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Jlekmima 5

Ilonck KpaT4daiimmx nyTeil MexK a1y
BCeMHU IIapaMu BepInH rpada

(Koncnekt: A. Kynukos)

5.1 IlpeauciioBue: TOCTAHOBKA 3a/a49M

Hama 3a/1aua takosa. [IpejacraBuM, uTo HaM HY>KHO HAWTHU KpaTJyaiime my T
MeKJly TlapaM¥ BepIINH CBsI3HOTO rpada (IJIMHBI BceX pebep Mbl CUUTAeM
PaBHBIMHE 1, TAK YTO PACCTOSTHAE MEK/Iy BEPITUHAMH - 9TO IIPOCTO KOJTUIECTBO
pebep Ha MyTH U3 OJHON B APYTYIO).

Kak usBectno, anropurm Jleiikcrpsl paboraet 3a Bpemsa O(n?). ITonbita-
eMcsI HaliTH aJITOPUTM, paboTalonuii ObIcTpee.

Bynem uckarb Takyio Mmarpuiy S, uTo S;;j — 3TO HOMep NepBOii BepIIHHLI
Ha KpaTdaifliieM MyTH U3 BEPIIUHBI ¢ B j. ZIcHO, UTO MO TaKO# MaTPHUIE MbI
OyzIeM 3HATh Bce KpaTdyallliue MyTH MeXKIy IMapaMé BEPIIUH.

5.2 IIlar mepBblii: IONCK MaTPUIbl PACCTOSIHIIA
MeXK/y BepInnHaMN

Haiinem maTpuily paccrosiHuii Mexkly BceMu mapamu BepinuH rpada (Hazo-
BeM ee D; D; j — paccTosiHuE MeKIy BEPIIHHAME i 4 ).

[Tycrs A — marpuna cMexxHOCTH MexoqHOro rpada (pasmepa n x n). Pac-
cmorpum Marpuiy A?. Bamerum, uro (A42); ; = 0 Toraa u TOIBKO TOTAA, KOTIa
B HameM rpade He CyIecTByeT NMYyTH U3 ¢ B j JJUHBI He Oosee 2. [leiicTBu-
TeJIbHO, €C/Id B Irpade HeT IIyTH J/THHBL He Oojiee IBYX U3 ¢ B J, TO MHOXKECTBA
N(i) u N(j) (MHOX)KecTBa cocelieil BEPIIMH 7 U j) HE MEePECEKAITCS, TO eCTh
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He CyIecTByeT Takoro k, uro A;, = Ag; = 1 (a uMeHHO Takoe Kk HyXKHO,
arobsl (A?);; = >, Ai Ay, ObLIO OTINYHO OT HYJs).

Teneps paccMoTpuM KBaapaT ucxoaHoro rpada G (HazoseM ero G') — Ta-
Koit rpad, B KOTOpoM pedpo MexK1y BEPIIMHAMHU U U U €CTb TOTJA M TOJHKO
Toraa, Korja B rpade G CyIecTByeT myTh MEXKJIy STUMHE JIBYMs BePIIHHAMU
JUTMHBI He Oosiee NBYX, npudeM u # v. B marpune A’ 6yayT cTosTh eIuHU-
bl TOJLKO TaM, IJie CTOSIM eJIWHUILl B MaTpune A mim A?, a Ha IyaBHOl
JIMArOHAJIY B JIIOOOM CJIydae MOCTaBUM BCE HYJIH.

Oco6siit cayuaii: rpacdp G' - monnsrii. fcuo, uro rorma D =2+ A" — A.

B ob6miem ke ciaydae 0ynem uckath Mmarpuny D pekypcuBHo. Ilycts
D' - marpuna paccrosuuii 1yist rpada G’ (HaiijgeHHAs] PEKYDPCUBHBIM BBI30BOM
Hatero aaropurMa s rpada G).

NHTYyUTUBHO sICHO, YTO paccTossHUS B G IpuMepHO B 2 pa3a 00JbIne, 4eM
B G'. [IpuMepHO, HO He COBCEM, a UMEHHO:

Jlemma 5.1. Ecau D, j:2, mo D;; = 2 - Déﬂ-; 6 npomuerom caydae D;; =
2 ° D':,_] - ]..

