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Jlekmima 8

IIpoBepKka mpocTOThI Yunc/A.
PucoBanme nianapaoro rpada.
IlapanaeabHblil aJroOpuTM AJIs
3a/1a49i 0 MAaKCUMAaJIbHOM
He3aBUCUMOM MHOXKECTBE.

(Koucmnext: A. Ko>xeBHUKOB)

8.1 IIpoBepka NpoCTOTHI YUCJIA

J1g Havyajaa BCIOMHHUM HECKOJILKO ompenenaennii. g Hadaaa cumsog Jle-
2KaHIPA:

ay _ 1 , ypasuenue 2 = a (mod p) uMeeT KOpHH (8.1)
p) | =1 , BuporuBHOM Ciryuae ’ ’

rjie p — mpoctoe, a # 0.
VYupaxkuenune 8.1. BeniomauTh hopmysty Beruucienus 8.1.
Teneps cumBoa fkobOu:
a a
(v) =11 (;) ’

ectu N = pq---p, — pasnoxenne N Ha OpocTbie MHOXKHUTe . HekoTopbie
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CBOICTBA:

,
Vupaxkuaenue 8.2. BcnoMHUTH, KAK BBIYUCIATH (%) =(-1)".

D opmMyaUpPOBKa aJIrOpPUTMA.

AgaroputMm 8.1. HyxHO mpoBepuTh, mpocroe Jjim 4yucjiao N.

M < random[2..N — 1] (8.2)
if (M,n) #1 then answer “composite” (8.3)
M _

else if (N) 2 M (mod N) (8.4)

then answer “composite” (8.5)

else answer “prime” (TyT aJropuT™M MOXKeT OIMIUOUTHCS) (8.6)

U

KoppekTHocTs mrara (8.4) mokasbiBaeT CIeAyoIas JeMMa:

Jlemma 8.1. Ecau das ecex M, makxuz wmo (M,N) = 1, ewnoansemca

M\ — N-1
(35) = M7= (mod N), mo N — npocmoe.
Zoxazameavcmeo. Bynem noka3blBaThb OT MTPOTUBHOTO:

1. Ilycte N He comepKXuT KBajapaToB: N = p;---pg, p; # p; € P. Ouxcu-
pyeM r Takoe, 9To (;-) = —1 (TaKoe eCTb: IepecnTaeM Bce KBaJIpaThl
mod p; ... ). Ilo kuraiickoii Teopeme 06 OCTATKaX MOXKHO BHIGpATh
takoe M, uto

M
M

r (mod py),
1 (mod p;) mpum i # 1.

C onmHOit CTOPOHHI,

<%> — (%) H <%) = —1 (B ToM umcie u mod py).
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C napyroii CTOpOHHI,

N-1

M 2 =1 (mod ps).

[IporuBopeune.

2. Ilycts N comepxxutr kpaapatsl: N = p?n, p € P. Ilycts 7 — nepBoo6-
pas3HbIl KOpeHb 10 Moy o p2. Io IpeanonoKenuio,

Nﬁl: (N*l)/? 2: L 2:
rt = (r ) _<N) =1 (mod N)

T.e., oqaoBpemenno N — 1ip(p — 1) u N:p, T.e., JBa MOC/IEI0BATEIbHBIX
yucaa Jendarcd Ha p. [IporuBopedne.

O

Jlemma 8.2. Ecau N ¢ ]JE';, mo 05 boaee vem noaosunv, ecexr M, 63aumHo
npocmuz ¢ N, () # M = (mod N).

oxazameavcmeso. Ilo jiemme 8.1 cymiecTByer Takoe 4uC/IO @, 4TO (

2=

[k

)
)

=SS

a T (mod N). ycrs mast by, by,..., by BBIIOJIHEHO PaBEHCTBO (
M™ (mod N).

Paccmorpum aby, abs,..., aby (mod N). Ouu Bce pa3iuvHBbI, TaK Kak
ecn ab; = ab; (mod N), To b; = b; (mod N) (Bexp (a, N) = 1). Oun Takxke
OTJIMYHEI OT b;:

(5)-(5)(3) = ()4 s
]

Tem caMbiM, BEPOSITHOCTh ONIMOKY HAIIErO aJrOPUTMa HE MpeBocxoauT 1/2.

8.2 PucoBaHme mjiaaHapHOTo rpada

Mpui Oyjgem paccMarTpuBaTh JBYCBsI3HBbIE I'DAdbl, TO €CTh TaKue, YTO B HUX
He CYIIeCTBYeT JBYX BEPIIWH, y/aJeHre KOTOPBIX BEJIeT K TOSIBJICHUIO JIBYX
KOMIIOHEHT CBSI3HOCTH.

