYIONIUM j = %!
w23 () () ) -
3\ J 3 3
SN )i .(1)2%(2):
~p(n) 7(25)% \3 3
1 REL 1 2y’ 11
p(n) (j-2-22-j2'?§) T p(n) 2

rie p(n) — HEKOTOPbIH MHOIOYJIEH CTENeHH 7.
OTMmeTuM, YTO B HAIllel OIEHKE

t=j+2 =35 <3n,

Tak Kak j < n; T.e., OHA BEpPHA, €CJIM BHYTPEHHUI IIUKJI TOBTOPATH 3N Pa3.
Tenepb BbIYUCIUM BEPOSTHOCTH YCIEXA, TO €CTh BEPOATHOCTH nonactsb B (.

Py = ZQU) - P(j),

QU) =5 (?)

— BEPOSITHOCTh OKa3aThCsA B COCTOSAHWH j MPU HAYAJILHOM BBIOOpE MacCHBA
A. TloncraBum:

1 " /n\ 1 1 /1 1\\" 3\" 1
PO = Z . _— = — 1 + — = — -
2'p(n) < \3/) 2 p(n) \2 2 4/  p(n)
KaK I/I3BeCTHO, B 9TOM cnyqae ,HJISI HOJIy‘{eHI/ISI KOHCTaHTHOﬁ BepOHTHOCTI/I
OIIMOKHU HAJ0 B3ATh KOJHYECTBO UTEPALMil HE MeHee

rIe

10.2 IIpubam>keHHBII aJJTOPUATM AJIsI MITHAMAJIb-
HOT'O BEPIINMHHOT'O IMOKPBITUA

Ounpegenenne 10.2. Ilycts G = (V, E) — rpad. Hazosem muoxkecTtBo A C
V' eepuwunnvim noxpomuem epaga G, ecau ajisd Kaxkioro pebpa sroro rpada
XOTsl ObI OJMH M3 er0 KOHIOB IPHUHAJJIEKUT TOKPBITHUIO.
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Pacemorpum B3Bemennsiit rpad (T.e. KayK10i BepIIHHE COTOCTABJIEH HEKO-
Topsiit Bec). Hamra 3aaga cocrout B TOM, 9T06B TPUOIHIKEHHO HANTH MUHH-
MaJIbHOE B CMBICJIE Beca BEPITUHHOE MOKPhITHE. bydem nocmenenno ceodumo
amy 3adavy K Opyaum, noka He ceedem ee Kk HATOHCOEHUIN MAKCUMAALHO20
nomoxa.

CnauaJja mocTpouM JIBYIOIbHBIN Tpad B caeayonmM o0pa3oM: ero MHO-
»KECTBO BEPIIUH €CTh YJIBOEHHOE MHOXKECTBO BEPIIMH ucxomHoro rpacda G
(r.e. mist KaxK0it BepummHbl v € Vg CyIIeCTBYIOT BEepIHIMHBL U, Uy € Vg), a
pebpa MOIUMHSIOTCS CJICAYIOMEM MPABUIY: €CJIH MEXK/Iy MCXOJHBIMH BepIIH-
HaMu v ¥ v B rpade G 01710 pedpo, To B rpade B pedpa OyayT MexXIy u, u
Uy U MEXKIY Ug U V1. JlcHO, uTO rpad B sBisercs ABYI0JbHBIM, IPHYEM BCE
BEPIIMHLI C MHIEKCOM «1» NpHHAJIEXKAT OJHOM JI0J€, & C MHIEKCOM «2» —

JpYyroii.
Onpenenum Tenepb TOHATHE JBORHOTO MOKPHITUS rpacda G.

Onpeaenenne 10.3. Orobpazkenue f: Vg — {0, 1,2} HasbiBaercss 0soti-
HoLM nokpoimuem epaga G, ecau Jijis KaxKaoro pebpa jubo oauH U3 ero KOH-
IIOB UMeeT IOMeTKY 2, Tu00 0ba KOHIA UMEIOT IOMeTKY 1.