Hoxasamesvcmeo. OueBUIHO. O

!

Ho sroro eme He gocrarovHo ais HaxoxaeHus uucia D;; depes Dj

BeJb JIJId 9TOT'O HaM HY2KHO 3HaTbhb Y€THOCTD Dz,]

Jlemma 5.2. Ilycmwv k — coced i (k € N(i)). Toeda, ecau D;;:2, mo Dj ; >

! ! ! . )

D; ;. Ecau D;; /2, mo Dy, ; < D;;; 6oaee mozo, 6 amom cayqae natidem-

ca maxoe k, wmo D;cj < ng (acHo, wmo amoti eepwunoti 6ydem nepeas
b bl

sepuuHa Ha kpamuatduem nymu u3 i 6 j).

Pacemorpum marpuiy M, paBayio npoussegennto marpun, A u D'. 3ame-
M, uro My = 37 AiwDy ;= 3 peny Dij- Taxum obpasowm, ecim D, ;:2,
10 M;; > (A?);;- D, j; B uporusHoM ciiydae — M;; < (A?);,;- D, ; (3amernm,
uro (A?);; — crenenb BepumHbL ¢ B rpade G).

Wrak, npoBepuB MOJyYE€HHOE HEPABEHCTBO JJIsi KAXKJIOTO JIEMEHTA MAT-
punbl, Mbl Hajizem D mis rpadpa G pexypcusno, 3Hag D' nna rpada G'.
Pexypcusi 3akonuurcs: He Gosee, yem 3a O(logn) maros, n6o Ha Karx0M mIa-
re pekypcuu juamerp rpada (Haubosbiinee PACCTOSHUE MKy BEPIIMHAMH)
COKpAIIAeTcsl IPUMEPHO BJiBOE (a TouHee? — ynparkHeHue!); B UTore Mbl IpH-
JeM K HameMy ocobomy ciaydaro — rpady G auamerpa 2 (COOTBETCTBEHHO,
nossHoMy rpady G'), pa3obpaHHOMY OTIEJIBHO.



9. A. I'mpur: ¢/x “D¢dpekTuBHbie aaropuTMbr” 3

5.3 Illar BTOpoii: Ilonck “BUHOBHUKOB” B YMHO-
KeHum OyJIeBbIX MATPUIL

Hrmyumuenoe coobpasicerue: JInsa paccrosuus D; ; “BUHOBHUK’ TOTO, YTO
pacCTOsHUe MeXKJy ¢ U j UMeHHO TaKoe — 3TO ImyTh JiauHbl D; ;. Ho ceiiuac
MBI Oy/JIeM UCKATh “BUHOBHUKOB’ JJIs APYTOil 33/ a4u.

[Iyctb AANB = P, tne A, B, P — OyneBbl Marpuipl. flcHo, 4To eciu
P, ; = 1, To naa mekoroporo k Bemonnserca A;p = By; = 1. Taxoe k
Ha30BeM “BUHOBHUKOM”.

Paccmorpum Temeps marpuily A*) Takyio 4To A;‘,k =k-A. llycts P* =
A* - B (BHUMaHUe: 371eCb YMHOXKEHHE IeJI0e, a paHbiie OblI0 A — 6yJieBo).
Torna P, — cymMMa BceX BUHOBHMKOB. 3HQYHT, €CJIU CYIIECTBYET POBHO OJIUH

Y]
BUHOBHUK, TO P;'; — BUHOBHUK.

®akr 5.1. IIyemo cpedu n wapos umeemca w beavs u n—w wephos. Cay-
watino ewoupaemes r wapos. Toeda ecau n/(2w) < r < n/w, mo eeposm-
HOCMB 020, “MO cpedu 8ubpaHHHLT wapos bydem posno odun Geavid, He
menvwe 1/(2e).

PaccmorpuM Teneps ciyuaitabiii Bektop R = (71, ..., ), B KOTOPOM DOBHO
r KoopauHaT paBHbI 1. Boruncaum marpuist A% u BE cnenyromum o6pasom:

R ,_ . R .__ .
Az',,j = kAz,krka Bk,j = Bk,ﬂ"k.

