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Jlekmua 11

IIpubanmxkenHsblii mojgcyeT
KOJIMYecTBa HADOPOB,
BbINOJIHsIIONIUX hpopmyiy B JTHD

(Koucmnekr: V. TronsikoBa)

Bynem uckarh konudecTBo HaO0poB, BeinoHsomux JIH®. Panee npuBogui-
Cs1 BEPOSITHOCTHBIH aJITOPUTM. XOTEJIOCh OBl YMEHBIIIHTh KOJIUYECTBO CIydaii-
HBIX OUTOB, a B Heaje OT HUX U30aBUThCSI.

Cuyuaiinble mepeMeHHbIE, HE3aBUCUMbIE IO £k mTyK. Hawm monano-
OsiTCst CJlydaitHble NepeMeHHbIe He3aBUCHMBIE 10 HECKOJIBKO IMTYK. DTO 00b-
SICHSIETCSI T€M, 9TO €CJM MHOTO CJIyYaifHbIX NMePEMEeHHBIX COBCEM HEe3aBUCH-
MBIX, TO ITIOJy4aeTcsi OOJIBINOe BEPOSITHOCTHOE NMPOCTPAHCTBO, a €CJIH IIepe-
MeHHBIe HE3aBHCHMBbI 110 HECKOJIBKO HITYK, TO BEPOATHOCTHOE IPOCTPAHCTBO
MOXKHO C/IeJIaTh FOPa3/l0 MEHBIIE.

Obmas koucTpykiusi: CKOHCTpyUpyeM ciiydaiiHble nepemenHbie x; (i €
[0..29 — 1]), ne3aBucumsle 1o k mryk, uz F' = [0..29 — 1]. B kauectse Bepo-
ATHOCTHOTO IIPOCTPAHCTBA P BO3bMEM MHOXKECTBO BCEX IOJTMHOMOB CTEIIeHH
He Oomee k ¢ kosadpdunuentamu u3 F. Jlag Toro, 4roObl HaiiTu 3HaYEHUE
ciaydaitnoit nepemeHHO#t x;, OepeM ciydaiiHbIM TOJMHOM M3 3TOTO MHOXKE-
CTBa W BBIYKMCJsieM ero 3Hadenue (no mouyso 27) B touke i: x; = p(i) (rue
p < random(P)).

Jlemma 11.1. Cywecmeyrom sphexmusro KoOHCMPYupyemvle 8epoAmHOCM-
nvie npocmparncmea pasmepa 28 daa 27 nepemenHul, PasHOGEPOAMHO NPU-
Humarowur snavernus 0..29 — 1 u vesasucumviz no k wmyx.
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VYupaxuenue 11.1. /lokazars jemmy 11.1, ucmoib3ys mOCTPOCHHOE BBITIIE
BEPOATHOCTHOE MPOCTPAHCTEO.

Yrazarnue. YT0OBI BBITUCIUTE BePOATHOCTD cOObITHS {P(i1) = €1, ... ,p(ip) =
Ck'} , IOCTATOYHO MOCYUTATH KOJIMIECTBO HAIIUX IIOJTMHOMOB, yIOBJIETBOPSIO-
IUX 5TUM ypaBHeHusM. MOXKHO BOCIOIB30BATHCS CIEAYIOMUM: eciu p(i1) =
€1, TO i1 — KOPEHb MHOTOUJIeHa P(Z)—¢1. 3HAYUT, MHOTOUWIEH P () — 1 MOXKHO
HAIleJI0 TOJEJNTDh Ha T — 11 WUTI.

Cy063KCcnoHeHIMAIbHBI aJrOPUTM JJid o01iero ciydas. HyxkHo BbI-
SCHUTH KOJIMYECTBO HAOOPOB, BhinoHsomux dhopmyiny & = (aAbAc) V...
B JIH®. Ilycts Oymer n mepeMeHHBIX, m KJIO30B. /locTaTouno HaiiTu BEpo-
araoctb P{®(x) = 1}, rae £ — BeKTOp, paBHOMEPHO PACHPEIEIECHHBINH HA
[0,1]™ (T.e. n He3aBUCUMBIX CiIydaiiHBIX 6UTOB). [JeTepMUHHPOBAHHO 9TO Cle-
JIATh TPYAHO, IOCKOJIbKY TPHUJIETCs epedupaTh SKCIOHEHIIMAJIHLHO MHOTO .
BoszbMeM x m3 Apyroro BepOSTHOCTHOTO MPOCTPAHCTBA W MOKAXKEM, UTO
BEPOATHOCTHL OT 3TOI'0 HE CJIHUITKOM HU3MEHUTC. HMQHHO, 6yﬂ,eM NCKaTh
P{®(G(y)) = 1}, tne G — Hekwii reHepaTrop CIyvaillHbIX YHCE], KOTOPHI
MEePEBOJIUT KOPOTKHUE CIyYaiiHble BEKTOPA B JJIUHHBIE IICEBIOCTYYaiiHbIE,

