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Jlekims 2

Aaroputwm Illenxare-IlITpaccena
JIJI YMHOXKEHUSI Y1CeJl

(KoucmniexT: A. Bepe>xHoit)

[IycTs HY>KHO HEepeMHOXKHUTL JBa YHCIA, G U Qg KaxkJoe JJIUHOI n OHUT.
OGBIYHBIN aJITOPUTM yMHOXKEHHS “B cToMOHK” uMeet cioxuocth O(n?). To-
CMOTPHUM, KaK 3TO MOYKHO YJIyUIIUTh.

2.1 IIpocToit ajropuTm.

Bo-mepBbix, mocTpouM mpocToil peKypCHBHBIH AJTOPUTM, DPA3Aesis THCIa
Ha “TIOJIOBUHKK W PEKYPCHUBHO TIEPEMHOXKAS 3T “NoJoBUHKYN . CunuTaeM, 4To
n = 2*. Torma

Qk_l ; ao = V1 + ’U22k_1

4

-1
a1y = UV + 2k (U1U2 + U2U1) + Qk’LLQUQ.

a1 = U1 + Ug

Utoro 4 ymHO)KeHUs (YMHOYKEHHE HA CTENEHb TBONKH — 9TO He YMHOXKEHHE,
a ¢asur). Ho mycts:

r=uv; y = (up +u—2)(vy + v2); 2 = ugvs.
Torna:
ara0 =1+ 2y — 2 —2) + 2F2

OTO yKe TOJIbKO 3 yMHOXKeHHUs. Temneppb MOCUYATAEM CI0XKHOCTH aJTOPHTMA.
Ouesuzno, T'(n) = 31°(%) + cn. Orciona, ananoruyno Teopeme 1.2 u3 nepsoi
JIEKIIUY, UMeeM

T(n) = O(n'93).
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Sro ayumre, wem O(n?), HO ecThb eme Go/ee GHICTPHI cocob. g Hero mo-
Haobutcst nousTue JJuckpemnozo Ipeobpazosanua Pypve (D).

2.2 JIuckperHoe mpeobpa3oBaHne Pypbe u ero
BbIUNCJIEHUE.

Onpeaenenune 2.1. [Iyctb w — mnepBooOpas3Hblii Kopenb crenenu b. Pac-
CMOTDHM KaKOH-HUOY b BEKTOP (Gp_1, ..., ag). Ero JITI® — sro BekTOp, cocro-
AN 13 3HAYEHU TTOJIMHOMA ab_laﬁb_l +...4+a1x + ap B TOUKax 1, w, wz,

Bricrpoe Buruncienue JIIP. I[lycrs f(r) — 310 TOT camblii mognHOM,
soruncastonuii JII1®. Tlo teopeme Besy, f(r) mod (z — w') = f(w!). Bee,
9TO HAM HY»KHO — 9TO OBICTPO HAaXOAUTh ocTaTKu. [locTponm aBonvHOE nepe-
BO; €r'0 y3JIbI OYyT OMEUYEHBI TTIOTMHOMAMU. JIUCThs IepeBa mMOMeYeHbI O/ TH-
HOMaMH Z—w’. [ToMHOM B JII060M y3I1e SBJISeTCS MPON3BeIeHIeM OTMHOMOB
B MIOTOMKAaX. YHOPSJIOYUM JIUCThsl TaK, YTOOBI KaXKJIbI y3es ObL IOMedeH
nojmHOMOM Bua ™ — wk. D10 genaercs Tak: B KauecTBe k-ro jmucTa Gepem
nomHOM  — w"®) | e rev — omepanust nepeBOpavYMBaHUS GUTOB UNCIA; HA-
IpUMeEp, eI Y Hac Bcero 32 jmcta (T.e. 5 6uTos), To rev(2) = 8: B 1BOUIHOI

cucreme, rev(00010) = 01000. Ouesnpno, uto £:2 => rev,(§) = 2rev,(z).
[Tonb3ysich 9THM, MOXKHO JOKa3aTh (MHIYKIWMER), 9TO JepeBO MOJY4YHIOCH
TaKOe, KaK MpPe/IoIarajoch. JIerko mpoBepuThb, 4To

2t—1 t—
D air' mod (af —w') =) (a; + w'aj).
i=0 j

—

Il
=)

