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Jlektina 4

IIpnban>kenHbie ajJropuTMbl JJIs1
33129 0 MaKCUMAaJILHOM CEeYeHUN
11 O MOIITHOCTU OO'beJINHEHUS
MHO>KECTB

(Koncmnext: M. Ilnuckus)

4.1 IlpubjaukeHHBIE AJTOPUTMBI

Paccmorpum mekoropoe mHOkectBO S m dynknuo f: S — R, . IIpeamono-
KWM, 9TO CYIIECTBYET 3JIEMEHT Tour € S, Ha KOTOpOM (byHKIMs [ JTOCTHTaeT
CBOEro MaKCHMAaJbHOTO 3HaueHus. Harra 3aa4a cocTouT B TOM, 4TOOBI HAWTH
9TOT JIEMEHT Loy

Mpui Oyiem paccMaTpuBaTh CIydau, Korjaa 3pOeKTUBHOTO aJIrOPUTMa TOY-
HOT'O peIlleHus Hallleil 3aJa4u He CYIIEeCTBYeT WM OH Hem3BecTeH. [lo3To-
My MBI OyJeM UCKaTh MPUOJIMKEHHOE pellleHre Halleil 3a/1a49u B CJIeIyI0neM
CMBIC/IE:

Onpenenenne 4.1. AaropurM, ¢ HIOMOIILIO KOTOPOrO MOXKHO HAiiTH TaKoi
sseMenT x’ € S, 4To

!
f(@) > af (Tom),
HA3BIBACTCHA QU -NPUONUHCEHHDIM AA20PUMMOM PEIIeHUs JTaHHOK 3agaun. [
JlanHoe ompeneneHue, 0Y€BUIHO, KOPPEKTHO JIUIIb B CJIydae JeTepMUHU-

POBAHHBIX aJITOPUTMOB. /1151 HeleTepMUHIPOBAHHBIX AJTOPATMOB YCTAHOBUM
cieaymoliee, boee obIIee, ompeeaeHue:
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Onpenesienue 4.2. BepodTHOCTHBIN aJrOPUTM, B pe3yJbTaTe pabOTHI KO-
TOPOTO TE€HEPUPYETCH ITEMEHT Lorper € S U MPHU ITOM

E f(Zorser) > @f (Tour)s

Ha3BbIBACTCH (L -NPUONUNCEHHBIM BEPOATTIHOCTVHBLM AA20PUMMOM PEIIeHNS TaH-
HO#1 3a1a4M. I

4.2 IlpubGamkeHHBIA aJTrOPUTM JJIst 3aa9U O
MAaKCUMaJbHOM CEeYE€HUN

Omnpeznenenne 4.3. 3agada o makcumanabHoM ceuennu (MAX-CUT).
[Iycte ectb rpad G = (V, E), kaxaomy pebpy e € E KOTOPOro mpumucaH
HEKOTODBI# Bec we. PaccMoTpuM Bce BO3MOXKHBIE PACKPACKU BepimuH rpada
B Gesiblii 1 yepHbIil 1Beta (To ecth orobpaxenus j: V — {49, B}), u kaxoi
Takoii packpacke M conocraBum uucio f(M), BoUKCAsIEMOe KAK CYMMa Be-
coB pebep, KOHIbI KOTOPBIX UMEIOT B paccMaTpuBaeMoit packpacke M pa3ubie
nBera (MHOXKECTBO Takux pebep HazoBeM ceuenuem). Hama 3amada cocrout
B TOM, 4TOOBI HaiiTu Takyi packpacky My, urodbr f(My) ObLI0 ObI MAKCH-
MaJIbHBIM. U

Bynem pemats a1y 3amauy npubam:kenno. CHadasa mepedopMyIupyeM
3aJ1a9y KaK 3a/1a9y ONTHMU3aIUN:

Omnpenenenne 4.4. MAX-CUT kak 3a/1aua 11€JIOUYNCJIEHHOTO JIMHEI-
HOTO mporpaMMupoBanus. ComnocraBuM Kaxaoi Bepmmae v; € V' ¢ HOMe-
POM % YUCJIO ¥;, BRIUYHCISIEMOE KaK

—1, wv; — Oesas BepIIUHA

Yi = 1

, V; — YepHas BepIIUHA.