G : {0,1} — {0,1}"

[TokazkeM, 4TO

Pr{®(z) = 1} - Pr{®(G(y)) = 1}| < e

G Gyner BoIDIAIETH caeayomum obpazom: G(y) = (81, ..., Sy), TIe

(r)
8 = @ Y5 Si=y;|T; = 1.

JES;

3nece T — marpuna n X [, KOTOPYIO MbI IOCTPOUM II032Ke, Yy — KOpPOTKas
ciy4aiiHas cTpoka, TpefyeMasi HaIIeMy TeHepaTopy, 3Ha4oK (") o3HadAeT, 4T0
CYMMHUDYIOTCS TOJIBKO TIepBbIe 7 OMTOB MHOXKecTBa S;, a ecau |S;| < 7, TO
Bergaercd 0.

Tem cambIM, MBI OepeM IJIT CYMMUPOBaHUsS HEKOTOPBIE OUTHI CTPOKH 7,
CBOM JJI1 KaKJIOTO S;; Kakue — onpefensgerca Mmarpuneit 1: ecm 1;; = 1,
“Oepem y; a4 s;”’; ecmm 1;; = 0, “He bepeM y; A4 s,

Marpumy T crpoum Ttak: T;; = 1 ¢ BepositHOCTBIO 27/l, 1 = 0 ¢ OCTaB-
medicst ¢ BeposTHOCTBIO 1 — 27/l (T.e. B cpennem B S; Bxomut [ - 21/l = 2r
6uTOB CTPOKH Y u3 [ BO3MOXKHBEIX). [Ipu sTom obecrieunm, 4rober T;; ObLin
HE3aBUCUMBI 110 2d IITYK.
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Kak mocTpouth HEOOGXOIUMOE I 3TOTO BEPOSATHOCTHOE MPOCTPAHCTBO?
B nemme 11.1 Mbl Hayunauch OpaTh CIy4YaiifHble TepeMeHHble He3aBUCHUMBIE
10 k IITYK, HO OHM paBHOMepHO pachpesesensl ot 0 1o 2! — 1. Hajo mepeiitn
K 0 1 1 1 He coBceM paBHOMEpPHOMY pacupejesenuio. Kak nomy4uurs 1 ¢ Bepo-
ATHOCTBIO 1/¢? JIjisi mpOCTOTHI, IyCTh ¢ — CTeneHb ABOHKH. MoxKHO mpocTo
CYUTATD, UYTO ecu Bhinas 0, To BeLAATh 1, a econ Bomadio 1 .. 2:—1, 1o 0. (Ec-
JI ¢ — He CTeNeHb JABoiKH, To ucxobl (¢c—1) .. (2!—1) 6yaem urnopuposars.)
Hosbie nmepemennbie 6yayT TakxKke He3aBUCUMBI IO k miTyK. Bo3bmem k = 2d,
q = log(In); aroro mocrarouno misi mocrpoerust Marpuinl 1. Torpa pazmep
TOJTy4eHHOTO BEPOSTHOCTHOTO TpocTpancTpa 254 = 22d108(n) — (p])0(d) 34
IIOMHHM, 4TO T€M CaMBIM BepOsITHOCTHOE ITPOCTPAHCTBO Jid oIy YeHHbIX Tj;
umeer momuocThb (nl)9@ ) a nua y; — moxmocTH 2L,