Tax MBI MOXKeM OBICTPO BBIYHCJIUTH OCTATOK JIIOOOTO MOJUHOMA IO MOJIYJIIO
x! — w®. Cuyckadach 10 JepeBy, MBI OyleM 3aMeHSATh MMEIONUHCA MOJTMHOM
Ha, OCTATOK, IOKA HE CILyCTHMCs 10 JucTheB. Tak Mbl noaydum I1D, Beap

f(z) mod (r —w') = f(r) modgq modg mod ... modz —u

2.3 YwmHoxKeHue npu momoimu I11D.

Bepremcs k ymuOxkeHuio. Ilycts onars n = 2%, Ha stor pas pazobrem o6a
4YHCJIa He Ha ABa 0J10Ka, a Ha b: KaxK bl J/IuHO [ OUT, mpuyeM Tak, 910 b & [,
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T.e., ubo b = [, mmbo b = % i (sTo 3aBucHT OT WeTHOCTH k, 160 b X | = n).
Torma

a; = Uy —+ U12l + ...+ Ub,12l(b71),
a2 = 7y + 1)12l 4+ ...+ ’Ub_12l(b_1),

a1 X ae = W+ w12l —+ ...+ w2b_22l(2b_2),

rIe
b—1 b—1
Wi = Yi + Yotis Yi = E UVi—j (8 Ypys = E UjVbti—j)
=0 j=0

(ecim Kaxoii-To GJIOK MOJ CyMMO¥i He CYIECTBYeT, CYUTAEM ero HyJeMm).
Boruuciisite w; 6yaem Tak: cHavyaJsia Halgem

wi=w; modb u w!=w; mod (2% +1).

[Tocne sToro, oueBUIHO, W; HAXOAUTCS 10 POPMY.JIe:

w; = wj(2% + 1) — w22,

Cuavasna nmoxy4duM w;. IlocrponM nBa uncia caeayomum 00pa3oM. DTu
yucsia coctoaT u3 b 670koB ayuHO#M 3 logb kaxkawiit. Biiok, 3anuMalonuit B
1-m uncse i-10 mo3unmio (crpasa) cocrout u3 2 log b nyseii u uncna u;. Bo Bro-
POM YHCJIE TO Ke CAMO0e, HO BMECTO U; BCIOAY U;. I[epeMHOKUTD 9TH JBa, YUCIA
MOYKHO HaIMM TiepBbIM npocThiM asropurmom 3a O((3blogh)83) = O(b?) =
O(n); npu TOM MBI TIOJIYyYUM YHCJI0, cocTosiiiee u3 610KoB y; mod b, a craso
OBITH 1 W;.

Kaxk maiite w? Tyt nomoxer JI[TD. Y nac ectsb apa Bekropa: (upy 19771, ..., ugt))
u (vp_ 1", . vet), Toe ? = w (B mamem caywae 1) = 2%/%; jerko mpo-
BepUTh, 4TO 1> — JeCTBUTEJHHO NepBOOOPA3HLIN KOpeHb b-0if cTemneHH B
Zg2iy1). Mot Beraucaum or Hux JII1® u m0o41eHHO IePEeMHOXKHUM. Y TBEPXK /1A~

ercs, uro pesynbrarom Oyzer JII® or sextopa (w, 19°71, ..., wth). Dro
yTBep:KJIeHUue Ha3biBaeTcs Teopemoti 06 ompuyamesvho obeprymoti ceepm-

xe. JloKazkeM ee:

(AP (wiy')); = Z W' = W (Y UmVsm = Y UmUbts—m)V’,

O wTu) (e o) =3 (@RI g ).
i k mn
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[TpaBbie qacTu paBHBE: (i+ j) BO BTOPOM PaBEHCTBE UIPAIOT POJIb § B IEPBOM.
Ocrayioch MocYUTATh CI0KHOCTD. JloKaxkeM cHadasia, uro 11D perauciasgercs
3a Bpems O(nlogn). JdepeBo umeer Boicory logb. [Tycts Ha ypoBHE BbIUHC-
Jigercd S ocTaTKOB. Ha KaXKaplil 0CTATOK BBIMIOJIHAETCS g oTrepaIyii: Kaxkast
cnoxuocteio 20. toro O(blogh2l) = O(nlogn). Tenepr obiiee Bpemsi Ha
BBIUNC/IEHNE CBEPTKU:

T(bl) = bT(21) + cnlogn.
OcTaeTcs penmTh 3T0 PEKYPPEHTHOE YPABHEHHE . . .

7(s) = 1),

T'(n) = 2T'(21) + clogn,
T'(n) = 2T"(2v/n) + clogn,
T"(s) =T'(2%),
logn+1)

T"(logn) = 2T"( ) + clogn,
T"(s) = 2T”(g +1) + cs.

Uroro,
T(n) = nlognloglogn.