Jlemma 10.1. Munumasvroe sepuuntoe nokpumue epaga B coomsememey-
em MUHUMAALHOMY 080THOMY nokpumuto epaga G.

VYupaxkuenaune 10.2. /lokazats semmy 10.1.

Jlemma 10.2. ITycmov C — munumasvroe deotinoe nokpumue G. Tozda ezo
MOULHOCTMD KAK MHOHCECMBA HE NPEBOCTO0UM YOS0EHHOT MOULHOCTU MUHU-
MaAbHO20 nokpuimus G.

Yupaxueane 10.3. /lokazats jemmy 10.2.

Omnpenenenne 10.4. Ilycts G — HekoTOPHI cBsA3HbIM Tpad. Hazosem s—t-
cevenuem rpada G pa3dueHuwe ero BEepIIMH HA JIBa MHOXKecTBa V, u Vj, B
OJTHOM W3 KOTOPBIX COJEPXKUTCsI BEPIIWHA S, & B ApyroMm — t. Bec cevenus —

9TO CYMMAapHBI# BeCc BceX pebep, COeTUHSIONIUX BEPIIUHbI V; ¢ BepIInHAMHA
Vi.

JlobaBuM B rpad B 1Be BepIIUHBI S U t ¥ COEJUHUM BEPIIUHY S CO BCEMU
BepIIMHAMY OJHO#M M0ou, a ¢ — co BceMu BepmmHaMmu Apyroit. [Ipunumem
BHOBB JI00aBJIEHHBIM peOpaM TaKue »Ke Beca, KaKue ObLIA Y COOTBETCTBYIONUX
BEPIIMH B UCXOJHOM rpade, a ctapbiM pedbpam — Bec +00.

Jlemma 10.3. Munumarvromy noxpumuro epaga B coomeememeyem s —t-
cevenue MUHUMAADHO20 BECA OASL MOABKO 4MO NOCMpoeHHoz2o 2paga B'.
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okaszameavcmeo. ComoOCTaBUM KaxKJIOMY CEUEHUI0 MHOYXKECTBO BEPIIMH —
KOHIIOB €ro pebep, oTau4Hble OT § ¥ t. [loayyuMm mokpbeiTHE. AHAJIOTHIHO
obpaTtHbIil TTepexos. Beca corytacoBaHBI MO TOCTPOEHHUIO. O

Jlemma 10.4. Munumanvhoe s — t-cevenue nazodumes sa epems O(n?).

/oxazameavcmeo. Jloka3aTeabCTBO JaHHOI JIeMMBbI HENOCPEICTBEHHO CJIe-
JIyeT W3 CJIedyIONero yTBepKAeHns 1 MaTepuaJa pazzaena 10.3. 0

CuavaJjia JaauM OIpeaeIeHne.

Onpenenenne 10.5 (ITorok B rpade). Ilycrs ecth opuenTupoBanHblit rpad
G ¥ B HEM KaxKJIO0My pebpy COIOCTaB/IeH BeC w. DTOT BEC MOHUMAETCS Kak
IPOIIYCKHAs CIIOCOOHOCTDH JaHHOro pebpa. Torma nomokom w3 BEpUIUHBI S B
BEPINUHY { Ha3bIBAETCs TIOMeTKa, pebep rpada, yI0BJIeTBOPSIONAs YCIOBUIO:

HA KaxkKJ0M peOpe 3HaYeHre IOTOKA He IPEBOCXOJUT ero IPOIYyCKHOI Croco0-
HOCTH, U, KPOMe TOr0, CyMMa IIOTOKOB Ha pebpax, BXOAAIIUX B BePLIMHY, He
IIPEBBINIAET CYMMBI IOTOKOB Ha pebpax, BHIXOAAIMUX U3 Hee (KpOMe BepIIH

s u t). 3HaYeHHEM MOTOKa SBJISETCS CyMMa (CO 3HAKOM) IOMETOK pebep C
Ha4YaJIOM (KOHIIOM) B S.