BadukcupyeM napamMeTpbt

k = d = log(3nm/e),
ro= d,

24kd?,

IJie € — TOYHOCTh, C KOTOpPO#l XOTuM HaiiTu npubamxkenne. [logctaBum 3tn
napaMeTpbl; MOITHOCTh UCTOJIb3yeMOT0 HAMU BEPOATHOCTHOTO IPOCTPAHCTBA
TeM cambiM okazpiaercs 20008°Gnm/) T.e  gay nonanobures O (log* (3nm/e))
CIy4ailHBIX OUTOB WJIU BpeMs 20 (log" (3nm/e)) JJI X JIeTePMUHAPOBAHHOIO IIe-
pebopa. OcTaercsd Moka3aTh, 9YTO TPUBEIEHHBII AJTOPUTM JIeACTBUTEILHO HAa-
XOJUT MPUOIUKEHNE ¢ aITUTUBHON MOTPEITHOCTHIO He 0oJiee €.

JlokazaTeibCTBO OIEHKH MOT'PEITHOCTH B 00111eM ciaydae. Ha camom
nese cierka Mommdunupyem aaroput™. [Ipexkae dem ero mpuMeHWTH, BbI-
KHHEM KJI03bl pa3mepa > log(n/e). Takoii K703 MOIyT BHIIONHATH He Gosee
2n—1og(n/¢) gaGopos. Cire0BaTEIBHO, BEPOITHOCTD TOTO, UTO HABOP BBITOIHS-
eT GOpMyITy, MBI yBeJHINM He Gostee, dem Ha 27 108(n/€) /2" = 2~ log(n/e) — e/n,
a BCEro KJI030B He 6osee 4eM 7, CIe0BATeIbHO, BCErO TOrPEImHOCTh < € (KO-
HEYHO, 9TO JIPYTOil €, TIOMEHBIIE . .. ).

JIemma 11.2. C sepoammnocmoio ve menee 1 — e (cnosa dpyeoti €), dan ecex
1uj

1. ‘Sz| ZT,

2. 180 U S <d, edeC,...,C, — sce koustonryuu nawett pop-
teCj, t#1
MYADL.
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oxasamesvcmeo.

P{|sin|Js;l > d}

(s

- P{nekoropoe mHoxkecTBO A MouHOCTH d COmEPKUTCS B S; U B U S;}

<(3) (& %og(m/o)d.

(B nmocjie;JHEM HEPAaBEHCTBE MCIIOJIb30BaHO, YTO MbI BI)I6pOCI/IJII/I KOH'bIOHKIIUH

nyuanee log(m/l).) Tenepsb 510 HAI0 JOMHOXKUTH HA MmN (CTOJBKO Y HAC j U

i) W, MOJICTABUB 3HAUYeHUs Jis [, r, d, yOeuThCs, 4TO MOIYIHIOCh << €.
Haaee,

E||S;| — 2r|*

nP{|S;| <r} < nP{||S;|—2r|>r}<n- o

o HepaBeHCTBY YeObimieBa g 2d-ro MOMeHTa. BelndnHbl Ha3aBUCUMBI 110
2d, Tak YTO BCe PaBHO, KaK MOACYNTATH MOMEHT MOpsiKa 2d.

3amauga 11.1. IlocyuTtarh 3TOT MOMEHT U yOEIUTHCS, YTO STO MAJIO.

O

Yoenumcs, 94TO §; MTPAKTUYECKH HEOTJUYUMBI OT CIYUYANHBIX: TIPEIITOJIO-
KUM 00paTHOe (Y4TO BEpOATHOCTb y HAC MOJIYYHJIACH WHAsI, YeM C “COBCEM
cydaiiHpiMu” GUTAMU) U TOKAYKEM, KAK BBIYUCIUTH (DYHKIMIO Y4ETHOCTH. DTO
Oy/JleT IPOTUBOPEYUTDH CJeAyomeMy (hakTy:

dPaxkr 11.1 (Boppana—-Héastad). Huxakasn gopmyaa F ¢ KH® (uau JHD)
¢ KA03aMU OAumbL < T U T NEPEMEHHBMU HE MONCEM BLINUCAUMD PYHKUUIO
wemmocmu aywwe, wem 2t Goaee mouno,

IP{F=}-P{F£EP} <27". (11.1)

