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I'maBa 1

AJAropuTMBI,
oOpadaThIBaloNIe BXOJI MO
Mepe MOCTYIJIeHIs

IIpn Hanucanuu TporpamMm, pabOTAIOIINX B YCIOBUSIX U3MEHSIIOIIEr0Cst OKPYyKe-
Husi (HAIPUMEp, CUCTEMHBIX MPOrPAMM, KOHTPOJMPYIOIUX PAOOTy ONEpauoH-
HOI CHCTEMbI), 3a9aCTyI0 OKA3bIBAETCS, YTO BXOAHBIE JAHHBIC MOCTYHAIOT TI0-
CTEIIeHHO, a He cpa3y Bce. IIpu 3ToM mporpamma JOJKHA IPOU3BOIUTH Jeii-
cTBUs (IPUHUMATH PEIIEHUs WK JaXKe 3aMUChIBATH YTO-TO HA BBIXOJ) JI0 TOTO,
KaK I[IOCTYISIT BCE JAHHBIE; TAKUE AJITOPUTMbI Ha3bIBAIOTCsI PAOOTAIOINME B Pe-
aJIbHOM BpeMmeHu, uiu online-asropurmMamu. Huxke Mbl pACCMOTPUM HECKOIBKO
[IPUMEPOB TaKWX 33/1a4, pa3bepeMcsi, KaK CJIeyeT OLEHUBATHL KAYECTBO TAKUX
IpOrpaMM, U NPOAHAJIU3UPYEM HEKOTODBIE IPOCTHIE AJITOPUTMBI.

1.1 3anaua x3mmpoBanus (paging problem)

Cremyromasi 3a/1a49a TOJIKHA, OBITh PEIeHa TEM WJIM WHBIM 00pa30M TPaKTHYe-
CKU B JII000# OMEPAIMOHHON CHCTEME.

Y KOMOBIOTEPA €CTH B, BUIA MAMSITU: IUCKOBAsI, OOJbINAs M0 00beMy, HO
MeJJIEHHAST, ¥ ONEPATUBHAsI, ObICTpasi, HO MeHbINe Mo 00beMy. Bce omeparum
HaJ| JAHHBIMA (B YACTHOCTH, 3aIlyCK MPOTPaMM) TIPOU3BOAATCS B OTIEPATUBHON
MaMSITH; JUCKOBAs TAMSITh MCIOJIb3YeTCs JIMIIb JJIsI UX XPAHEHUSI.

TaKHM O6paBOM7 HepI/IO,[[I/I‘IeCKI/I JAaHHbIEC CYUTHIBAKOTCA C JUCKA B OHepaTI/IB—
HYIO TIAMsiTh, HA 9TO YXOAWUT CyIIECTBEHHOE BpeMsi. Ecim obpaiueHust K OHOMY
U TOMY K€ MECTY IHCKOBOM MaMSITH IOBTOPSIIOTCS, MOYXKHO COKOHOMUTH BPEMSI
HA TOM, YTO BBIJEJUTH B ONEPATUBHON MAMATU ONPEIEIEHHOEe MECTO (Kow ), B
KOTOPO# COXPAHSITH CYNTAHHBIE JAHHBIE HEKOTOPOE BPEMS TIOCJIE€ TOTO, KaK OHU
6b1tu 06paboTanbl. OIHAKO, TOCKOJIBKY 00BEM K314 OTPAHUYEH, TIEPUOTUIECKI
BCE K€ MPUJETCS CTUPATh U3 HEero JaHHbIe (3alUChIBATH HA UX MECTO JAPYTHE);
Ka4eCTBO aJIrOPUTMa OIPENEsIsieTCsl TeM, HACKOJIbKO OH CMOXKET IIPeyraJiaTh,
KaKue JaHHBIE elle IOHAI00ATCS (M UX He CJIeAyeT CTUPATh), & KAKUe — HET.

ITockosbKy anropuT™ IOIXKeH paboTaTh B PEATTHLHOM BPEMEHH, OH HE MOXKET
3HATh, KaKue JaHHble NoHanobsarcsa B OyaymeMm. ITosromy «abcomoTHO onTu-

7
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MaJIbHOTO» AJI'OPUTMA HAM [TOCTPOUTH HE YAACTCs; HAIla 33/1a49a OyeT cocrosiTh
B TOM, 4TODBI TIOCTPOUTh AJTOPUTM, KOTOPBIA PabOTas ObI HE CIUIIKOM XYKe
J060ro Apyroro (KOTOPbIH MOTYT NPUAYMaTh HAIIA KOHKYDEHTHI).

®opmasbHad MOCTAHOBKA 3aJaun. Bcst mamsaTh (M JUCKOBAs, ¥ ONEPATHB-
Hasl) pa3bura Ha OJOKU PABHON JUTMHBL BJIOKM NPOHYMEPOBAHBI, IIPAYEM KIII
cocrout u3 k 6;10K0B, a auck — u3 t 6;10k0B. Ha ouepesHOM miare K Ham mocTymna-
€T 3aIpoC Ha, KAKO#-TO BJI0K € JUCKA; €CJIU ITOT OJIOK B KIIIIE yKE UMEETCsI, HAM
JIOCTATOYHO COODIIUTE €r0 HOMED B K3IIIE; eCJIM HET, HAM HAJ0 MPEIBAPUTEIHHO
pelmTh, B KAKOE MECTO KJIIIa 3aIIMCaTh ITOT OJIOK U CAETIATH TO, CIUTAB OJIOK
¢ mucka. Bpemst paboThl ajirOPUTMA M3MEPSIETCsS KOJUIEeCTBOM CUMNTBHIBAHUN C
JuCKa. Bymem cunTarh, 9TO B HAYAJbHBIA MOMEHT BPEMEHU KIIII IIyCT.

Omnenka KadecTBa ajaropuTmMa. Mbl JOroBOPUINCH, 9TO SIBJISIETCST BPEMeE-
HeM paboTel Hamero ajaropurma. OHAKO, s PA3HBIX JAHHBIX BpeMs pabo-
ThI OymeT pas3nuaHO (CPABHUTE MOCJIENOBATENHLHOCTH 3anpocoB «1,1,...,1» u
«1,2,...,t»). [losTomy Hac Gosbuie Gyner MHTEPECOBATH BpeMsi pabOTHI HALIE-
r0 aJIrOPUTMa [0 CPABHEHWIO ¢ HEKOTOPHIM APYTMM AJrOPUTMOM (BO3MOXKHO,
HAIUCAHHBIM HAIIMM KOHKYDEHTOM ).

Iyts A — agroput™, a1 = (11,73, ..., 'n) — MOCIEIOBATEILHOCTD 3AIIPOCOB
(1 < r; <t). CroumocTh 06PABOTKH MOCTIEIOBATENHHOCTH 3AMPOCOB AJITOPUT-
MOM — costA(r) — 9TO Bpemsi ero paboThI (T.e. KOJIUIECTBO OOPAIIEHUE K TUCKY ).
IIycts opt — Hekwmit BOOOparKaEMBbIil aJITOPUTM, KOTOPBIA MbI CIUTAEM «CAMBIM
JydmuMy. Aaroput™ A Ha3bIBAETCH C-0nmumasbhbim (c-competitive), ecnu nist
JiI060ro T U AJist JIF0OOro opt BBIIOJIHSETCH HEPABEHCTBO

costa(r) < c- costop(r) + c1.

IMonpasymesaercsi, 4TO ¢ HE 3aBUCUT OT T (U JAXKE €ro JJIMHBI), HO OH3, MOXKET
3aBUCETDb OT Kk WJIN APYTUX M1apaMeTpoB.

HaIH aJIFOpI/ITM MO2KET 6])ITI) n BepOﬂTHOCTHbIM. TOF,EL& OHpe,[[e.HeHI/Ie C-OIITUMAJIBHOCTU
[IPEBPAILACTCS B

Ecosta(r) < ¢ - Ecostop(r) + 1.

Koneuno, onpenenenue c-onTEMAJILHOCTI 33BUCUT OT TOI'O, U3 KAKOI'O KJ1ACCa
aropuT™MoB bepercst anaroput™ opt. Mbl pacCMOTPUM [1Ba BAPUAHTA.

«3abbiBunBbIii mporuBHUK» (oblivious adversary). Paccmorpum ciy-
vait, korma A — BeposTHOCTHBIH online-aaroput™, a opt — JeTePMUHUPOBAHHBIIH
offline-anropurm («oblivious adversary» ), T.e. OH MOXKeT GBITH JaXKe JIydIle, 4eM
CaMBIi1 JIy4qIInii aJIrOPUTM HAINIUX KOHKYDPEHTOB: OH 3apaHree BCIO 3HACT IOCIEI0-
BaTEJILHOCTD 3aIPOCOB . BaxkHoe orpanudenue: opt nomxern paborars, He 3HASI
HAIIUX JefcTBUl (KOHEYHO, OH MOXKET 3HATh HAIIl aJIFOPUTM, HO OH HE 3HAET
CITy9afHBIX 9IUCEN, KOTOPBIE MBI UCIOIb30BAJN).

Anropurm 1.1 (MARKER). Bynem nomedars Kazkaplii 610K K9lia HEKOTO-
pbiv 6urom (0 wm 1). Bee Bpems paboThl pa3aessercs Ha, «nepuoabiy. B Hagae
KaXKJIOTO TIEPHOMA BCE JIEMEHTHI KA MoMedeHHI ().

Wrak, npuxogur ouepenHoit 3ampoc. Ecan 3To 3ampoc Ha 610K, KOTODPBIi
y2Ke eCTb B K3IIIe, TO HAlll AJIFOPUTM IoMedaeT ero 6utrom 1. Ecnu 3ampamuBaor
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3JIEMEHT, KOTOPOr'0 HET B K3IIIe, TO Mbl CJIy4aiiHbIM 00pa30M BbIOMpaeM OJIOK n3
noMedeHHbIX 6uToM () U CIYUTHIBaEM Tya TpebyeMmblii 60K ¢ AUCKA. 3aTeM MBI
noMedaeM 10T 6s10K Ourom 1.

Pano wim nmo3nHo y Hac He ocTaHeTcst 6J10KOB, moMedeHHBIX 6uToM 0. B atom
COCTOSTHUHM MBI MOXKeM PabOTaTh, MOKa MPUXOIAT 3aMpPOChl HA OJIOKU, HAXOs-
mpecst B kare. Kak TOJIBKO MOCTYIUT 3armpoc HA OJI0K, KOTOPOTO HeT B KIIIIe,
MbI OOHY/JIUM BCe IIOMETKH U Ha4YHEM HOBBII IIEPHOJI. O

Teopema 1.1. Aszopumm MARKER asasemcs 2Hp-onmumasbhoim npomue
offline-anzopummos.

ZLoxazameavcmeo. Pa3zgenum Bce mocTymammupe 3ampochl Ha, TPU BUIA: <IIOMeE-
YEHHBIE», <YCTAPEBIINE» U «4IUCTbIe». lloMedeHHbIil 3a1pOC — TO 3a1POC HA
0/10K, 00pa3 KOTOPOro HAXOAUTCs B KIIIE U OMe4YeH 1. Ycrapesiiuii — 310 3a-
npoc Ha 6JI0K, 06pa3 KOTOPOro HAXOAWTCs B K3me u momeded 0 (3Ha4uT, OH
OCTAJICS B K3IIIE C IPEAbIIYIEro Nepuoia), Win Ha OJIOK, KOTOPOrO B K3IIE HET,
HO KOTOPBIN TaM ObLT B mpepiayiemM nepuoje. U, COOTBETCTBEHHO, YMCTHIM 3a-
IIPOC — 3TO 3a1POC HA OJIOK, KOTOPOIrO B K3IIE HET X HE ObLIO B IIPEAbIAYIIEM
[epUOe.