Tenepb chopmyupyeM Hallle yTBEPXKIEHUE.
Jlemma 10.5. Makcumaavroii nomork onpedeasem MUHUMAALHOE S—T-ceveHue.

okaszameavcmeo. JlelicTBUTETBHO, PACCMOTPUM MAaKCUMAJIbHBIH TOTOK. BbI-
YTEeM ero U3 MPOIYCKHOi crocodHocTH pebep. Torna Ha KaxKI0M IyTH U3 S B
t Haiijercst (MHAYE TOTOK II0 STOMY IIYTH MOYKHO YBEJIMYUTh) HyJI€BOE Pebpo.
Ero u nobasum B ceuenune. OHO, 0 TOCTPOEHUIO, MUHUMAJIHHO. U

10.3 Tlonck MakCcuMaJIbLHOI'O IIOTOKAQ

[TycTs y HAc ecTh B3BemenHbIit 10 pebpam rpad G, ¥ MBI XOTUM HATH MaK-
CUMAJILHBIH TOTOK u3 § B t. ComocTaBuM KaxK a0 BeprimHe rpada QyHKIUIO
h(v), moHMMaeMyI0 Kak BBICOTY JaHHON BepruHbl. CHavajga Mbl TOCTPOUM
npednomox — TOTOK, He YIOBJETBOPSIONIANA BTOPOMY YCJIOBHIO OIpEIese-
HUsl, TO €CTh B BEpIIMHE MOXKeT ObITh HeoTpUuaTeJbHbii medekt A(v) —
MPEBBITIIEHNE BXO/IA HAJI BBIXOOM.

Mpsbi ocTpouM cHadvaJia HEKOTOPBIH TPEJANOTOK, a MOTOM 3aliMeMcsi mpe-
obpa3oBaHHEM €10 B IOTOK.

Cuavajia TpUNUIIEM BepIIUHE S BBICOTY 7, & BCEM OCTAJIbHBIM BEPIIMHAM
— BeicoTy 0. HampaBum mOTOK COTJIACHO MPOIIYCKHBIM CIIOCOOHOCTSM KaXK-
Joro u3 pedep, ucxondnux u3 s. Jlanee 3alimeMcs «1edeHueMs J1e(OEKTOB 110
CJIEIYIOTIEMY AJITOPUTMY:
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Anropurm 10.2. JIns KaxKI0# BEpIIMHBI U U3 CIHCKA «IeEKTHBIX» Bep-
IIWH J10 Ipeiesia (MJIH TIoKa He mponajieT JedeKT) yBeJInInBaeM MOTOK 110 M-
xoasumM pebpam. JleaeM 910 TOMBKO JJIsk HCXOAAIMUX pebep, UAYIUX BHU3
(mo Bbicore). Ecm Takoit BO3MOXKHOCTH GOJIbIIE HET, [OJHMUMAEM BEPIIUHY
Ha BBICOTY, MHHUMAJIBHO BO3MOXKHYIO JIJIsl TOTO, YTOOBI BO3MOXKHOCTH BHOBb
MOSIBUJIACH, UTA. IIpu 5T0M MBI 0GpabaTbiBaeM «aedeKTHBIE» BEPIIMHBI 110
CIIHCKY, TIOCJe KazKIOTO MO beMa OTIPABJIsis BEPIIMHY B HAYAJO CIHCKA W
IPOJIOJIZKAST HAUMHAsT 0OXOJ CIUCKA ¢ Hee (T.e. BHOBb C HAYAJA). O

Jlemma 10.6. Ecau nomok u3 6epuunv, U 6 6EPUUHY U MONCHO YEeAU-
wumo, mo h(u) < h(v) + 1.