Bameuanue 11.1. Touno BeramMCIATS — 3HAYAT, moay4nTh (11.1) me < 27/,
a, HANpOTHUB, equHuny. Ecom F' OTHONIEHNS K YEeTHOCTU He WMeeT, TO Je-
Bas yacTh (11.1) paBua Hym0. DakT yTBEpKAAET, YTO €CJIU JTUIBIOHKIUN HE
CJTUIIKOM JIJIMHHBIE, TO F' COBEPIIEHHO He IO0X0XKa Ha YE€THOCTb.
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VTak, npeamnosoKuM, 4TO MPU UCIOIB30BAHUN TICEBIOCAYUYaHBIX YHCe]T
dbopmyna crana BemaBaTh Apyroii pesyasrar, T.e. (HYO)

P{®(w1,... ,20)} — P{®(s1,... ,52)} > € (11.2)

(CKOPPEKTUPOBAB €, MOYKEM CUHTATH, YTO 3TO HA TeX Marpunax 1, jajis KoTo-
PBIX IMYHKTHI B jleMMe 11.2 BBIIOTHSAIOTCs ). ByieM OTUXOHBKY MEHSThH OJUH
HabOp HA APYroi: (xi,...,%,) — (S1,%2, ... ,Zn) — (81,82, 23,...,2,) —

. — (81,-..,8,) u nepenumem (11.2) KaK CymMMy pasHOCTEH Ha COCEIHUX
Habopax. PaccmoTpum mar k, rje cOOTBETCTBYIONIAsl PA3HOCTH BEPOSITHOCTD
oosibIiie Becero. M3 coobpazkeHuit cpeiHero 3T0 0O3HAYAET, YTO

P{®(s1,... Sk 1,Zky---Zn)} — P{P(s1,..., Sky Ths1,--- ,Zn)} > €/n.

Hayunmcst Boruucsasits g (a2 TeM cambiM, (DYHKIUIO Y€THOCTH OT T Hepe-
MeHHbIX ). HauHeM ¢ TOro, 4To BBIUKCIUM €ro BePOSITHOCTHO KAK (DYHKIIHUIO
OT mpeabaymux s;. Bosbmem dbopmyny ® u noacraBum B HEe S, ..., Sg_1, &
OoCTaJbHbIE NTepEMeHHble — cIydaiinble OuThl. Eciun

D(S1,. vy Sk, Thy--- L) =1,
BeIgaeM 1 — xg; ecnm ... = 0, BBIOAEM Ty.

JIemma 11.3. Tem camvim Sg BbIHUCAEHO BEPHO € BEPOAMHOCMLIO > €/N.
(Bepoamnocmv 3dect He MoabKo no 6u60pY CAYUATHLET OUMOS T, . .. , Ty,
HO U 1o 6b60pY Y;.)

Zloxazameavcmeo. /lokazars memmy 11.3. O

Y106l moyunTh mpoTHBOpeune ¢ daktom 11.1, HAM HAJO HE MPOCTO
BBIYHCIIATH Sy, (TeM 6osiee BEIYHCIUTH BEPOSITHOCTHO), & TOCTPOUTH (DOPMYITY
B JJH® (wim KH®) or ero aprymeHToB (310 7 mMTyK ¥;), 3HAYEHHE KOTOPOI
JIOCTATOYHO YaCTO COBMAJIAET C Sk.

Bo-niepBhix, n3b6aBuMcst OT UCTIOIB30BAHUS CIYIaWHBIX OUTOB Ty, . .. , Ty,
a TaKXkKe TeX Y;, OT KOTOPBIX S HE 3aBUCHUT, — NPOCTO 3a(pUKCUPYEM UX BCE
HAMIy4IMM 00pa3oM (HaM Beb HE HAJMO 3Ty (DOPMYJY BBIYHC/ISTH; JTOCTA-
TOYHO I10KA3aTh, YTO OHA CYLIECTBYET), BEPOSITHOCTh, C KOTOPOl MBI BBIYHC-
JIsieM Sy TPaBUJIbHO, He yMmeHbinuTcs. /lanee, nocrpoum dopmyny B JIHD
wim KH® or s1,...,8, 1: 910 6yzmer npocro dopmyna ® nwim —-P (B 3aBu-
CHMOCTH OT 3HAUEHUs Ty, KOTOPOe Mbl 3adukcuposasu). Tenepsb moacTaBum
BMECTO Si,...,Sk_1 AX 3HAUYEHHS HA Y. 3aMeTUM, 4TO 1o JemMme 11.2 oHum
3aBHCAT OT HEOOJIBIIOr0 KOJUYeCTBa ¥, OT KOTOPBIX 3aBHCHUT Sj, TaK YTO HX
MOXKHO BBIYMCJIUTH 10 Tabsuie ucruunocty u 3anucars B JTHO (wim KHO)