Brruncninm takxke CF := A»R . BR 3amernm, 4T0 BepOATHOCTH TOTO, YTO
Cl. — BunoBHuK, He Menbie 1/(2e), ecin COOTHOIIEHHE MEXKJLY T U YHCIOM
BUHOBHUKOB W — Takoe ke, kak B Pakre H.1.

YroGer yragate 7, ais r = 1,2,4,8,... 298" nopropum: BBIGHpaem
ciydaiino BekTop R m mposepsem, saserca u Cf BuroBHIKOM. DTy TMpO-
neaypy nosropuM 4 logn pas.

JInst NAHHBIX 4 U j, OLEHUM BEPOSTHOCTH TOIO, YTO 33 ITH UTE€PAIUH Mb
Hali/leM BUHOBHUKA. $ICHO, 4TO KOrma-Hubyib 7 monajaer B orpe3ok [n/(2w);n/w],
npu 5toM 110 Pakry 5.1 Mbl HAllIeM BUHOBHUKA ¢ BEPOSITHOCTBIO, HE MEHbIIIeH
1/(2e). Iocre 4 logn Takux uTepaiyii BEPOSITHOCTb TOTO, YTO Mbl HAHIEM BH-
HOBHUKa, He Menbime 1 — (1 — 1/(2¢))*%8™ < 1 — 1/n. Takum obpazom, Mar.
OJKUJIAHUEe KOJIMYeCTBA HeHall[eHHbIX BUHOBHUKOE He npesocxoaut n’ - 1/n,
T.e. n. Ha nouck ocraBiuxcst BAHOBHUKOB Mbl 3aTpatuM Bpems O (n?) (nenaii-
JIEHHBIX BMHOBHUKOB, KAK MbI BBISICHU/IU, HE Gosiee n).

Ha Bce onucannbie geiictBusi Mbl 3arpatuMm Bpems F(n) = O(T(n) *
log® n), rae T(n) — BpeMs, HEOOXOAMMOE /118 YMHOXKEHHS IBYX MATDHIL Pa3-
Mepa n X n ¢ uucaamu ot 0 10 n (acuo, uro F(n) Gombme n?, HO MeHbIIe
n3).
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5.4 Illar Tpermnii: oObegMHSIEM BCE BMECTE

[TokaxkeM, Kak HaiiTu MaTpuily S. 3amMeTuM, 4TO IepBasd BEPUIMHA HA KPaT-
vaffimeM myTu u3 ¢ B j — 3710 Takoe k, uyro D;; = D, + 1. Zlcno, uro aua
JI000# BepumHbl k£ € N (i), BBIIOJHSETCS OJHO M3 TPEX CJIEYIONMX Hepa-
BEHCTB:

D;;=D;+1,
D;; = Dy,
Di,j == Di,k - ]_

Urak, Hac uHTEpeCyIOT Takne BepiuHbl k, 410 D; ; — D; ) =1 (mod 3).

Pacemorpum Teneps Tpu Marpuusl D@, DM D®) | rakue uro Dfsk) =1
TOIZIA ¥ TOBKO Torga, Koraa D; , = (s—1) (mod 3). Teneps mis (mpousseme-
nus) Gyneprx Marpun A u D) MBI HOIyYMM HAITMM AATOPHTMOM MATDHILBL
BUHOBHUKOB - HazoBeMm ux W . 11 rtorma MaTpuiy S Mbl CMOXKEM HaUTH
creyomum obpasom: S; ; = VVZ(]D” mod 3),

Uroro, Bpems paborb aaroputma: O(T(n) - log?n), rae T(n) — Bpems
Ha YMHOXKEeHHe JBYX IeJOYMCJIEHHBIX MaTPHIL HOPAIKa 1 X 7, COAEPIKAITIX
ancia or 0 10 n? (TouHee, 3TO UX TMPOU3BENEHHE MOMKET COJIEPIKATH TaKHe

qucjaa — Haﬁ,ﬂHTe, B KaKOM HMEHHO MeECTeE a,JII‘OpI/ITMa?..).