(3ameTum, uTo ecu rpad He TAKOB, TO €0 MOYKHO Pa36UTh Ha KOMIIOHEH-
THI, HAPUCOBATD UX 110 OT/IEJILHOCTb U COEIMHUTH PUCYHKH; YTOOBI OTIIPABUTD
TOYKY COeJMHEHUs Ha IPaHUIly 00J1acTH, 3aHUMaeMoit rpadom, pucyem rpad
Ha cdepe, TOCIe 4ero packpbiBaeM cdepy ¢ IbIPKOH PSAIOM C BEPIIHHOIA. )
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Omnpenenenne 8.1. OkpectHocts KommonenTsl S rpada G sto ['(S) =
{veVgldee E:e=(v,s),s €S}

Aaropurm 8.2.

1. BaaTp Kakoii-to IMUKJI 1 HapuCOBaTh €I0.

2. Ecim cymecTByeT KOMIIOHEHTA, COIJIACOBAHHASI JIMIIb C OJHO¥ KJIETKOI,
TO B3Tb IIyTh B KOMIIOHEHTE ¥ BCTABHUTH IIyTh B 9Ty KJETKY (yAaauB
IlyTh U3 KOMIIOHEHTHI U Pa30UB KOMIIOHEHTY HA HECKOJIbKO, €CJH OHa
Pa3BAIUIACD).

3. Eciiu Bce KOMIIOHEHTBI COTJIACOBAHbBI C HECKOJIBKUMHU KJIETKAMU, TO B3Th
JI00YI0 KOMIIOHEHTY ¥ BCTABHTH MYTh B KJIETKY (yAJUB IyTh ... ).

O

3anaua 8.1. [Ipuaymarth He3HAUNTETbHOE W3MEHEHUE AJTOPUTMa, paboTa-
tomee O(n?) ana mo6oro rpada, a He TOMBKO JJIsl TLIAHAPHOTO.

KoppekTHOCTh aJropurMa yTBEpKIaeTCs B CJIEAYIONIEH JeMMe.

Jlemma 8.3. Ilycmv 6 Kakotl-mo MOMEHEHM YMO-MO YHCE HAPUCOBAHO U
aszopumm Hazodumes 6 waze 3. Komnonenma C coanacosana ¢ kiemxamu
K; u Ky. Ecau C mootcro eaoorcums 6 Ky (u yenewno dopucosams epagh do
KOHUa), Mo ee mostcHo 8.a001cums u 6 Ky (u yenewno dopucosams).

Hoxasamesvcmeo. [lomensem Bce KOMIOHEHTHI, corsiacoBanubie ¢ K1 u Ko,
mectamu. [lepebopom ciryuaer mpoBepuM, 4TO KOH(DJIMKTOB BO3HUKHYTH HE
noskHO (pazobbem rpanniy K u Ko Ha y4acTKu, IPUHA/JIEKAIINE TOJBKO
K4, Tonbko Ky, mTu60 UM BMecTe; pas3depeM CiIydau, KOTa KOHMIUKTY IO
MyTh HAYUHAETCS HA OJHOM U3 THIIOB YYACTKOB, a 3aKAHUYMBAETCS HA JAPYTOM
WK TOM 7K€ CAMOM). O

3ameuanme 8.1. CymecTByer ajropuT™, MO3BOJISIONIMI HAPUCOBATH ILIA-
HapHBIH Tpad 3a JUHEHHOE BpeMs OTPE3KAMHU MPSIMBIX.

8.3 IlapajiejabHBIA aJITOPUTM JJId 381891 O MaK-
CHUMAaJIbHOM HE3aBUCHUMOM MHOXKECTBE

Sameuanue 8.2. Ilycrs f(n) npouneccopoB moryr 3a Bpemsi t(n) pemurhb
HekoTOpyIo 3amauy. Torma ¢g(n) < f(n) mpoueccopoB MOTYT DEIIUTH ee 3a
Bpems t(n) - %. Hnst g(n) > f(n) 970 HEBEPHO, OITOMY MPEICTABJISIIOT WH-
Tepec MapaJulebHbIE aJTOPHTMBI, HCIOIL3YIOMHNEe KaK MOXKHO 0O/IbIIe Ipo-
1eccopoB (npu Toil ke camoii cymmapHoit pabore t(n)f(n).
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Omnpepesnenne 8.2. Hezasucumoe MHOMHCECME0 — ITO MHOKECTBO BEPIINH
rpacda, Mexk 1y KOTOPBIME HeT pedep.