Jleknust 11. Ilpubsim>keHHBIH MOACIET KOJHIECTBA HAOOPOB, BBIIOJI-
asommx ¢opmysay B JIHD

¢ HeOOIBIINMY KJ103aMH (IJIMHBI He GOJIbIIe, YeM KOIHYEeCTBO Yj, OT KOTOPHIX
OHM erre 3aBUCAT). PackpbiB ckobku (4To0bI dhopmyna BHOBL Oblia B JTHO
win KH®), monyunm k10361 1auHsl He 6os1ee d (mo gemme 11.2 6uTH Sy, BXO-
JUBIIAe B ouH K103 C; ucxonHoil popMyibl, 3aBHuCe/d Bce BMecTe He boiiee,
4eM 0T d GUTOB CTPOKH ¥, OT KOTOPBIX 3aBHUCEN Si).

[Tonyuunu nporuBopeune ¢ dpakTom 11.1: k1036l ¥ HAC AaUHBI < d; 3HA-
YUT, TOCTPOEHHAS HaM¥ (pOpMyJia MOTJIa Obl BBHIYUC/IUTH Y€THOCTD HE JIyUIIe,

qeM

2_n<i>ama/t4)ama — 2—r/d — 2—d — 2—10g(3mn/e) — €

3mn’

A y Hac nosyunsioch He MeHee €/1n.

Peztomupyem. B dopmyy noacrasiisiin nceBpociydaiinbie yucia. B kakoii-
TO MOMEHT OT JI00aBJIEHUsI Si BCE MOPTUTCs. Torma BeruuciaseM Si. [IpocTpo-
WJIA aJITOPUTM, 3aBUCAIIUN OT Sq, ... , Sg_1. COOTBETCTBYIOIIYIO (DOPMYJIY 3a-
nucaau. Ho sta bopmysna ot s;. HToOBI 3aMeHUTH S; Ha UCXOIHBIE 1), KAXKI0€
S; 3alUCbIBaeM 4epe3 Y; 10 TabJIMIE MCTUHHOCTHU, TOCIe Yero JTU3bIOHKIUN
OKaXKyTcs KOPOTKMMHM 110 Jiemme 11.2.

IlonmuaOMUManbHubIil agaroputrM ajs Gopmya ¢ “kKopoTKuMm”’ KOHb-
IOHKIUAMU. HEciin KOHBIOHKIIMY HE CJIMIITKOM JIJIMHHBIE, TO 9TO BCE MOXKHO
c/es1aTh 3a NOJIMHOMHAJIbHOE BpeMs. VIMEeHHO, yMeHbITUM KOJIMYeCTBO KOH'b-
IOHKIWH, & NOTOM NMPUMEHUM NPeAbI Ayl aJropuTM.

Onpenenenne 11.1. Hasosem m-pomainkoit m muoxkects F; (i € I) ¢ 06-
muM nenTpom, T.e. Vi, j € I F;NF; = () F.

iel
Jlemma 11.4 (Erdés—Rado). ITycmv F = {F;|i € J}, Vi € J |F;| < t,
|F| > t!(m — 1)'. Toeda cpedu mmosicecmes F; umeemca m-pomawxa.