O603na41uM depe3 [; KOIMIecTBO YUCTHIX 3AIIPOCOB 34 - nepuox; mycrs dr ;
— KOJIMYECTBO PA3JIMYAIOIIUXCs JIEMEHTOB B K3max A u opt (T.e. moJoBUHA
MOIIHOCTHU CHMMeTpH‘{eCKOﬁ Pa3HOCTHU ITUX ABYX MyJ'II)TI/IMHO}KeCTB) B Ha4YaJIe
i-Toro mepmona, a dr,; — B KOHIIE.

OueHnM CHHM3Y KOJIMYECTBO CUUTHIBaHMIT OJIOKOB, KoTOpoe crenaer opt. C
OZTHO¥ CTOPOHBI, OHO COCTABJISET He MeHee [; —d ;, TaK Kak l; 6JIOKOB aJlropuT™M
A 0b6st3aH TOATrPY3UTh, U 0Pt MOXKET BBIMIPATh y A TOJBKO 3a CY4ET TOrO, 4TO
B HA4aJjIe MEePUOa y HEro B K3IIe yxKe OyayT Oj0KM, Ha KOTOPBIE MOCTYIIST
3ampocsl (Takux 670KOB — He Gosee df ;).

C apyroit CropoHbI, 3TO KOJHYECTBO COCTaB/sseT He MeHee df ;. JleficrBu-
TEJIbHO, BCE OJIOKH, JIEZKAIIUE B KIIIIe aJropurMa A K KOHILy 11epuoza, ObLiu 3a-
npotensl (o mocrpoenuto agropurma A). CinenoBarenbHO, OHU JOJKHBI ObLIA
MOOBIBATH U B KIIIIE AJITOPUTMA, OPt; €CJIU K€ KAKOrO-TO W3 HUX TaM He OCTa-
JIOCh, 3HAYUT, HA €r0 MecTo ObLT 3arpyxkeH apyroit 6siok. KommdectBo Takmx
3arpy30K, O9€BH/IHO, COCTAB/IAET HE MeHee dp ;.

Takum 06pa30M, KOJTUIECTBO CYUTHIBAHUIN, KOTOPOE JIOJIXKEH MPOJIE/IATh aJl-
TOPUTM opt 33, 4-if IEPUOo/1, COCTABJISIET HE MEHee

S li—dr; + dF,i‘

max(l; — dri,dr,;) > 2

IIpocymmupoBaB mo Bce mepuoaM, MOJYyUYUM, UYTO UUCJIO 3arpPy30K, KOTOPHIE
JIOJDKEH CIeslaTh opt 3a BCe NMEPUOABI He MeHee

Zli_dl,i+dF,i :Z;_i+dF,n > L

- 2 2 2’

K]
rne L=73",1;

Temepb OLEHUM CBEPXY, CKOJIBKO 3arpy30K caenaer aaropurm A. fcHo, 9ro

HA YHCTBIE 3aMPOCHI €My TIPHJIETCS MOTPYKATH OJIOKU, HA TIOMEYEHHbIE — HET.
Cnoxuee €70 0OCTOMT C YCTApEBIMME 3ampocaMu. Bo-mepBhIX, CKOJBKO Ta-
KUX 3amnpocoB MOXkeT ObITh? IIOCKONBbKY B pE3yJbTaTe YCTAPEBINX W YUCTHIX
3aIPOCOB KOJIMYECTBO IMOMEYEHHBIX OMTOM 1 GJIOKOB yBEJIMIMBAELTCS, TO B -M
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nepuoze Oyzer posHo k — I; ycrapesmmx 3anpocos. IIpu ycrapesiiem 3amnpoce
MBI obpairaemcsi K OJI0Ky, KOTOPBIM Ha MPEILIAYINEM nepuoae ObLT B KIIIIe, HO
€CTh JI OH TaM Cefi9ac, MbI CKa3aTh He MokeM. OH MOr ObITh BBITDY2KEH, KOT/IA,
MIPHUIIeST YUCTHIN 3ampoc Jub0 ycTapeBHInil 3ampoc Ha 6JI0K, KOTOPBIA 0 3TOr0
ObLI yKe BBIIPYIKEH.

BeposiTHOCTH BBITPY3UTH HYKHBI HaM OJIOK IIPH j-TOM yCTapeBIIIEM 3a1poce
He npesocxomut [/ (k —j +1).

Takum 06pa3oM, MATEMATHIYECKOE 02KUJAHNE KOJIMIECTBA 3arPy30K yCTapeB-
mux OJI0KOB MEHbIIIE UJIX PABHO

Uk+...+ (k= (k=D +1) =1-(1/k+...+1/1+1)) =1 (Hy — Hy),

rne H, =14+ 1/2+ ...+ 1/n. BcnoMHuB, 9TO MBI JOJKHBL €Ie 3arpy3uTh |
6JIOKOB TIPH YHCTBIX 3aIPOCaAX, MBI TIOJIy9UM, 9TO

E(aucno 3arpysok) <. (1+ Hy — H;) <1 - Hy.

(B mociienmeM HEpaBEHCTBE UCIIOIL30BAHO, uTo ecau | # 0, To H; > 1.) d1o 3a
onuH nepuoxn. IIpocymmupyem mo Bcem nepuomam. Iomywwmm: Ecosty < Hy, - L.
Ho cost,pt = L/2, u Teopema DOKa3aHA. O

AxTusHsblil nporuBHuK (adaptive adversary).

Omnpepgenenne 1.1. PaccmoTrpnuM curyanuio, kKoraa adversary He TOJIBKO 3HAET
BCe 3anpOCHI HAllepea, HO U MOXKET UX NMPUAYMBIBATH B 3aBUCUMOCTHU OT HAMINX
IeHCTBUIA.

Adaptive offline adversary Tax u TOCTymaeT; TPUAYMaB BCE 3aIPOCHI, OH
HOPOZK/IAeT CBOW BAPUAHT UX 0OPAOOTKU CTOMMOCTBIO COStypt. 3AMETHM, UTO XO-
Td OH HOpO}K,Z[a,eT HOBBIE BaHpOCbI, 3Hasd HAIlIX OTBETHI Ha Hpeﬂblﬂy]lu/le, OH HE
MOXKET NPEeAyrajfarh HAMUX Oydywux aedcrBuil, uOO OHU 3aBUCSAT OT BbIIAB-
IUX HAM CJIyYaiHBIX 4Yuces. ECTeCTBEHHO, B ONPENEIEHUN C-ONMUMAALHOCTIU
omuocumenvho adaptive offline adversary durypupyioor He Bce r, a JMIIbL T,
mopoxkjaemble adversary.

Adaptive online adversary otnuyaercs ot adaptive offline adversary Tem, uro
oH 06s13aH 00pabaTHBATE (“MOPOXKIATEH CBOIM BapuaHT 06paboTKM”) MPU Ly MbIBa-
eMble UM 3anpocs! online.

3amaga 1.1. Ouenurs cuny anropurma MARKER ornocurensno adaptive
online n adaptive offline uian mokazark, 4To0 3TOTO CAEIATH HEIL3S.

3agadga 1.2. Ilpuaymars ajaropurM Jiydiie.

1.2 3amaua o k odurmanrax (k-server problem)

06061uM 33189y K3mupoBanusi. ILycTb y HAC €CTh HEKOTOPOE METPUYECKOE IIPO-
CTPAHCTBO C METPUKOU d, TOYKM KOTOPOrO MbI DyJEM PacCMaTPUBATH KAK CTO-
JiKY, U k 0pUIMAHTOB, TO €CTh HEKOTOPOE k-3JIEMEHTHOE [IOIMHOXKECTBO TOYEK
3TOro MPOCTPAHCTBA. BpeMst OT BpeMeHM CO CTOJIMKOB MMOCTYMHA0T 3aKa3bl. Pop-
MaJIbHO, 3aKa3 — 3TO KOOPIWHATHI CTOJIHKA. 3aKa3bl HY>KHO OOCIY>KUBATh, TO
€CTh HaJd0 BI)I6pa,TI) OOHOro U3 OCI)I/II_II/IB,HTOB " MEepeMeCTUTH €ro B JJTaHHYI0 TOY-
Ky mpocTpaHcTBa. CTOMMOCTBIO TAKOIO IEpeMelenrsi OyaeT PacCTOsSHIE MEXK Ty
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UCXOJHOMN 1 KOHEYHOM ero Toukamu. Kaxkipiit OpUIMAHT B KAXK b MOMEHT Bpe-
MEHHU HAXOJUTCS Y KAKOTO-TO CTOJIMKA, U COCTOsiHUE (KOHMDUrypaIysi) CUCTEMbI
OMMCHIBAETCS] MHOXKECTBOM KOOD/IMHAT CTOJIUKOB, Y KOTOPBIX B JAHHBIA MOMEHT
HaxozaTcs opurmantbl. To ectb cocrosiare X — 3TO MYJIBTUMHOMXKECTBO (MHO-
JKECTBO C KPATHBIMY JIEMEHTAMMU ), COCTOsiIee u3 k Touek mpocrpaHcTsa. Pas u
HaBcerIa 3aUKCUPYeM HAYAJIBHOE cocTosiHue Ay Halel cucTeMsbl.

ycts 7 = r179 . . . T, — TOCJIEIOBATEIBHOCTD 3aKa30B. Torna pabowets dynx-
yuet W, Ha3bBaeTCs PyHKIMsI, COMOCTABIISIIONIASA COCTOSTHUIO X HAMMEHBIIIYIO
CTOMMOCTB OOCJIy>KWUTh I U3 HAYaJIbHOIO COCTOsiHUSI Ag, pusi B cocrosinue X .
(CroumocTs 06CIyKUBaHUS — 3TO CyMMAa MPONJEHHOrO BCeMU O(DUIMAHTAMY
pa,(}(:TOSIHI/ISI7 HpI/I‘IeM HaI/IMeHbIJ_II/Iﬁ yTb OHpeﬂeHHeTCH C MOMOINBLIO OIITUMAJIb-
Horo offline anropurma, T.e. 3HaKOMIErO T.)

Agropurm 1.2 (WORK FUNCTION ALGORITHM). Ilpeanonoxunm,
B ,EL&HH])II‘/‘I MOMEHT Hallla CUuCTE€Ma HAXOAUTCA B COCTOAHUN X U K HaAM HpI/IXO,[H/IT
sanpoc r. Torma MBI BHIOMpaeM HOBOE COCTOsIHUE X', KOTOPOE COINEPXKHT T |
MEUHEME3UPYyeT ciaenyomyio dyukumo or X': W, (X')+ D (X, X'), roe p — aro
[OCJ/IEI0BATELHOCTD 3aIIPOCOB, KOTOPBIE MbI yKe obcayxmwmm, a D(X,X') —
3TO CTOMMOCTH (OnTHMATBHOrO) mepexona u3 cocrosausa X B X'. (Tlouemy sToT
MHMHUMYM JOCTUTAETCs1, OymeT sicHO u3 jeMMbr 1.0.) ([l

Jlemma 1.0. Jae X : X' =X —a+r.
Zloxasameavcmeo. BoiTekaer n3 HEPABEHCTBA TPEYTOJILHUKA. O

(X — a oboznauaer 3mech m B jganbHelmem myabtumHON)ecTBO X \ {a}, a
Y + b — mymerumuOX)ecTBO Y U {b}.)