Cremyiomuit mapaJite/bHbLi AJTOPHTM HAXOAUT MAaKCHMAJIbHOE (10 6KA10-
venuto) HesaBucuMoe MHOXKecTBo 3a Bpems O(log” |nymnua Bxosal).

AgaroputMm 8.3.
[Tycrs nan rpad G = (V, E), crpoum S crenyomum o6pasom:
1. Hus Beex v € V rakux, uro deg(v) =0, S := SUw.
1
2. Bce pgpyrue BepiinHbl METUM C BEPOSTHOCTHIO Tdog(®) "

3. [lns Bcex pebep e € E, ecu 006a KOHIA IIOMEYEHbBI, TO yOPaTh IOMETKY
C BePIIHHBI MEHBIIEil CTeleH .

4. S := S U {nomeueHHble BEPIINHbI}.
5. G := G\({nomeuenusie Beprunsl }U{OKPECTHOCTH TOMEYEHHBIX BEPIIUH }).
6. IloBropsiTh, MOKa rpad Hemycr.

0

Sameuanue 8.3. ANropuT™M KOPPEKTHBIH, KayKIbIH €ro mar 3aHIMAaeT Bpe-
mst He 6ostee O(log|E|) u Tpebyer ne Gosee | E| npoueccopos.

deg(v)
3

Onpenenenune 8.3. v — ropowas, eciu He MeHee
crenens He boee yem deg(v).

ee coceqieit mmeer

Jlemma 8.4. P{zomas 6w 00na cocedka ropowetd sepuiuns, v nomeuena Ha
21
waze 2} > 1—e s.

Jlokasameavcmeo. P{ue tak} = I1 P{u — ne nomeuensi} <
u€F(v),deg(u)<deg(v)
1 eg(v -1
(1 — sqegrey) B2 < e7!/5. O

1

Jlemma 8.5. BepoAmnocms CHAMUA NOMEMKY He NPeSoCcTodum 5.

,Zlonasamenbcmeo. Shv:) BEPOATHOCTD OJid BEPIIWMHBI ¥ HE ITPEBOCXOOUT

KOJI-BO COCEJIOK ¥ He MeHbIIeii crenenu - P{OTMETHTH TaKyIO COCEKY }

1 1
< — =
< deg(v) 2deg(v) 2
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CaenctBue 8.1. Bepoamnocmb mozo, 4mo xomsa bv, 00na cocedka eepusu-

1—el/6
HOL UV 6KAI0YEeHA 68 S Ha waze 4 — HE MeHee —y—.

Onpenenenune 8.4. Pebpo e xopoiiiee, ecjin X0Tsi Obl OJUH U3 KOHIIOB XOPO-
1107078

Onpenenenne 8.5. ¢(S,T) = {kommuecrso pebep u3 S B T'}.
|E

Jlemma 8.6. Xopowuz pebep — ne mernee 5.
oxasameavcmeo. Pa3zsepaeMm pebpa Tak, 4To Obl OHU OBLIM HAIIPABIECHBI U3
MeHbIIero pebpa B Gosbliee; mycTh d; U d, — BXOJ/IHAasI ¥ BBIXO/JIHAs CTEIEHH,

deg(v)
coorsercTBenHo. Mrak, v — miaoxoe pebpo, smaunr d,(v) — d;(v) > =5
(mo ompenenenuto xopomteit Bepumubl). [Iycrs Vg — MHOXKeCTBO XOpormux
BepIiuH, Vp — MHOXKeCTBO Iwioxux BepiiuH, e(Vi,V5) — MHOXKeCTBO Bcex
pebep W3 BepIIMH MHOXKECTBa V) B BEPIIHHBI MHOXKECTBa, V5.

2- G(VB, VB) + G(VB, VG) + e(VG, VB) = Z deg(v) <

V — IJI0Xast

< 3.0 Y (do(v)—di(w) =3 30 (do(v) —di(v)) =

¥ — XOpPOIIas v 1S good

= 3((e(Ve, Vo) + e(Va, V) — (e(Va, VB) + e(Ve, Vi) =
3(€(VB, V(;) — G(V(;, VB)) S 3(€(VB, Vg) =+ €(V(;, VB)),

T.€.

G(VB, VB) < G(VB, Vg) + €(V(;, VB)
]

Orcrona ciaeyer OCHOBHas TeopeMa (M3 KOTOPOIl HENOCPEeJCTBEHHO CJIE/LyeTr
OIleHKa Ha BpeMsi pabOThI ajaropurMma, nbo 1o Heil KOJIMYecTBO UTepaluii He
npesocxoaut O(log|E)):

Teopema 8.1. Ha xaoswcdoti umeparyuu ucwedaem 6 cpedHem #\E | pebep.