undykyua no t. Baza (t = 1) rpusnassna. Ecim ecth m monapHo He mepe-
CEKAIIIUXCsT MHOXKeCTB [}, TO 3TO m-pomarika Cc myCThIM IeHTPOM. B mpo-
TUBHOM C/Iy4ae BO3bMEM MAKCHMAJIbHOE KOJUIECTRBO TOMAPHO JU3HIOHKTHBIX
{F;|li € I, |I| = m'}; oueBugno, m' < m — 1. Kaxmoe pazmepom < t. Cie-
JOBATEJbHO, UX 00beauuenue U comepxkutr < t(m — 1) 3/1eMeHTOB u mepece-
kaercst co Bcemu MHoxkecrBamu F; (i € J). Corsacuo npunnuny Iupuxie, B
U umeercs 371€MeHT I, KOTOPbI NPUHAJIEXKAT OYeHb MHOTUM MHOYKECTBAM
F;, a umenno, > t(m — 1)!/(t(m — 1)) = (¢t — 1)!(m — 1)'' muoxkecTBam.
BoikuneMm ero u3 tux MuoxkecTB. [lomyummn (¢t — 1)!(m — 1)"! muoxkecTs
moraocTH < ¢ — 1. ITo mpenoIoKeHUI0 HHIYKIMA, CPEJIU HUX UMEETCsl M-
pomainka. Toria BepHeM I B KaxK/10€ U3 MHOKECTB 9TON POMAIIKH ¥ IOy YUM
M-pOMAIIKy B ucxoauom F'. O
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Nmeercs m qu3bIOHKIHMI (COOTBETCTBYOIINE MM MHOYKECTBA TEPEMEHHBIX
Oy/yT HAIIMMH MHOYKECTBAMH), T MEPEMEHHBIX, pa3Mep MU3bIOHKIWH < .
[TpeamnosoxuM, 9To B hOpMYJIe MHOTO KORBIOHKIHI, a uMenHo > t!1[2% In(m/¢)]*
KOHBIOHKINH, T.e. y Hac umeerca > t![2'In(m/€)]|’ coorBercTByIOmMUX WM
MHOKeCTB nepeMeHHbIX. CireoBaresibHo, 110 teMMe 11.4 cymecTByeT pomaii-
ka u3 > [2'In(m/¢)] muoxects. lenrp C' poMamku — 3TO HEKOE MHOXKE-
CTBO mepeMeHHBIX. Ha1o paccTaBuTh OTPUIIAHKS TAK, YTOOBI TIOJTY YUIICS KJIO3,
MMEIOIIH JOCTATOYHOE YUCIIO MPOJIOIKEHHI B MCXOAHOI bopmyJie (poo/-
)enue st (X1 A —Zy) — 310, Hanpumep, (1 A —xg A "x3 A xy...)). [ycrs
|C| = 4. Nmeercsa 2° criocoGoB paccTaBUTh OTPUIAHUS; 3HAYMT, U3 COOOPa-
Kenuit cpeanero umeercs > 2074 In(m/e) npomonxkenuit. 3amMeHuM UX BCe Ha
Ham C' ¢ pacCTABJIEHHBIMH OTDHIAHUSIMH.

SamMeTuM, 4TO €Cjid Ha KaKOM-TO Habope 3HaueHui nepemeHHbIX C' JI0XK-
HbI#i, TO U Bce “tenecTku” JIOXKHBI (KOTOpbIe yaamunu). Ecau xke C ucTuneH,
TO XOTs OBl OJMH U3 “JIeNIeCTKOB” UCTHHEH C XOPOoIlleil BepoaTHoCTbio. VIMeHHO,
P{Bce noxubi} < (1— 2012779 < ¢ /m Bynem nenaTh moka KOHbIOHK-
umii > ¢1[2% In(m/€)]!. Kaxnprii pa3 yaangem xotsa 6bl 1 KOHBIOHKIUIO, TAK
4To OymeT He Gosiee m UTepanuii.

Teopema 11.1. Ecau konstonkuuu we daunnee t = O(log'/®(mn)), a 1/e =
20(1°g1/4(m")), mo AA20PUMM 3AKAHYUBAEM PAOOMY 34 NOAUHOMUGNDHOE 6PE-

M.
Zoxasameavcmeso. Ilocne “oOpbiBaHMS JIETIECTKOB  OCTAaeTCa He OoJjiee

m" t!(22t1n(m/e))t < logo(logl/s) .20(log1/4) . ln(m/e)o(logl/s)

KOHBIOHKIMIT (MOXKHO CYATATH — PABHO KAK U IEPEMEHHBIX ), /i BCE HEeJOIIH-
) ) . 1/4
canmbie log — 310 log(3mn/e). Cambrit 6ombmoit u3 commoxureneit 200087,

BpeMsl pabOThI 00IIIEro aJaropuTMa Ha Takoit popmysie

9Ollog!(m"n" [€)) _ 90(1og!(220%6"D)) _ gO(tog(mm)) _ (y)0(1)