Torga pe6po {v;, v;} TPUHALIEKUT CEIEHUIO B TOM, U TOJIBKO B TOM CIIydae,
KOTJIa

yiy; = —1,

TO €CThb

FOM) = £ ) = 3 iy

— 2

1<)
Hama 3amaua cocrour B ToM, 4To0bl Halitn MakcuMyM f((y;);) mo Bcem Ha-
Gopam (y;);, Te kaxgoe y; € {—1,1}. O
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O6o3HauuM pellleHne Halllel 3aja4dn vepe3 M* ¥ MombITaeMcd CHadasa
permuTh 60/iee MPOCTYIO 331a9y:

Onpenenenne 4.5. Pegakcanmma MAX-CUT: ontumu3anuda Ha ce-
pe 6ouabIneit pazmepHocTHu. Byaem uckarnb

o max g((v1, ... ,vn)),

rae
1—v;-v;
— J
9o 0) = 30—y,
i>j
a S™ — n-mepHas eauHuyHas cdepa (n — uuciao sepmud B rpade G); yMHO-
2KeHHE IIOHMMaeTCd KaK CKaJIdpHOE€ IPpOU3BEACHUE. O

Ob6o3HauyuM 3TOT MakcumMyM 4depe3 R*. Ormerum, 410
M* < R".

OToT dakT clIeayerT W3 TOrO, YTO HaIla HOBas 3aa4a COMAEPXKHUT CTapYyIo
KaK YaCTHBIA ciry4dai (;LOCTaTOqu 3a(UKCUPOBATH BCE TIEPEMEHHBbIE, KPOMe
OJLHOIA).

Tenepp HaM HEOOXOJMMO ONMHMCATH CIIOCOO TOYyYEHHUs] PelleHus CTapoit
3a/1a49M U3 pelneHud HOBOM.

Aaroputm 4.1 (Randomized rounding). Ilycrs y mac ects HabOD (v;);,
SIBJISIIONIMIICS PeleHreM HOBOH 3a1a4u. MOXKHO CIMTATh, YTO HAYAJIO ¥ BCEX
BEKTOPOB IIOMEIIEHO B Ha4YaJsI0 KoopauHat. [IpoBesiemM depe3 HAUAIO KOOD/IH-
HAT CIyYaiiHBIM 00pa30M IHIEPIIOCKOCTh 1’ pasmepHocTH N — 1. DTa TH-
IIEPIJIOCKOCTh PA3JIEJUT NPOCTPAHCTBO Ha JBa nouaynpocrpancrsa A u B.
Tenepsb 110 KaXK0OMy BEKTODY ¥; MOCTPOUM YHCJIO Y; CJIEAYIOIMM 06pa3oM:

L,
-1

v; € A

vi= v; € B.

7
WNuaue roBopsi, BhIOEpeM ciaydaiiHBIM 00pa3oM BeKTOp u € S™ M MOCTPOUM
YUCIIO Y; TaK:

1, u-v; >0

vi= -1, u-v;,<0

(cnyuait u-v; = 0 GyJleM MHTEPIPETHPOBATH KAaK MONAJIO: BEPOSATHOCTH ITOTO
cOOBITUST PABHA HYJIIO). O

Teneps noKaxkeM CJIEIYIONIYIO JIEMMY IIPO TOJIBKO YTO ONMUCAHHBIN AJro-
PUTM.
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Jlemma 4.1. ITycmov y nac menepv ecmv Habop 6exkmopos v; — (npubau-
orcennoe) pewenue 3adavu 4.5, R — snavenue g ma amom nabope. Ilycmo
maxortce (Y;)i - HAbOP, NOAYHEHHDLT C NOMOULDIO BHIUEONUCAHHO0 GA2OPUTIMA
u3 Habopa eexmopos v;. Oboznavum makoce U' = f((y;);). Tozda

EU > aR,
2de o ~ 0.87.

Zoxazameavcmeo. Ham Ha10 J0Ka3aTh Ciie/yoliee HepaBeHCTBO:

yy 1—v;-v;
B Yy > 030,

1<J 1<j

BosbmeM nekoropsie y; u y;. Torna y;y; = —1 B TOM, B TOJBKO B TOM CJIy4ae,
KOIJla BEKTOpa ¥; W U; JIe2KaT B PA3HBIX IOJIYNPOCTPAHCTBAX OTHOCUTEIHHO
Hameii runepniockoctu 1. BeramcauM BeposTHOCTH TOTO, YTO Y; # Yj:

0,

rae 6;; — yrom mexxay BekTopamm v; U v;. OTComa mosydaeM, MCIOIb3Ys
OlIpe/Ie/IeHIe MATEMaTHYECKOIO OXKUIAHMS:

E Z yzy] W5 = Z %Uﬁj.