okxazameavcmeo. OTMeTnM, 4TO B HaUaJje PabOTHI aJITOPUTMA, ITO CBOHCTBO
BBITIOJTHEHO. Jlasiee, Tpyu KaxK0M Iare B cIydae, KOT/Ia Mbl He M3MEHSIeM BbI-
COTBI, COOTHOIIIEHHE TTPO/I0JI?KAET BBITIOJHATHCSA. BbICOTHI Mbl HAUMHAEM U3Me-
HSATH B TOM CJIy4ae, KOIjia 0e3 3TuX W3MEeHEeHUH UCXOISIUil TOTOK yBEeJIUIUTD
HeJIb3sl, T.€. YCJIOBHE JIEMMbI He BBINIOJIHSAETCS. BhICOTHI Mbl U3MEHSIEM POBHO
JIO TOTO MOMEHTa, YTOOBI COOTHOIIEHNE HAYAJI0 BBITTOJHSATHCS, U JIUIIH B 3TOM
caydae TOSBISeTCs BO3MOXKHOCTD JaJbHEHITero yBeJInaeHust TOToKa. Takum
0O6pa30M, COOTHOITIEHNE COXPAHSIETCs MPHU paboTe HAIIEro ajaropuTMa. ]

Jlemma 10.7. Ecau mvr HOwWAY NOMOK, MO OH MAKCUMAAEN.

Hoxasamesvcmeo. OTMETHM, YTO BEPIIWHA S HUKOI/IA HE OMyCKaeTcs, a t
HUKOT/Ia He TIOJTHUMAeTCd. ¥ HAC OCTaeTCd N — 2 BEPIINHBI, a JJIMHA TyTH 0
BBICOTE cOoCcTaBydgeT n— 1. Ecim moToK He MaKCHMaJieH, TO JOJIZKEH CYIIeCTBO-
BaTh MyTh, IO KOTOPOMY MOYKHO TIPOIYCTUTH €Ille HEMHOTO BOJIBI, & JIJIT HEro
o jemMe 10.6 Mexk 1y JI0OBIMU JIByMsi BEPIIMHAMKM PA3HOCTh BHICOT He Hoiee
1, TOo ecTb CyMMapHBIil Iepemna BLICOT He Oosiee 1 — 2, a J0JIKeH ObITh 1 — 1.
To ecTh TaKOTO MyTH HE CYIIECTBYET, & 3HAYUT MOTOK MAKCUMAJIEH. U

3aMeTuM, 4TO KOTJIa, HAIl aJrOPUTM OCTAHABJIUBAETCS, BCe Je(EeKThl PABHBI
HYyJIIO, T.. MOTOK (& 3HAYMT, MAKCHUMAJbHbIA MOTOK) MBI HAXOAWM BCEr/a;
0OCTaeTCsd MOHATh, Yepe3 KaKoe KOJIMYEeCTBO MIaroB HAIl aJTOPUTM OCTaHABJIU-
BaeTcs.

VYupaxuenne 10.4. [/loka3arh, 4T0 MakcuMaJjbHas BbicoTa h < 2n.

Torga Komm4ecTBo noabeMos He Gonee O(n?). Mexmy noabemamu He 60-
Jiee 1 mIaroB (MaKCHMMaJIbHAs JJINHA CIUCKA «IeheKTHBbIX» BepiiuH). Takum
obpazoM, oblee «MexKIorbeMHoe» BpeMs ectb O(n?). Bpems, 3arpadentoe
Ha CaMM IOJ/beMbl, OIeHUBAETCs Yepe3 UX KOoau4ecTso (n?), yMHOXKEHHOe Ha
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BpEMS CaMOTO MOIAbEMA, TTPONOPIUOHATBHOE CTENeHN TOJHUMAEMOil BepIu-
HbI. MOXKHO paccMOTpeTh MaKCUMAJbHYIO CTENleHW BEpIIUHBI, U TOTIA Bpe-
M, 3aTpavdeHHOe Ha TObeMbl, Oymer He 6oee O(mn), e m — KOJIMIECTBO
pebep, uro me mpesocxoaut O(n?). Takum obpasom, obmee BpeMs paGOThHI
anropurma ectb O(n?).