3ameuanue 1.1. B gemme 1.0 He uckiaouaercs a = r.

Bsenem obosuadenns: W := W, — “crapas” pabouas dyuxmusu W' := W,
— “noBast” pabouasi pyHKIMs. 3aMeTUM, ITO

W'(A) = {lneiE{W'(A—a+T)+d(r, a)} = LrgE{W(A—a+r)+d(r, a)} (>W(A)

st ¥V ococrosiamst A. (TlepBoe paBeHCTBO sICHO m3 onpenesenus: paboueit byHk-
uu, BTOPOE — OYEBUIHO. )

Hoxkaxkem, 4to Jirobasi pabodast GyHKIMs 001a1a€T CBONCTBOM KBA3UBBIITYK-
JIOCTH:

Onpegenenne 1.2. W nazBaercs k6a3usbinyxaol, ecau s V cocrosinuit A
u B cymecrByer Ouekiusi h : A — B Takasi, 4To jisi jiioboro pasbuenusi A Ha
MYJIbTUMHOXKECTBA, X U Y, COPABEIIuBO

W(A) + W(B) > W(X + h(Y)) + W(h(X) +Y). (1.1)

3ameuanne 1.2. CMbICT 3aKJII0YAETCS B TOM, 9TO A MOXHO mnepejenars B B
(nmapaJsutenbHO TepenesbiBas B B A) “MajieHbKUMU MIaXKKaMu'’, HE YBEIMIUBAs
CyMMapHy©0 pabory.

Cuavasa TOKaXKeM CJIELYIOILYIO JIEMMY.

Jlemma 1.1. B onpedeaenuu 1.2 mooicno cuumamv, wmo Yx € AN B
h(z) = z.
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Zloxazameavcmeo. Tlpennonoxum, 9o h yIOBIETBOPSIET yCJIOBUSIM U3 OIPEIe-
JIEHUsI KBAa3UBBIMYKJIOCTH, HO JJisi Hee He BBINOJIHSIETCS yTBEPXKICHUE JIEMMBbIL.
Tlocrpoum apyryro Oueknuio0, KOTOpas OyIeT yIOBIETBOPSITH OOOUM YCTIOBHUSIM.
TTocrpoenwne Gynem MpoBOAXUTD IO MHIYKITHH, TOCTENIEHHO yaassist u3d AN B “mio-
XUe 3JIeMeHTHI .

Urax, nycrs Jda € ANB : ha) # a (= h~!(a) # a). Paccmorpum HOBYIO GU-
exmmio h': h'(a) = a, h'(h~'(a)) = h(a), u A’ copnamaer ¢ h Ha BCEX OCTATBHBIX
TOYKAX.

Bosbpmem npounssosibHOE paszduenune maokecTBa A Ha X u Y u mokaxkem, 9To
quisi h! BEpHO HEPaBEHCTBO W3 ONpejieJieHns KBasuBbiykioct. Ilyers h—1(a) €
X (ecqim h™1(a) € Y , T0 noKa3aTeILCTBO MPOBOIMTCS AHATIOTUHYHO).

Ecom a € X, To HepaBeHCTBO BepHO m Jy1st h', MOCKOJIBKY OHO BEpHO aJist h
(Bempb B 3ToM cayuae h(X) = h'(X) u h(Y) = B/ (Y)).

IMycts Temeps a € Y. Paccmorpum muoxkectsa X' = X +a,Y' =Y —a.
Tornma

WX +hY)+WH(X)+Y) =

WX ' +n{Y"))+WH(X)+Y") =
WX +hY") + W(h(X')+Y") >
W(A4) + W(B),

TaK KaK h KBAa3UBBIIYKJIA, & B ONpeIeIeHNN KBA3UBBIITYKJIOCTH TpedyeTcs, 4To-
6b1 HepaseHCTBO (1.1) BBIIOJIHSLIOCH JJIst JIIOOOr0 pa3bueHus, B 4aCTHOCTH, JJIsi
X' nY'. To ecrb nepasencrso (1.1) BemosHeHO n must b/, a KOIM9IeCTBO 1€~
MEHTOB a Takux, 9to h'(a) # a, mo kpaiineit mepe Ha 1 menbne, yem jst h.
Tax xak A u B KOHEYHBL, TO 33 KOHEIHOE YHCJIO TAKUX IIAr0B MbI HCIPABUAM
h Tak, 9TOOBI OHA YIOBJIETBOPSIIA YTBEPKIEHUIO JIEMMBI. [l

Jlemma 1.2. Bce pabowue Pynkyuu K6a3usbinyK.AbL.

Zoxazameavcmeo. YKazaHue: 10KA3bIBATH 110 WHAYKIUU U UCIIOIB30BATDH JIEM-
my 1.1.

ITPOBEJI B KOHCIITEKTE.

O

Ounpepenenne 1.3. Cocrosinne A HA30BEM MUHUMUIAMOPOM TOYKU Q& OTHOCH-
tempHo W, ecnu Ha mem jpocruraerca murmmyM W(A) — > 4 d(z,a).

JIemma 1.3. Ecau A — munumuzamop daa r omnocumeavrno W,, mo A —
MUHUMUZAMOP 0 T omnocumervro W,..

ITPOBEJI B KOHCIIEKTE.

Zloxazameanbcmaeo. O

OueHnM, HACKOJIBKO XOPOII 3TOT aaropurM. Benomuum, 9to

W'(X) = ;réi§{W'(X —z+7r)+d(z,r)}.
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3uauur,
Az € X :W'(X) =W (X —xz¢ +7) +d(xg,7) = W (X') + d(z0,7).

CromMOoCTh OZHOrO mara HaIero ajaropurMa mnpu nepexoge or X k X' pasHa
d(xo,7), a croumocTh omHOro mara onrumasbuoro (offline) amropurma — me
menee W'(X') — W(X) “B cpemnem” (t.e., eciu cnoxurs W'(X') — W(X) ans
BCEX IIaroB, TO TIOYTH BCE WIEHbI COKPATATCS W OCTAHETCS] KaK Pa3 CyMMapHasi
cTouMOoCTh Beex maros). Pacemorpum cymmy stux Bemmyns W/(X') — W(X) +
d(zo,r) = W'(X) - W(X).

Omnpenenenne 1.4. BeejeM XapaKTepUCTUKY aJirOPUTMa — 0606UWennYy1o cmo-
UMOCTYb, PABHYIO m)?x{W'(X) - W(X)}.

Onpenenenne 1.5. [Toanas 0606wenHas cmoumocms — ITO CyMMa, 0OOOIIEeH-
HBIX CTOMMOCTEH! /ISl BCEX INArOB (3AIMPOCOB).

3ameuanne 1.3. OueBuaHO, HOJHAS 000DIIEHHAS CTOMMOCTD SIBJISI€TCS OLEH-
KO CBEpXy Ha, CyMMY CTOMMOCTEH HAIIEro W ONTUMAJIBHOIO aJIrOPUTMOB.

JIemma 1.4. ITycmov noanasa obobuennas cmoumocmv < (c¢+ 1) - noanas cmou-
MOCTND ONMUMANLHO020 aszopumma+c’ . Toeda WORK FUNCTION ALGORITHM
ABAACMCA C-ONMUMAALHHIM.

Zloxazameavcmeo. OueBuHO. O

Jlemma 1.5. ITycmo ouwepednoti 3anpoc — r. Tozda obobwennan cmoumocms
HA IMOM Wa2e JOCMULAEMCEA HO MUHUMUIAMOPE AR T.

3amadga 1.3. lokazars jemmy 1.5.

Teopema 1.2. WORK FUNCTION ALGORITHM seanemcsa (2k — 1)-onmu-
MAADHBM.

Jlokazameavcmeo. Beemem

k
Uy (U, By,...,B) = k-W(U)+ 3 (W(B,») -3 d(ui,b)> ,
i=1

beB;

rne U = {u1,...,ux} — cocrosiume, By,..., By — Toxe cocrosiums. Bremem
TAKIXKE NOMEHYUAA

®(W):= min Yy (U,By,...,By).
U,Bi,...,Bg
Ouenum &(W') — (W) (nokazkem, 9T0 3Ta BeM4InHa, > O0OOOUIEHHOH CTOMMO-
cTH).
MoxxHo cumTaTh, uTo Jj: r = u;. llpeamonoxum, 9T0 3TO He TaK, HO
Fi: W(U) = WU — u; + 1) + d(r,u;). 3amenum u; ua r. Torma Ty (U, ...)

YMEHBIINUTCA HAQ

d(ui,r) - k+ Y d(ui,b) — Y d(r,b).
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DTO BBIPAXKEHUE HEOTPULIATEJIHHO 110 HEPABEHCTBY TPEYTOJIbHUKA, = Wiy passe
9TO YMEHBIIUTCS, T.€. MOXKHO CIUTATh, YTO MUHUMYM Wy JOCTUTAETCSI UMEHHO
Ha takoM U (cozmepzxkaiem 7).

Tak>ke MOXXHO CUMTaTh, 9YTO B; — MUHMMU3ATOpP JJIS T.

Ocranbhbie 3eMenTsl, MunuMmusupyomue Wy (. . .), 3adbukcupyem, u UMeH-
HO ux OymeM Tompa3yMeBaTh, 0603Ha4as MHOrorouneM (u B camoM Py, u B
Ty l).

Torma

W' = (W) > Ty (...) = T (...),

tak Kak ®(W') = Uy (...), a ®(W) < Ty (...): HOCKOIBKY

CI)(W) = min ‘Ilw(V,Cl,...,Ck) S \Ilw()
C Ch

[ SEEET)

Janee, BCOMHUM, 9TO
Ty = k-WU)+ Y (WB) = d(u;,b))

u OyseM TOJCTABIATE, ITO 3HAeM, B ux pasHocts. Ouesumuo, W'(U) > W (U).
Pa3HOCTh BCEX /IEMEHTOB BHEITHUX CYMM KPOME j-X TaKKe OIEHHBAEM HYJIEM.
Uroro, ®(W')—®(W) > W'(B;) —W(B;), a mocieHsist pa3HOCTD IO jleMMe 1.5
— 0000IeHHas CTOUMOCTb, TaK KaK Bj — muanMumsarop. Takum o6pa3oM, mos-
Hasl 0000IIEHHAsT CTOMMOCTD He IPEBOCXOIUT

q)(WTl) - <I>(WE) + <I)(W7‘17‘2) - CI)(WH) t...= CI)(WW) - (I)(Ws)a

IJIe € — IMyCTas MOCJeI0BATENBHOCTD, & T — MOCJIEI0BATEIBHOCTD BCEX 3aKA30B.
Herpyauo nokazars, yro ®(W,) mausa durcuposansoro Ag — KOHCTAHTA.

Yupaxxaenme 1.1. JJoka3zars 310.
C apyroit cTOpoHBbI,
q)(Wﬂ-) = min ‘I;W,, S IIJW, (An, . ,An) =
k
k- Wﬂ'(An) + Z (WTF(AH) - Z d(aniaa)> <
i=1

a€A,

% - Wi (Ay).

Bcmomunm, uto Wy (A,) — 310 crommocth pabors offline anropurma na Hatmeit
II0CJIeI0BATEILHOCTH 3ampocoB 7. IlpumMensisi nemmy 1.4, mosmydaem tpebGyemoe.
O

1.3 3agaua o mokpeiTun MHoKectBamu (the online
set cover problem)

1ot KoHCHIEKT oTcyTcTByer. CM. http://www.math.tau.ac.il/ "nogaa/PDFS/
aaabnproc2.pdf (ciyuait 6e3 BeCOB).