1<J

[Tpu sTom

1—wv-v; 1 — cosb;;

i<j i<j
Teneps ocrasioch B3SThH

2 0
= - =~ 0.87
@ = malnwl—cose ’

" yTBepKJeHUue JeMMbl JJOKa3aHO. U

Onpenenenne 4.6. Marpuna Y gaBigerca MOJTOKATEILHO HOIYOIpeIeIeH-
noit (Y 3= 0), eciu 11 11060T0 BeKTOpa « BepHo 1Y x > 0. a

Temneps eme pa3 nepedopMyIupyeM HaIly 3a/a4y.
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Onpeaenenne 4.7. MAX-CUT kak 3aga4a moJiyornpeaejJeHHOTO IIPo-
rpaMMuUupOBaHUA. HeO6XO,ILI/IMO MaKCUMHU3UPOBATDH BbIPpazKEHUE

Z 1 —Qyijwij

Y = {yij}i iz
takuM 4910 Y = 0 u Vi y; = 1. O

II0 BCEM MaTpullaM

[TpuBegem ciepyroniue Tpu dakTa 0€3 JJ0KA3aATETbCTB:

®DakT 4.1. 3adauy 4.7 M0OAHCHO PEUWUMD NPUOAUNACEHHO 3G NOAUHOMUANDHOE
BPEMA U NPU IMOM NOAYUUMDL peaysvbmam R* — €.

Paxkt 4.2. Ecau mampuya Y noaoorcumenvno noayonpedesena (Y = 0),
MO OHaA ABAAEMCA MAMPUUET CKAAAPHLLT NPpousdsedenuti HeKomopoz2o Habo-
pa 8ekmopos v; (3amemum, wmo ycaosue Y; = 1 2apanmupyem, wmo smu
6eKMOPa — eOUHUNHVLE), NPUNEM IMU BEKMOPA MONHCHO HATMU 30 NOAUHO-
MUAGAOHOE BPEMA.

Teopema 4.1. Muv nocmpousy NOAUHOMUAALHBLT NO BPEMEHU BEPOATHOCT-
wol (o — &)-npubausicennvil arzopumm das o« ~ 0.87 u npoussoavrozo
e>0.

Joxaszameavcmeo. Penienue namieit 3amavu, coryiacHo dakry 4.2, cBejioch
K pemrenunio 3a7a4u 4.7. Ona, mo dakry 4.1, pemaercs 3a MOJTUHOMHAILHOE
BpeMs € aJJUTUBHOM HOrpentHocTbio He 6ostee £'. Takum oOpa3omM, 110 Jemme,
MBI TTOCTPOUJIN UCKOMBIH (¢ — €)-TIpHOINKEHHBII aJITOPUTM. 0J

®DakT 4.3. Imom anszopumm MoAHcHO COEAAMD OEMEPMUHUPOBAHHDIM.

®axkT 4.4. Ecau ov cywecmsosan makoti anzopumm dis o > 0.95, mo 6via0
v, P = NP.

@axkT 4.4 yTBEpXkK1a€T, YTO MBI TOJYYHUIN JTOBOJBHO XOPOIIWil pe3yabTaT
C TEOPETUYECKOA TOYKH 3PEHHU.

4.3 Metoa MonTe-KapJo

PaccmoTpum cnemyromntyio mpobsiemMy, CBSI3aHHYIO C T€OpHell BEPOSTHOCTEI:
IIyCTb MBI IPOBOJMM 1M HCIBITAHUN, BEPOATHOCTH YyCIEeXa B KaxKJIOM U3 KO-
TOPBIX ecThb p;. OUpenesuM CIy4alHYIO BETUYUHY Y; CAEAYIOMHAM 00pa3oM:
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Y; TIPUHUMaECT 3HAYCHUEC 1lc BEPOATHOCTBIO P; U 3HAYEHUE Oc BEPOATHOCTBIO

1 — p;. Onpengennm
m m
=Edu=Ym
i=1 i=1
Teneps, ecau 0603HAYUTH
m
Y = Z Yi,
i=1

TO CIIPaBEJJIUBHI CIEyIoNme ouerwky deprosa:

PaxkrT 4.5.

g 14 2
€ _pe?
P{Y>(1+s)u}<<7(1+6)1+6> <e T,

&2

P{Y <(1—g)u} <e >
Teneps paccmorpum coberBenHo MeTon Monte-Kapio.

Onpenenenne 4.8. 3agadya 0 HAXO0XKJAEHUU MOIIHOCTH IIOIAMHOXKE-
cTBa. [lycth y Hac ecTh ABa KOHEYHBIX MHOXKecTBa: U M €ro moJMHOKECTBO
G. llpu strom momHOCTh MHOXKecTBa U m3BecTHA. MBI XOTHM HAWTU MOIII-
HOCTh MHOKecTBa (3. O

Jig pemenust 3To# 3a/1aUM CYIIECTBYET CJAEAYIONMHI XOPOIITO W3BECTHBIH
BEPOSITHOCTHBIN aJrOPUTM, Ha3bIBaeMblit memodom Mowme-Kapao.