ITPOBEJI B KOHCITEKTE.




I'maBa 2

IIpubanmkeHnbie aJIrOpUTMbI

2.1 OnTuMM3aIMoOHHBIE 3a0a4Y1 1 IPUOJIN>KEHHbIE
aJITOPUTMbI

ITPOBEJI B KOHCITEKTE.

2.2 3agadva 0 MOKPHITUU MHOXKECTBAMMU

2.2.1 3amava 0 MOKPHITUM MHOXKecTBamu (BApHUaHT C Beca-
™M™ )

Bapaua. [aHo Hekoropoe MHOXKecTBO U = {u1,u2,us3,...,U,} U ceMeHCTBO
ero nmogmHoxkects: S = {S51,52,...,5k}, S; C U, Ka)kI0My U3 KOTOPBIX COIO-
craByieHa cronMocth p; > 0. B cymme Bce 9t MHOXKecTBa St, . .., S), HOKPHIBA-
10T MHOXKecTBO U; T.e. U comep:KuTcsi B 00bEJMHEHNN 3TUX MHOXKECTB. 33/a4a
3AKJIF0YAETCST B TOM, YTO HAM HA/I0 BHIOPATH IMOJMHOXKECTBO MHOXKECTBA S, TO-
kpbiBatoiiee U, HauMeHbIneil CyMMapHO# croumocTu. Mbr npeabsBumM npubiin-
JKEHHBIH AJTOPUTM JJIsi 9TOM 337349, & 3aTEM HCIOJIb3yeM €ro [JIs PelleHus
npyroii (6osee TPaKTUIECKOH) 3a1a91.

Anropurm. Ha kakjgom mare Mbl OyJeM NBITATHCS TMOKPHITH KaK MOXKHO
6osblie 371eMeHTOB. T.K. HEKOTOpbIE MHOXKECTBA CTOAT JOPOXKE, MbI OyaeM Mu-
HUMU3UPOBATH YIEJIbHYIO CTOMMOCTD 3JIEMEHTOB.

I:=0;
while |J S; #U do

JET
begin
Vig¢I costlil:=pi/|S:\ U Skl;
kel

(* Bnamenamens — KOAUHECTNBO INEMEHMOB, KOMOPBIE He ObLAL TOKDBLIMDL
do cuz nop, o bydym nokpwumo, dannvm mHoocecmeom. T.e., mol GolwuC-
AUAY ONA KAHCA020 MHOHCECTNEA YOCADHYIO CTOUMOCTID NOKDBLEAEMBLT UM
20EMENMO8, MeENnePL eulbupaem Hausywuiee no sphexmusnocmu. *)

15
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Haiinem takoe ig, 9T0 costlig]= I%i(I:’I(COSt[Z']);
K]
I:=TU{io};
end;

Temepb JOKazKeM, 9TO ITOT AJTOPUTM siBJsieTcs: H,-TpulMKeHHbIM, TIe
H, =14+1/2+...41/n,an = |U|. Jas Hauasa Mbl IPOHYMEPYEM BCE SJIEMEHTHI
MHOKECTBA U B TOM TOpSIKe, KaK MbI MX NOKpbBaIM. U = {uy,us,...,u,}.
Kaxxgomy u; W3 3TWX 3J1€MEHTOB MBI NPUNHAIIEM ¢; — Ty CAMyK) CTOUMOCTH
cost[ig], KoTOpas ObLIa y MHOXKECTBA, KOTOPBIM TOT 3JIEMEHT BIIEPBbIE OKPBLIH.

JIemma 2.1. ¢; < P*/(n—i+1), 2de P* — cmoumocmsd onmumarvhozo peuse-
HUA 30004U.

Zloxazameavcmeo. Mbr cobupaeMcsi TIOKPBITH -bIii 9JIeMeHT MHOXKeCTBa U, K
9TOMY MOMEHTY BPEMEHU Yy HAC Y¥Ke UYTO-TO MOKPHITO, & YTO-TO HeT. HO MBI TOUHO
MOKEeM IMOKPBITh OCTaBINEECs MPHU MOMOIIM MHOXKECTB o0Ieit croumoctnn < P*
— 3HAYWUT, MBI MOXKEM HalTH KOHKPETHOE MHOXKeCTBO, 3 derrusHOCTL (COSt)

koroporo < P*/|U\ |J S;| (sicHo n3 coobpazkenwmii o cpenrem). Ho 3namenarens
i€l
> n —14+ 1, IOCKOJIBKY MBI ITOKPBIBAEM ¢-bIil 3JIEMEHT, T.€. HOKPBITO IOKA JIUIIb

© — 1 371eMeHTOB. O

Teneps mpu MOMOIIX 3TOM JEMMBbI TOKaXKeM, UTO aJroputM sipisiercss H, -
1pubiiuKeHHbIM. JIJIsi 9TOr0 MBI JIOJIKHBI IIOJCYUTATh CYMMAapHYIO CTOUMOCTb
HAIIIEro PelleHns:

Ypi=) ¢ <P(1+1/2+...4+1/n)
j=1

i€l

(PaBEHCTBO — MOCKOJIBKY BCE 3JIEMEHTBI MOXKHO PA3JIEIUTH MEXKIYy MHOKECTBA~
MU B COOTBETCTBHY C T€M, KAKAM MHOXKECTBOM 3JIEMEHT GBI BIIEPBBIE MTOKPHIT),
4910 ¥ TPpebOBAJIOCH JOKA3ATH.

IIpumeHuM 3TOT AArOPUTM K PEIIEHUIO0 ONHOM «OMOJIOrMYeCcKOiy 33/1a49U.

2.2.2 3agaua o Kpar4aiimeii o01eil HaamocJae10BaTeIbHO-
cT

3apaua: JaHO MHOXKECTBO CTPOK {S1,...,Sk}; HAC MHTEPECYET camasi KOPOT-
Kas CTPOKA U, KOTOPas COAEPKUT B KAUECTBE MOJACTPOKU KAXKIYIO U3 S;.

Pemmenune. Crenem k mpenbiaymmeii 3aga4de. Mbl JOKHBI TOCTPOUTD YHUBED-
casibHOe MHOXKeCTBO U, 1 MHOXKECTBO, KOTOpOE ero nmokpoisaer. He ymassis o6ur-
HOCTH, MOXKHO CYUTATh, 9YTO CPEIU CTPOK HET MOJCTPOK Apyr apyra. [loctponm
CTPOKU Wijk = S; - §j[k+1..|s;|] must rex @, j, k, nnst koropbix cydduxrc s; pu-
Hbl k coBuazaer ¢ upeduxrcom s; guunel k. s 10606 CITpoKu s Onpee/nM
set(s) = {s; | s; — momcrpoka s}. Crommocrs MHOXKECTBA Set(s) — mnmHA CTPO-
Ku s. Bxoz 3a/1a4m 0 MOKpBITHY — BCe MHOXKeCTBa set(s;) u set(w;jx ). (fcno, uro
U={s1,...,8k}.) 3amyCcKaem aJrOpuT™M, OH BBIJIAET CTPOKH, MbI X CIUBAEM U
MOJIy9aeM CTPOKY-OTBeT. T0, uTo asroput™m siBjsiercs: 2 H j,-ipubInKeHHBIM, siB-
JISIETCST OUEBUTHBIM CJIEACTBAEM OKA3AHHOTO BBIIIE TIPO AJTOPUTM ISl 33391
0 TIOKPBLITUM MHOXKECTBAMU W CJIEIAYIOIIEH JIEMMBI.
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Jlemma 2.2. Cmoumocmsb onmumasvHozo pewenus 3mot 3a0auy 0 NoKpumuY
< 2-dauna pewenus ucrodnol 3a0avu.

Zlokxaszameawvcmso.

IIycrs cTpoka s — onruMaabHOE perenne uCxoaHou 3aaaqu. Ilepenymepyem
S; B IOPSIZIKE WX IIEPBOIO BXOXKJIEHUSI B CTPOKY S. Q4YeBHIHO, KAXKIAsi CIEHYIO-
masi CTPOKA HAYMHAETCHA W 3aKAHYMBAETCH MO37Ke MPEIbIIyIIeii.

Paznenum samwm crpoku Ha Osioku. Crpoum 1-biii Gsi0k: Gepem s1 u Bee,
[IEPBbIE BXOXKJEHUS B CTPOKY S KOTOPBIX HAYMHAIOTCS [0 KOHIA IIEPBOIO BXO-
xpaenus §1. Cuenaem u3 Hux (TOYHEe, U3 MEPBOI U TOCHEnHEN B 5TOM 6JI0Ke)
001ryIo CTPOKY (HAmpUMep, Wi,3,5) — ITO OLHO U3 MHOXKECTB U3 yCJIOBHS 33Ja4H
O MOKPBITHUH.

Crpoum cienyromuit 610K, HAUUHAS €ro ¢ MePBOM HEB3STONW CTPOKHU, U T. .
Crpoku, KOTOPBIE Mbl CKOHCTPYUPOBaJU (110 OQHOM [JIsl KaXKA0r0 6JI0KA) 331a10T
HEKOTOPOE PEIeHre 33/1a91 O MOKPhITUN MHOXKecTBaMu. OHO MOXKeT U He ObITh
ONTUMAJIBLHBIM, HO ONTUMAJILHOE — Pa3Be YTO eIe MEHBIIE MO0 CTOUMOCTH.

Yr00bI JOKA3ATH, YTO CTOMMOCTH ITOI0 PEIIEeHUs] — TaKasi, KaK B (DOPMyJIu-
POBKE, IOCTATOYHO MMOKA3aTh, YTO KAXK/BIA CUMBOJI CTPOKHU § BXOAuT He Oosee,
ueM B 1B 6si0ka. OHAKO, B OHOM NO3UILMU MOXKET IIEPECEKAThCs He Hosiee 1By X
6J10k0B (110 TOCTPOEHUIO). O

2.3 3agadya 0 MaKCUMaJbLHOM CEYEeHUU

Onpenenenne 2.1. 3agada o MakcuMaiabHoM cedeHnu (MAX-CUT).
Mycts ects rpad G = (V, E), kaxmomy pebpy e € E KOTOPOro mpummcad
HEKOTODBIN BeC wW,. PaccMOTpuM Bce BO3MOXKHBIE PACKPACKH BepIInH rpada B
Gesblit u 4epHbIi nBera (TO ecrb orobpaxkenus j: V. — {Y,B}), u xaxznoii
Takoii packpacke M comocrasum uucio f(M), BerauciseMoe Kak CyMMa BECOB
pebep, KOHIIBI KOTOPBIX NMEIOT B PACCMATPUBAEMOl packpacke M pa3HbIe I[BETa
(MHOXECTBO Takux pebep Ha30BeM ceuwenuem). Hamma 3a1a49a COCTOUT B TOM,

9T06BI HAWTU TaKyI0 packpacky My, arobbr f(My) ObLI0 6bI MAKCUMAJBHBIM.
O

Bynem pemars 3Ty 3amady npubankenno. CHagama nepedopMyanpyeM 3a-
Jady KakK 3371249y ONTUMU3AINN:

Ompenenenne 2.2. MAX-CUT kak 3asiava 1eJJ0UYNCJIEHHOTO JUHENHO-
ro nporpamMvupoBanusa. ComocTaBuM KazKI0i BepliuHe v; € V' ¢ HOMEPOM 4
YUCIIO Y;, BBIYUCISIEMOE KAK

-1
1

, v; — beyasi BepIInHa,

Yi =
. V; — YepHad BEPIIUHA.
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Torna pebpo {v;,v;} HpUHAIIEIKUT CEYEHHUIO B TOM, M TOJIBKO B TOM CJy4ae,
KOrJa

yiy; = —1,
TO €CTb 1
— Yy
FOM) = f((y1,92,--59m)) = D #wu
i<j

Hama 3amaga cocrout B ToM, 9To6b! HaliTu MakcumyM f((y;);) mo Bcem HabGopam
(yi)i, Te xaxmoe y; € {—1,1}. O

O60o3HaunM pelreHne Halneil 3a1aun depe3 M™* U nonblTaeMcs CHAadasa pe-
UThH DOJiee MPOCTYIO 3a0A4Y:

Omnpenenenne 2.3. Penakcarmmma MAX-CUT: ontumnsanus Ha cdepe
OoJsbireit pasmepHocTu. Bynem nckars

vl,.Ti}CES" g((U1, s 7vn))7

rae
1—v;-v;
_ j
g((v1,...,0n)) = E 2 Wiy,
i>j
a S™ — n-mepHas equaudHas cdepa (n — gucso sepmun B rpade G); yMHOKe-
HHE MOHUMAETCA KaK CKaJIAPHOE IIPOU3BEICHUE. |:|

0O603HauMM 3TOT MakcuMyM depe3 R*. Ormerum, 9To
M* < R*.

dror (akr ciemyer U3 TOro, YTO HAIIA HOBAS 338493 COUEPNHKUT CTAPYI0 KK
YACTHBIN Cily4daii (J0CTaTouHO 3abUKCUPOBAThH BCE TIEPEMEHHbBIE, KPOME OJHOIA).

Tenepsr HaM HEOOXOAMMO ONKUCATH CIOCOO MOJIyYEHUS PEIIeHUsT CTAPOi 3313~
91 U3 peIleHus HOBOMU.

Agropurm 2.1 (Randomized rounding). Ilycrs y mac ects HabOp (v;)i,
SIBJISTIOIIUICST PEIeHneM HOBOHU 331a49u. MOXKHO CYATaTh, 9TO HAYATIO y BCEX
BEKTOPOB MOMEINEHO B HAYAJIO KOOpAuHAT. [IpoBenem yepe3 HAYAIO0 KOOPIUHAT
caydaiHbiM 06pa30M THIIEPIUIOCKOCTL T pasmepHocTd n — 1. DTa runeprioc-
KOCTb Pa3JeJIUT MPOCTPAHCTBO Ha, /B3 mojympocrpancTtsa A u B. Teneps 1o
KaXKJIOMy BEKTOPY v; IOCTPOUM YMCJIO ¥; CJIEIYIONUM 00pa30M:

1, vi €A

vi= -1, wv; € B.

WNuaue rosopst, BbIOEpEM CIydaiiHBIM 00PA30M BEKTOP U € S™ 1 MOCTPOUM YUCIIO
Y; TaK:
1, w-v;>0

vi= -1, w-v;<0

(cny4ait u - v; = 0 OyJeM UHTEPIPETUPOBATH KAK MONAJIO: BEPOSTHOCTH 3TOTO
COOBITHS PABHA HYJIIO). O

Teneps nOKaKEM CJIEAYIOILYIO JIEMMY PO TOJIHKO YTO OMUCAHHBIN aJITOPUTM.
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JIemma 2.8. ITycmv y nac meneps ecmv Habop 6exmopos v; — (npubaudicen-
noe) pewenue zadawy 2.3, R' — 3nauenue g na smom nabope. ITyemov maxoice
(Y3)i - Habop, NOAYHEHHBIT C NOMOULHIO BBIUEONUCAHHOZO AAZOPUMMA U3 HAOOPL
sexmopos v;. Obosnawum maxoice U' = f((y;);). Tozda

EU' > aR/,
2de a ~ 0.87.
Jlokazameavcmeo. Ham HamO HOKA3aTh CAEAYIONIEE HEPABEHCTBO:
yzyj 1—w;- v
BY Py > a) S
i<j i<j

Bosemem mekoropwie y; u y;. Torma y;y; = —1 B TOM, W TOJIBKO B TOM CIIy-
4ae, KOrJa BeKTOPa V; U VUj JIEXKAT B Pa3HBIX HOIYIPOCTPAHCTBAX OTHOCUTEILHO
Hameil runepnaockocTy 1. Beraucaum BepOATHOCTH TOTO, UTO ¥ # Yj:

P(y; # ;) = bii ,

™

rae §;; — yroa Mexny BeKTopamu v; u v;. OTCIOma mosyyaeM, NCHOIb3yst Olpe-
JleJIeHe MaTeMaTU4eCKOTO OXKUTAHUS:

E Z yly] Wij = Z %’Uﬁj.
i<j

IIpu sTom

l—Ui'Uj 1—COS(9,'J‘

i<j i<y
Temepb oCTAIOCH B3STH

2
= —— =~ 0.87
@= m.9m7r1—cost9 ’

U yTBepKJEeHUe JIeMMBI JOKA3aHO. (|

Omnpenenenne 2.4. Marpuna Y siBiisiercs 0OJI0XKUTEIBHO MTOJIYOIIPEIEIEHHOM
(Y 3= 0), ecotm may1s1 10060r0 BeKTOpa & BepHO 1 Y1 > 0. O

Teneps eme pa3 nepedOpMyIUpyeEM HAILY 331a4Y.

Omnpenenenne 2.5. MAX-CUT kak 3afadya moJryonpeaejieHHOTO TPO-
rpaMmMupoBaHud. HeoOX0auMo MaKCUMU3UPOBATEH BBIPAXKEHUE

Z 1 —2yij wij

Y = {yz’j}Zj:1

takuMm 910 Y = 0um Vi y;; = 1. O

110 BCEM MaTPULIAM

IIpusenem cieayromme tpu dakra 6€3 JOKAZATETHLCTB:
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@akt 2.1. 3adauy 2.5 moocno pewsums NPUBAUNCEHHO 30 NOAUHOMUAALHOE
8PEMA U NPU IMOM NOAYHUMD pedyavbmam R* — €.

®@akT 2.2. Ecau mampuya Y noaoscumenvno noayonpedeaena (Y 3= 0), mo
OHGO ABAAENCA MAMPUUET CKAAAPHBIT Npou3sedenuli HeKomopozo Habopa eek-
MOPos v; (3amemum, 4Ino Ycaosue Y; = 1 2apanmupyem, 4mo 3mu 6exmopa —
eQUHUNHBLE), NPUNEM ITU BEKTNOPA, MOHCHO HATMU 30 NOAUHOMUGALHOE BPEM.

Teopema 2.1. Mv nocmpouay NOAUHOMUAALHBLT NO 8PEMEHU 8EPOAMHOCTIVHBLY
(a — &) -npubausicennviti arzopumm das o ~ 0.87 u npouseosvrozo € > 0.

Lloxazameavcmeo. Permenne Hareii 3a1a4u, corimacHo QakTy 2.2, CBEJIOCH K pPe-
mennio 3ana4u 2.5. Ona, o ¢axty 2.1, pemaercs 3a MOJIMHOMHATIHLHOE BpEMSI
C aJIUTUBHOI MOTrPEITHOCThI0 He Gosee &'. TakuM 00pa3oM, O JIeMMe, MbI TI0-
CTPOUJIA UCKOMBIH (@ — €)-TIPUOINKEHHBIH AJITOPUTM. (|

DakT 2.3. IMom aA20pUMM MOAHCHO CIEAAMD OEMEPMUHUPOBAHHDIM.

DakT 2.4. Ecau 6v cywecmeosans maxol aszopumm dan o > 0.95, mo 6via0
6o, P = NP.

QakT 2.4 yTBEPAKAAET, YTO MBI [IOJIYIUIH JOBOJIHHO XOPOIINM PE3ysIbTaT C
TEOPETUYIECKOIl TOYKHU 3PEHHU.

2.4 3ama4da 0 MUHHMAJIbHOM BEPIIUHHOM ITOKPHI-
TUN

Omnpepenenne 2.6. Ilycre G = (V, E) — rpad. Hazosem muoxkectBo A C V
sepwunHbLM nokpuimuem zpaga G, ecim jist Kaxka0ro pedbpa 3roro rpada xorst
6I)I OOVH U3 €ro KOHIIOB IIPDUHAJJIC2KUT IMOKPBITUIO.

Paccmorpum B3Bemennsiil rpad (T.e. KaxKJO# BEpIIMHE COMOCTABJIEH HEKO-
Toperit Bec). Hama 3amaga cocrour B TOM, 9TOOBI IPUOIMKEHHO HAWTH MUHU-
MaJIbHOE B CMBICJI€ BECA BEPLIMHHOE IIOKpbITHE. Bydem nocmenenno ceodumo
amy 3adany Kk dpyaum, NOKa He ceedem ee K HOTOHCOEHUN MAKCUMAALHOR0 NO-
moxa. menno,

X2 o
BEPIINHHOE MOKPBLITHE — OBOMHOE BEPINMHHOE IMOKPBITHE — BEPIIMUHHOE II0-
KpBITHE OJId ABYAOJBHOTO rpada — s-t ceueHue st JABYAOJIbHOIO rpada —
MAaKCUMAJIbHBII MOTOK.

Takum 06pa30oM, MBI TOCTPOUM 2-IIPUOIHNKEHHBIH aJTOPUTM.

CHaugajia TOCTPOUM JABYIOJBHBIN rpad B cieayromuM oO6pa3oM: €ro MHO-
JKECTBO BEPIIUH €CTh YABOEHHOE MHOXKECTBO BepILIMH ucxonHoro rpada G (r.e.
IUIs KaXKJI0# BepumMHbL v € Vg CyllecTBYIOT BepIIMHBI U1,Vy € VB), a peOpa
NOAYUHAITCA Cﬂeﬂy}OH_I‘GM HpaBI/I.Hy: ecjin Me)K,[[y UCXOJHBIMU BepH_II/IHaMI/I un
v B rpade G 6610 pebpo, 10 B rpade B pebpa OyayT MExXy U1 U Uz U MEXKIY
ug u v1. fcHo, uro rpad B siBisiercsi JBYIOJbHBIM, IPUYEM BCE BEPIIUHBI C
UHIEKCOM «1» MpUHAJJIEXKAT OJIHOM JI0JIe, & C UHJIEKCOM «2» — APYToii.

Ornpesenium Tenepsb MOHSITHE TBOXHOTO MOKpbITus rpada G.

Onpepenenne 2.7. Otobpaxkenne f: Vg — {0,1,2} HaswiBaerca deotinovim
noxpuimuem epage G, ecau 1js Kaxka0ro pedpa aubdo OIUH U3 €ro KOHIIOB UMEET
mOMeTKy 2, b0 00a KOHIA UMEKT MOMETKY 1.
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Jlemma 2.4. Munumaavhoe sepuwuntoe nokpomue 2pagda B coomeemcemeyem
MUHUMAADHOMY 080THOMY Nokpuimuto epaga G.

Yupaxxuenune 2.1. /lokazars jgemmy 2.4.

Jlemma 2.5. ITycmo C' — munumanvhoe dsotinoe noxpumue G. Tozda e2o mous-
HOCTNL KAK MHONHCECTNBA He NPEBOCTO0UM YI80eHHOT, MOUHOCTIY MUHUMAALHO-
20 nokpomus G.