AgaroputMm 4.2. Byaem O6parh ciydaitHbIM 00pa30oM TOUKHM MHOxKecTBa U u
MPOBEPATHh UX Ha MPUHAIIEKHOCTb K MHOXKecTBY (5. [IpousBens m skcnepu-
MEHTOB, ONpPeAe/IMM BeJINYUHY

~ 221 Yi

pP=———
m

n 6y,ueM CYuTaTh, YTO OHA ABJIAETCA HpI/I6.HI/I)KeHHbIM 3Ha4Y€HUEM BCJINYNHDbI

_la
U
Orciona HaiizeM TpuOINKEHHO MOIITHOCTh MHOXKecTBa (3. O

OueBuIHO, YTO YeM OOJIbIIE SKCIEPUMEHTOB MbI IPOU3BEIEM, TEM TOYHEE
Mbl onpejiesiuM p. 13 onenok YepHOoBa BbITEKAET CJIE/YIOIIEe COOTHOIIEHUE:

p?

Plog[(1-e)p(1+e)pl} <2e 7,

U3 KOTOPOro cjaeayeT OCHOBHad TeOpeMa.:
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Teopema 4.2. /[aa mozo, 4mobv, ¢ 8epoOAMHOCMBIO KAk MUuHuMym 1 — §
noAYwumb p, ydosaemesopaoulee

(I-e)p<p<(l+e)p,

docmamouro npoesecmu

IKCNEPUMEHTIOE.

Taxum 06pa3oM, 9TOOBI 3HATH, CKOJIBKO SKCIIEPUMEHTOB HAJI0 IIPOU3BECTH,
HAJIO 3HATH 3HAYEHHUE p, HO ITO KaK pa3 TO, YTO MbI uirem! Jta npobieMa npe-
OJIOJIUMA, €CJIM MbI 3HaeM KaKylOo-HHOYIb HEe CAUIIKOM MAJIEHBKYIO HHXKHIOIO

OIEHKY /IS p.

4.4 MomHoCTh 00beIMHEeHNSI MHOXKECTB

Paccemotpum cnenytomnyio 3amady:

Onpenenenne 4.9. 3agadya 0 MOIIMHOCTA OObEeIMHEHHS MHOXKECTB.
[Iycth ecTh n MHOXKecTB H;, MOITHOCTH KOTOPBIX W3BecTHBI. HeobOxommmo
Ha#TH MOIHOCTb ux oObeaunenus | J; , Hi. O

Jlna pemenusa 3Toi 3aga4un Bocnoab3yeMcsa MeTooM Monte-Kapiio. Bee-
JIEM CTIeIyIoIue 0003HAUYeHU

G = LnJ Hia
i=1

U={(v,1)|veH},

G' =1 (v,4) e U‘i: min {k:v € Hy} b.
k€el.n
Ormerum, 4TO MOIIHOCTH MHOXKecTBa (G' COBIIAJaeT ¢ MOITHOCTHIO HY K-

HOI'0 HaM 00'beIUHEHHUS:
n

&' = |JH

=1

Onpenenum Tenepb BETUYUHY p KaK

i&d

p= .
U]
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9Ty BEJINYUHY MbI MO2K€M y3HaTh U3 ME€TOJa MOHTG—KapJ'IO. MOIIIHOCTB MHO-
KectBa U HaM Tak>Ke M3BECTHA:

n

Ul =3 5.

i=1

Takum 06pa30oM, MbI HaiijeM MOIIHOCTH MHOX)KecTBa G/, TO €CTh PeruM Halry
3a/1a4y.
OcraJioch JIUIIb ONEHUTH KOJMYECTBO MCIBITaHu. /{11 3TOrO0 OoneHuM Be-

JIMYUHY p CHU3Y:

1

p>—.
n

Dra OlEHKa BHITEKAET U3 TOTO, YTO (HECTPOroe MOsICHEHNE) «Xy Ui CIydaiis»
JjiocTuraercs, Koriaa Bce H; coBnajaior, a ux moirHocTh paBua N. Torma Morir-
HOCTb MHOXKecTBa, U paBHa n/N, a MOIITHOCTh 00'beiHEHUsI paBHa [V, OTKy1a
U BBITE€KAET TpebyeMoe COOTHOIIEHME.
Orciona mostydaeM BbIpazKeHue st KOJTUIeCTBa UCIBITAHUI
S 4 1 2 S 4dn 1 2
m>—In-> —In-
g2p 6 g2 §
JIOCTATOYHOTO JJIsi TOTO, YTOOBl BBIYMCIECHHOE 3HAYEHHE O OTKJIOHSJIOCH OT
HUCTUHHOTO He 60Jiee YeM Ha € C BEPOSITHOCTHIO 1 — 4.