VYuopaxxknenne 2.2. Jlokazars semmy 2.5.

Onpepgenenne 2.8. Ilycrs G — Hekoropsiil cBsi3ubiil rpad. Hazosem s — t-
cevenuem rpada G pazbueHue ero BepiiuH Ha 1Ba MHOXKecTBa Vi u Vi, B 0HOM
73 KOTOPBIX CONEPKUTCS BEPINUHA S, & B Apyrom — t. Bec ceuenus — 310 CyMm-
MapHBI BeC BCeX pedep, COeIUHSIIONMX BEPIIUHbL V ¢ BepiuHamu V.

JobasuMm B rpad B 1Be BepIIMHBI § U t ¥ COEAUHUM BEPIIUHY § CO BCEMU
BEpIIHAMY OJHOM 107u, a t — CO BCeMU BepImHaMu ApyTroit. [Ipunumem BHOBB
100aBJIeHHBIM pebpaM TaKue Ke Beca, Kakue ObLIA Y COOTBETCTBYIOIIUX BEPIIUH
B MCXOAHOM rpade, a cTapbIM pedpaMm — Bec +00.

JIlemma 2.6. Munumaavromy noxpwmuto zpaga B coomeemcmeyem s — t-
cenenue MUHUMAALHOZO 6ECa OASL MOALKO %Mo Nocmpoennozo zpagda B'.

Zokasameavcmeo. ComocTaBUM KarKIOMY CEUEHUI0 MHOYKECTBO BEPIIUH — KOH-
1IOB €ro pebep, OTIINYHBIX OT § U t. [osyunm mokpbITHe. AHAIOrMYHO OOPATHBII
nepexon. Beca coryiacoBaHBI IO TOCTPOEHUIO. (|

Jlemma 2.7. Munumanvhoe s — t-cenenue naxodumca 3a epemsa O(n?).

Zoxazameavcmeo. JlokazarenbCTBO NAHHON JIEMMbI HEITOCPEJICTBEHHO CJIELyeT
U3 CJICAYIOIIEr0 yTBEPXKACHUs U OLCHKMN AJIOPUTMA HAXOXK/ICHUSI MAKCAMAJIb-
HOI'O IIOTOKA 110 METO/Y IPOTAJKUBAHUSA IIPEAIOTOKA. (|

CHavaJia 1a1uM OIpeaesieHue.

Onpepenenne 2.9 (ITotok B rpacge). IlycTh ecTh OpUEHTHPOBAHHBIN rpad
G u B HEM KaXXJIOMy pebpy COMOCTaBJIEH BeC w. JTOT BEC TIOHMMAETCS KaK MPo-
MyCKHAs CIOCOOHOCTH JAHHOTO pebpa. Torma nomoxom u3 BEPIIUHBL S B BEPINU-
Hy t Ha3bIBaeTCs OMeTKa pebep rpada, yI0BIeTBOPSIONAs YCIOBUIO: HA KaXK-
JIoM pebpe 3HaYeHUe IOTOKA HE IPEBOCXOJUT ero MPOIYCKHOU CIOCOOHOCTH, U,
KpPOMe€ TOro, CyMMa IIOTOKOB Ha peOpax, BXOJSINUX B BEPIINHY, HE IIPEBLIIIAET
CYMMBI TIOTOKOB Ha, pefpax, BBIXOAAmuX u3 Hee (KPpOMe BepIuH S u t). 3Haue-
HHMEM TIOTOKA SBJISIETCs CyMMa (CO 3HAKOM) MOMETOK pebep ¢ Ha4aaoM (KOHIIOM )
B S.

Teneps chopMyupyem Hallle yTBEepKIeHE.
Jlemma 2.8. Makcumasbnuili NOMOK ONPEIEAAEM MUHUMAALHOE S — t-CeueHUE.

Zokaszameavcmeo. JlefcTBUTENBHO, PACCMOTPUM MAaKCUMAJbHBIM TOTOK. BbI-
YTEM ero u3 MPOMYyCKHON crocoOHOCTH pebep. Torma Ha KaXkaoM MyTH U3 S B
t maiizercs (MHAYe MOTOK IO STOMY MYTH MOMKHO YBEJMYWUTDH) HYJIEBOE PeOpO.
Ero u no6asum B cedenue. OHO, TIO MOCTPOEHUIO, MUHUMAJIBHO. |
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2.5 3amadya o0 proK3ake

Ounpepenenne 2.10 (3agaua o prok3ake). I3 3a1aHHBIX IPEIMETOB HyXK-
HO BBIOpaTh Takue, 4T00bI UX CyMMapHbIil Bec Obu1 HE Gostee W, a croumocThb
— maubonbureit. Tounee — 3a7aHBI JBA MHOXKECTBA, COAEPXKAIME IO 7, HATY-

PAJIbHBIX YUCEJ: W1, «.., Wy U P1, «.., Pp. HEOOXODMMO HANTH TAKOE MHOXKE-
crBo I, comepxaieecs B [1.n], uro Y w; < W, u Y p; makcumasnbrao. HYO,
i€l iel

maxie[lnn] w; S W

Kak u3BecTHO, B 00ImeM ciaydae 3Ta 3amada ssiasgerca N P-nomnoi. Tak 9To
OyzeMm cTpouTh MpubIMKEHHBIN agroputM. [IpuBegemM Tak HA3BIBAEMBII TICEBI0-
MMOJTMHOMUAJIBHBINA aJTOPUTM IS PIOK3aKa, KOTOPIM OyIeT MOJUHOMUATBHBIM

OT JIJIUHBI BXOJA U MAaX Pj.
1€[1..n]

IMycrs S = )" p;. Beenem dbyukumo w: w(k, p) :=MUHUMAJIBHBINA 00BEM,
1€[l..n
HEOOXOIMMBII ,zm[ﬂ T(])ro, 9TOOBI YJIOKUTH MPEIMETHI C HOMEPAMH, He TPEBOCXO-
pamumu k € [1..n], obmeit cronmocThio He MeHee p < S (ecam Takoro Habopa
IPEJMETOB HET, TO NPUPABHsieM (DYHKIHIO +00).
Berancnsare sty dyHknmio O6yneMm nHAyKTHBHO. B mukie mo k ot 1 mo n
Boraucasiem w(k,p) 1 kaxmoro p ot 1 10 S crepyromum 06pa3om:

w(k + ]-ap) = mln{w(k,p),w(k,p _pk+1) + wk+1}-

slcno, uTo ToT anropurM paboraer me 6oiee, yem nS, T.e. He 6oiee n?

maxp;.

Taxum 06pa30M, MbI MOLJIH OBl PEIIATH HAILY 33439y 33 MOJAHOMUAJIBHOE
BpeMsi, €Cjiu Obl p; ObLIM JOCTATOYHO MAJIEHbKUMH.

Bsenem o6o3nadenus. Ilycts 3a71aH0 €, onpeensionee, ¢ KAKOH TOYHOCTHIO
MBI XOTUM HadiTu orBeT. Q603HauUUM A, 0BIIYI0 CTOMMOCTH HAOOPA TIPEIMETOB,
KOTOPBIN HAXOAUTCST AJITOPUTMOM, KOTOPBIA MBI MTOCTPOMM U MPO KOTOPBIN TO-

P

KaxkeM, 94To OH maer (1 — €)-nmpubiuxkenune; P = maxp;, K, = aFian

Ionennm Bce p; na K, u okpyrmum: p) = [p;/K.|. Tenepp 3amycrum Ham
[ICEeBOMOJIMHOMUAJIBHbBIN aJIPOPUTM JJIsl TIOJIy 9€HHOrO HabOpa, YrCesI. 3aMeTuM,
gro max p; < nP(1+1/e)/P = O(n(1+ 1/¢)). Takum 06pa3om, Mbl HOTPATUIN
Bpewmst poly(n, 1/e).

SameTnM Tenephb ciaeayomiee HepaBeHcTso: A, > Ag — Ken, rne Ag — onru-
MaJIbHAsI CTOMMOCTD MpeaMeToB. JlecTBUTEIbHO, IICEBAONOIMHOMUAIbHDBINA AJI-
rOPUTM HaXOAUT TOYHOE DPelleHne, II03TOMY OTKJIOHEHHE B CTOMMOCTH MOIJIO
[MOSIBUTHCST TOJIBKO TP OKpyTyieHuu. [Ipu OKpyrJieHuu MbI MOLJIM IOTEPSTH HE
Oosiee 1 Ha KaxKIOM IIPEIMETE, KOTOpas JTOMHOXKHUJIOCh Ha K, mpu obpaTHOM
[IEPEXOIE OT P} K P;; UTOrO, NOTepsiu He 6osee Kcn.

Hanee,
A, Ao—K.nn Pn 1 1
AO - AO nA0(1+1/e) - 1+1/€ e+1

B mocnenmnemM HepaBEHCTBE MBI BOCIOJIB30BAJUCH OYEBUIAHBIM (pakToM: Ag >
P (neiicTBUTENIbHO, Belb B PIOK3aK MOXKHO MPOCTO TMOJIOXKUThH CAMBIN JOPOTOit
npeamer). Urak, Ac > (1/(1+¢€))Ao > (1 —€)Ayp.
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2.6 3amadya o packpacke rpada

[Ipeamotozkum, 9TO MBI XOTUM NOKPACUTH BEPIIMHBI rpada MPaBUIBHBIM 06-
pa3om (TO eCcTh Tak, 9TOOBI KOHIBI 0000 pedpa ObLIM MOKPAIIEHBI B PA3HBIE
BeTa).

3ameuanne 2.1. fcuo, uro Jr0060it rpad MoxkHO nokpacuth B § + 1 user, rae
0 — MAKCHMAJIbHAsI CTEIEHb BEPIIUH 3TOro rpada.

Bynem Teneps paccMarpuBath 3-packpammuBaembiii rpad. (3amada BeIsSCHE-
HUSI, MOYKHO JI TIOKPACUTH rpad B TPH I[BETA MPABUILHBIM 00PA30M, SBJISETCS
NP-nonuoii. )

PaccMoTpuM npon3BoibHYIO BepiinHy A U ee OKpecTHOCTh. B cuity Toro, 94to
paccMaTpUBaeMbIil rpad SIBISETCS 3-pPACKPAIMBAEMBIM, OKPECTHOCTD BEPIIUHbBI
A MOXKHO MOKPACUTH B JIBA, I[BETA. 3aMETHUM, YTO IIOKPACUTH rpad B JBa IBETA
OYEHB JIErKO (& B HAIIEM CJIy4ae 9TO, KAK Mbl BBISICHIJIU, BO3MOXKHO): TIOKPACUM
OPOU3BOJILHYIO BEPIIMHY B KaKOW-HUOYb U3 IIBETOB; JaJjiee BCEX COCelell yxke
HOKpaJ_HeHHbIX BepH_II/IH 6yﬂeM Kpa.CI/ITb B HpOTI/IBOHO.HO)KHbIe oBeTa (TaK Hy)KHO
OyJer caenaTh J1Jist KaxKI0i KOMIOHEHTBI CBA3HOCTH ). Tenepsb OyaeM nocrynars
caemytonmam 00pa3om: ecau B rpadge eCTh BEePINUHA CTENEHM HE MEHee /M, TO
KPacUM €€ OKPECTHOCTb B HOBBIE /IBA I[BETA U BBIKUAIBHIBAEM BCE TH BEPIIU-
uel. [ToBTOpUE HE GoJee /N TAKWX OMEpAIUii MBI TOJTyYuM rpad, COmepKaIThii
JIVIIIIb BEPIINHBI CTENEHN MeHee 1/n. Ero Mbl moKpacuM B HOBBIE 4/t IIBETOB (3TO
CIIEJIATh MOYXKHO TI0 3aMEYaHUIO, CAEJaHHOMY BbIie). ITOro, Mbl UCIOIL30BAIN
3+/n TBETOB I PACKPACKH UCXOMHOTO Tpada.

Teneps 3asanumcs neabio nokpacuts rpad B 0/3 useros. Hazosem rpad
BEKTOPHO 3-PACKPAIIMBAEMBIM, €CJIM KAXKJOH €ro BEPIINHE MOXKHO COIIOCTABUTh
eIMHUYHBIA BeKTOD (13 mpocTpancTBa R™), Tak uTo ms moboro pedpa, (i,5) Oy-
Ji€T BBIIOJIHSTHCSL PABEHCTBO v;-v; = —1/2. SlcHo, 4o 11060 3-pacKpaluBaeMblit
rpad SBASETCS BEKTOPHO 3-DACKPAIMUBAEMBIM (JOCTATOYHO TPH IBETA, 3aMe-
HUTH HA TAKWE TPU BEKTOPA MJIOCKOCTHU, YTO YrOJI MEXKIY KAXKIBIMU JBYMS U3
HUX Oyner 27/3).

Nrax, Haiigem Kaxkoil-HUOYIL' HAGOP BEKTOPOB, YIOBIETBOPSIONHI YKA3aH-
HoMy cBoiictBy. IlycTh r — cirydaitablii BekTop mpocrpaHcTBa R” (6bITH MOKeET,
HE eJIUHUYHBIN), 33JaHHBI B COOTBETCTBUM C HOPMAJBLHBIM PACIPEIETCHAEM.
O6ozuaunm: U = {i|r - v; > ¢} (kxoHcranTy ¢ MBI onpenesuM mo3xe). Eciu
B 9TOM MHOXKECTBE €CTh pPe0pa, TO BLIKMHEM II0 OJHOIN BEPIIMHE OT KAaXKIOrO
pebpa. IIycre n' = |U|, m' =|{(i,j) € E|i,j € U}|.

Haiinem Teneps E(n' — m') (amcmo n' — m' Gyner pasmepoM mosydeHHOTO
MHOKECTBA; CAMO MHOXKECTBO Oyner He3aBucuMMbIM (Ompemessuin B Jgekumu 9)).
En' = n - P{Bepmuna nonazer B MuoxectBo U} = n - P(c), tne P(c) = P{v; -
r>ct = [T ox)dr, a ¢p(z) = (1/v2m)e *"/2 — mporHOCTH HOPMAJILHOIO
DaCIIPee/IeHUs.

Em' = Z Pl{vi-r>c, vj-r>c} < Z P{(vi+v;)-r > 2c} = P(2c)-|E|,
(i,J)EE (i,J)EE

Tak Kax [v; + v;|* = (v5)® + (v;)® + 2v; - vy = 1.

1Kax? Tlpu moMomu 32,124 TIOJTyOTIPEIeJIeHHOT0 TIPOTPAMMUPOBAHHS.
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Urax, E(n' —m') > P(c)-n—P(2¢)-(nd)/2 = n(P(c) — (6/2) P(2c)). Tenepn
BOCITOJIB3YEMCS TAKUM (DAKTOM:

(- 5) 0@ < P < Jo(@

z a3
Torma
P(c)/P(2c) > (1)c—1/c%) - e~ /) J(1/2¢) - €72 > 2(1 — 1/c?) - €3¢°/2.

XoruM, 94T00bI [OJIyYHBIIEECS YUCIO ObLIO HEe MeHbine, yeMm d. s 3Toro mo-

CTaTO4HO B34Th ¢ = /2/3 Ind (rorma ¢ = O(VInd)). Uroro,

Takum 06pa30M, Ha KAXKJIOM IIAre Mbl GyJ1eM [0Jy4aTh HE3ABUCUMOE MHOXKE-
cBO pasmepa w(n/(6Y/34/1né)). dcno, o 3a O(6/%+/Indlogn) maros mer mo-
KpacuM Bech rpad (Ha KaxK/J0M 11are Mbl KDACUM HAMIEHHOE HE3aBUCUMOE MHO-
KECTBO B HOBBIH BT U BBIKM/IbIBAEM HOKparmennsie epumuel) B O(6Y/3polylog(n))
IIBETOB.

Bagaua 2.1. [onb3ysacs nomydeHHbIME (PAKTAME, HOKA3aTb, YTO 34 HOJIMHO-
MuasbHOe BpeMs rpad moxker 6errh nokpamen B O(n/4polylog(n)) useros.

2.7 3aga4ya 00 00beJUMHEHUN MHOXKECTB

2.7.1 Metoa MonTte-KapJio

Paccmorpum crrenyronryio npobiiemMy, CBSI3aHHYIO ¢ TeOPHEit BEPOSITHOCTEI: IIyCTh
MBI IPOBOJIUM 1M UCTLITAHUH, BEPOSTHOCTh yCIeXa B KaXKJIOM U3 KOTOPBIX €CTh
p;. OnpezenuM Cay4aiiHy0 BEJIWYUHY Y; CIEAYIOMNM 00pa3oM: y; MPUHUMAET
3HaveHne 1 ¢ BeposiTHOCTHIO p; 1 3HadeHne () ¢ BeposiTHOCTHIO 1 — p;. Ompenennm

m m
p=E Z Yi = sz'-
i=1 i=1
Temepn, ecu 0003HAYUTH
m
Y=2 v
i=1
TO CIPABEJIUBBI CIAYIONINE ouehky depHosa:

PakT 2.5.

5
€ pe?

P{Y>(1+€)/J/}< (m) <e 4,

P{Y <(1—e)u} <e "=.

Teneps paccmorpum cobcrBenro Metron Monre-Kapiio.
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Onpepgenenne 2.11. 3ajaya 0 HAX0XK/IEHUN MOIITHOCTHU IIOMHOXECTBA.
IycTs y HAC €cTh ABa KOHEYHBIX MHOXKECTBA: U (JIEeMEHTBI KOTOPOI'O MOXKHO
3 HEKTUBHO BHIOMPATH CIIyYaHO C PABHOMEDHBIM PACIIPEIEICHUEM ) U €0 MO
MHOXKecTBO . Ilpu 3ToM mommHOCTh MHOXKecTBA U m3BecTHA. Mbl XOTUM HAWTH
MOIIIHOCTh MHOKeCTBa, G. O

Jljis1 perenust 9TOM 3a/1a9u CYIIECTBYET CJIEIY IOV XOPOIIO N3BECTHBIN Be-
POSITHOCTHBIN aJIrOpUTM, HA3bIBAEMbIN memodom Monme-Kapao.

AsaroputMm 2.2. Bynem Opars cirygaitasiv 06pa3oM TO9KY MHOXKECTBA, U 1 1po-
BEpSITh UX HA MPUHAJJIEXKHOCTh K MHOXKeCTBY (G. [IpousBensi m 3KCIEPUMEHTOR,
OTIPEIeJINM BEJIMINHY
m
~ Ei:l Yi

p=——""
m

n 6y,ueM CUUTATh, YTO OHA ABJISAECTCA HpI/I6.TII/I}KeHHBIM 3HAYE€HUEM BEJINYUHBI

,_la
U]
Orcrona Hajimem npubJIMKEHHO MOIIHOCTb MHOXKecTBa, G. [l

OueBuIHO, YTO YeM OOJIbIIE HKCIEPUMEHTOB Mbl [TPOU3BEIEM, TEM TOYHEE
Mbl onpenesiuMm p. I3 ounenok UepHOBa BHITEKAET CJIEAYIONIEE COOTHOIIEHUE:

_mpe?

P{pg[(1—e)p;(1+e)pl} <21,
us3 KOTOpOI‘O C.TIeﬂyeT OCHOBHAasA TeopeMa:

Teopema 2.2. Jlas mozo, 4mobvs ¢ 8epOAMHOCTBIO KaK MUHUMYM 1 — & noay-
wumo p, ydosaemeoparousee

(I-e)p<p<(L+e)p,

docmamoywro nposecmu

IKCNEPUMEHTINOE.

Takum 06pazoM, 4TOObI 3HATH, CKOJIHKO HKCIEPUMEHTOB HAJI0 MPOU3BECTH,
HAJIO 3HATH 3HAYEHUE P, HO ITO KAK Pa3 TO, YTO MbI uineM! Dta mpobiema mpe-
OO0JIMMa, €CJIX MBI 3HaEM Ka,Ky}O—HI/I6y,[LI) HE CJUIIKOM MAaJICHBKYK HUXKHIOKO
oneHky 1ist p. OIHAKO, MOXKET OKA3aThCsl YTO P MPOCTO MAJIO CAMO IO cebe.

2.7.2 MoniHocTs 00beIMHEHUS MHOXKECTB

Paccmorpum cienyromyio 3amady:

Onpenenenne 2.12. 3agaya o MoIHOCTH 06beJUHEHNS MHOXKeCTB. I1ycTh
ecTh 1 MHOXKeCTB H;, MOITHOCTH KOTOPHIX M3BeCTHLI. HeobXommMo HAATH MOIT-
HOCTD ux obbenunenus | J;, H;. O
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st perenust 1o 3a1a4u BocoJiblyemcst merogom Monte-Kapsio. Oxnako,
MHTEPECYIOIIasi HAC BEJIMYINHA, KAK MbI 3HAEM, MOXKET ObITh MaJjiad, MTO3TOMY MBI
MOCTPOMM JIPYTOi yHUBEpPCYyM. BBemem ciemyroriye 0003HaIeHUSI:

G= UH,’,
=1
U={(v,i)|veH},

7] . . . .
G {(v,z)EU‘z—kIélll.r.ln{k.ver}}.

Baxuo, 4T00BI U3 KaXKI0T0 U3 MHOXKECTB H; M0OxkHO 66110 3¢hDEKTUBHO BHIOU-
paTh JIEMEHTHI CJIyYafiHO C PABHOMEDHBIM pacrpeseseHneM. Torna Mbl CMOXKEM
9TO JeJ1aTh U ¢ MHOXKECTBOM U (BBIOPATH UHIEKC § C BEPOSATHOCTHIO, MPOIOPIH-
OHAJILHOM Pa3Mepy MHOXKECTBA, & 3aT€M — 3JIEeMEHT MHOxkecTBa H;).

OTMmeTnM, 9TO MOITHOCTE MHOXkeCTBa (G’ COBIIamaeT ¢ MOITHOCTHIO HYKHOTO
HaM OObeIVHEHMUS:

n
i=1
Omnpezesium Tenepb BEJUYNHY p KaK

G|

p= .
U]

OTy BEIMYMHY MBI MOXKeM y3HaTh u3 Merona Monrte-Kapio. MomtHocTh MHO-
xkectBa U HaM Tak»Ke M3BECTHA:

n

U= |Hil.

i=1

Takum 06pa30M, Mbl HafileM MOUIHOCTH MHOXKEeCTBa, ', TO €CTh DeIuM HalLy
3a7a4y.

OcTasock JUIb OEHUTH KOJIMIECTBO UCIBITAHMIA. JIJ1s1 9TOrO OIeHNM Ben-
4UHY p CHU3Y:

p>

S|

OTa OLEHKA BBITEKAET U3 TOrO, 4TO
, 1
|F'| = | U H;| > max |H;| > - > H;l.

Orcrofa morydaeM BbIPAYKEHUE JJIsi KOJUYIECTBA UCIBITAHUHN

4 2 _4dn. 2
m>—In->—In,
e2p 6 ¢ é
JOCTATOYHOTO IJjid TOTO, ‘ITO6I)I BBIYUCJIEHHOE 3HAQYEHUE p OTKJIOHAJOCH OT UC-
THHHOTO He 60Jiee 9eM Ha € C BepOATHOCTBIO 1 — 6.
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2.8 3amada 0 KOMMHUBOS2KEPE B METPUYECKOM IIPO-
CTPAHCTBE

Nmeercs mosubiit rpad G ¢ pacCTOSIHUSIMHE, YAOBJIETBOPSIIONIMMEA HEPABEHCTBY
rpeyrosibHuka. Heobxomumo oboiitu BCe BEpIuMHBI rpada, BEPHYBIIMCh B Ha-
YAJIbHYIO U [POM/Isi [IPY ITOM KAK MOXKHO MEHbIIIE, TO €CTh HANTU raMUILTOHOB
[MKJI MAHUMAJIbHOI'O BECA.

IIpenbseum 2-mpubsukennsii agropurMm. Haiizem cHadva a MUHUMAJIBHOE
ocroBHoe fepeBo T’ rpada G. Teneps npoaybaupyem Kaxkaoe pedpo HaMIEHHOTO
nepesa T u B nonydennoM rpade HaiizeM i1epoB nuk (IUKJI, TPOXOISIIUI 110
BceM pebpam rpada poBHO 1Mo oZHOMY pasy). Y HakoHer, mpeobpasyeM 3iIepoB
[MKJI B TAMUJIBTOHOB CJIEIYIOMMM 00pa30M: BEPIIWHBI B TAMUJIBTOHOBOM ITUKJIE
OyayT MATA B HOPSIAKE WX [E€PBOrO IOSIBJIEHWS B JIEPOBOM IPHU €ro 00xome
¢ npou3BOJIbHON BepmmHbL. ([Ipyrumu cjaoBamu, emeM 10 WIEPOBY LUKIY U
T€ BEPINWHBI, B KOTOPBHIX MBI €I€ He OBbLIN, 3aMUCHIBAEM B FAMUJIBTOHOB ITUKJI.
Korza ke BCTpeTuM BepIiuHy, B KOTOPO# y2Ke OblLau, IPOCTO €€ IEPENpPhIrHEM. )
}31/I|,EHO7 4TO BCE 3TU OHepaJ_LI/II/I MOFyT 6bITI) BbIIIOJIHEHbI 3a IIOJIMHOMMUAJIBHOE
(nake, B GOJIBIIMHCTEE CJLy4aeB, 33 JIMHEHHOE) BpeMs.

ITokazkem, 9TO MpeabsABICHHbBIN AJTOPUTM JEHCTBUTEILHO 2-ONTUMAJIBHBIM.
ITycte W — BeC MMHMMAJILHOTO OCTOBHOTO AepeBa, W, — BeC ONTUMAIBHOTO
raMuIbTOHOBA IUKIA. fcro, uro Wr < Wiy, Tak Kak Py BBIKUABIBAHUN JIIO-
6oro pebpa u3 raMuIbLTOHOBA IUKJIA MBI IOJYy49aeM OCTOBHOE jepeBo. Kaxkioe
pebpo MOCTPOEHHOrO IaMUJIBTOHOBA IUKJIA 3aMEHsIeT KAKOW-TO IIyTh 3i11epoBa
UMKJIA, JAJIMHA KOTOPOrO COCTABJISAET HE MEHee JJIMHbI 3TOro pebpa (1o HepaBeH-
CTBY TPEYrOJIbHUKA). Takum 00pa3oM, BEC MOCTPOEHHOIO FaMUJIBTOHOBA, IUKJIA
He nipeBocxouT 2Wr, a 3HAYUT, He IPeBOCXOIUT U 2W,pe, 9T,

Teneps yIydmmM Halll aaropuT™ 10 3/2-ontuManbsHoro. Bmecro toro, uro-
Ob1 TyOIupoBaTh Kajka0e pebpo OCTOBHOTO JIEPEBA, TMOCTYIINM CIIEIYIONIM 00-
pa30oM: HalileM MUHUMAJIBHOE MapOCOYeTaHne BCEX BEPINUH nepeBa T HeUeTHOMN
cTenenu (SICHO, YTO TAKUX BEPIIMH YEeTHOE KOam4uecTBO). JobGaBuB pebpa Haii-
JIEHHOT'0 T1apocoveTanus B Aepeso 1, mojyuum 3iinepos rpad (To ecTh Takoii, B
KOTOPOM CTEIeHu BCex BepumH JerHbl). Halinem B 9T0oM rpade 3itiepos ki u
npeobpasyem ero B raMUJIbTOHOB (KaK 9TO CIEJATh, ObLIO ONMCAHO BBIIIE).

3amaga 2.2. Haiitu MuHuMa/IbHOE IAPOCOYETAHUE.

JokaxkeM, 4TO IOy YMBIINHCS AJIITOPUTM SIBJISIETCST 3/ 2-0ONTUMAIBHBIM. AHa-
JIOTUYHO TPEIBIIYINEMY JOKA3ATEIHCTBY BEC TOCTPOEHHOTO TAMUIBTOHOBA, IIUK-
sa Oymer e 6osee Wr + Wp, rne Wp — BeC MUHMMAJIBHOTO HAPOCOYETAHUS
BepIIMH HedeTHOH cremenu gepesa T'. Ocraercst moka3ars, 9t0 Wp < Wiy /2.
IIycte A — 3TO MHOXKECTBO BCEX BEPIIMH He4YeTHOM cremeHu nepesa 1. Pac-
CMOTPHUM TAKON raMHJIGTOHOB IMKJI MHOXKECTBA A: B HEM BEPIIMHBI MHOKECTBA,
A GynyT maTu B TaKOM MOCJIEI0BATENLHOCTH, B KAKON OHM MJyT B ONTUMAJIb-
HOM TaMUJIbTOHOBOM IukJie rpada G. fcno, uTo ero Bec Oymer He Gostee Wy
(EcTecTBeHHO, CaM 3TOT IUKJI MBI He cTponM. HaM BaxKHO JMIb TO, 9TO OH Cy-
mecrByer.) Ternepb pa3o6beM MHOMKECTBO BEPIINH TIOCTPOEHHOIO TaMHUJIBTOHOBA
[UKJIa, Ha YETHBIE W HEYETHBIE. YICHO, YTO MBI TOJYyYUM BA MAPOCOYETAHWSI,
BEC OIHOrO M3 KOTOPBIX Oymer Menbine W,,:/2. WlTak, MBI MOKa3aJM, ITO Cy-
IIECTBYeT mapocoderanne MHOKecTBa A Beca He Gosmee W, /2, 3HaunT, U Bec
MUHAMAJIBHOTO [TAPOCOYETAHUS He IPEBOCXORUT Wope /2, ura.
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I'maBa 3

BepOﬂTHOCTHbIe AJI'OPUTMbI

3.1 BepogTHOCTHBIE AJTOPUTMBbI

ITPOBEJI B KOHCIIEKTE.

3.2 IIpoBepka pe3yjbTaTa aJropuTMa MEPEMHO-
2KEeHUs MaTPUIL

WTak, MbI 3HAEM YK€ HECKOJIHKO aJITOPUTMOB MIEPEMHOXKEHUS MaTPUI], HO Y HAC
HET XOPOIIEro crocoba MPOBEPKU TAKUX AJTOPUTMOB (U PEAJU3YIONIAX UX [PO-
rpaMm). PaccMOTpUM BEPOSITHOCTHBIN AJrOPUTM, KOTOPBIA JaCT HAM BO3MOXK-
HOCTbH [IPOBEPSITH PE3yJILTAT OBICTPEe, YeM CYUTATH IPOU3BEICHUE.

BosbmeM coryuaiiHbIil BEKTOD T, COCTABIEHHBIA M3 CIydaiiHbIx 6uToB (TIpH-
HUMAOT ¥ 1, 1 0 ¢ PABHBIMU BEPOATHOCTSIME). Y HAC YK€ €CTh PE3yJIbTAT Tepe-
vuOokeHust marpuny A u B — marpuna C, nonydennas namu. Bygem nposepsite
PAaBEHCTBO:

AxB=C.

omuoxkum obe "acTu crpaBa Ha Ciaydaisbii BekTop r. Ternepsr nposepum
HOBOE DABEHCTBO

ABxr=Cxr.

Ha mpoBepky ero yitaer MeHbIlle BpeMeHH, TPYI0eMKOCTh TaKOit MPOBEPKM PABHA,
O(m *n), TOe n — AAWHA BEKTOPA, T, M — KOAWYIEeCTBO cTpok Marpuinl C. Ecm
C xBajipaTHast, TO TPYI0EMKOCTh BeIpaskaercs mpomme — O(n?). Bemomanu, 1o
TPYIOEMKOCTD TIPH TIepeMHOKeHn:r MaTpuiy, 6buta 6mska k. O(n??). Tokaxen,
YTO 3TOT AJIFOPUTM JIEHCTBUTEIHHO IPOBEPSET PE3YJIbTAT MePEeMHOKEHHUS.

Teopema 3.1. V mampuy A, B,C
a) AB = C = aszopumm nposepxu ne owubaemcs,
b) AB # C = anzopumm owubaemcs ¢ 6ePOAMHOCbIO He bosee wem %

Zoxasamenvcmeo. IIyHKT a) 04YeBUIEH, PACCMOTPUM MYHKT b).
Ussectro, uro (AB — C)r # (. B xakom ciyuae anropurm ommbercs? Ecom

29
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ckaxer, uro AB = C, 1o ectb eciiu (AB—C)r = (). Bo3dbMeM CTPOYKY MATDPUIIbI
X = AB — C, ue pasnywo §) (momaum, uTo ceituac y mac AB # C). Iycts
— HEHYJIEBOI 3JIEMEHT 3TOi cTpouku. Torma mpowsseneHme k-oOff CTPOKW Ha, T
BBITJISIIAT TAK:

Z zriri T xwr = 0, tme zy # 0. (3.1)
i€{1,2,....1,...}
O603H39IM
1
ci=—— Thili-
Thl Z,\ kil
ie{1,2,...0,..}

C kakoit BepositHOCTBIO 77 = ¢? C BEpOsITHOCTBIO BBIOpATH OUT 7] PABHBIM OUTY
¢, TO €CTh C BEPOATHOCTHIO % Cre10BATENBHO, AJITOPUTM OMIMOAETCS C BEPOSIT-
HOCTBIO He Gonee 3. O

Taxkoit MeTon IpOBEPKY HABBIBAETCS fingerprinting.

Urak, Haln ajaropuT™ IPABUJIBHO PEIIAET 33434y (T.€. TOBOPUT, YTO JAHHAS
eMy [IporpamMma BepHO Bbrauciisier npoussenenne A u B), eciiu AB = C, u omu-
Haercst (rOBOpPUT “BEPHO”, XOTSI HA CAMOM JIeJIe “HEBEPHO”) C BEPOATHOCTHIO HE 6O~
Jaee %, eciu AB # C. Aaroput™bl TaKOTO THUIA HA3BIBAIOTCS BEPOSITHOCTHBIMHA
AJITOPUTMAMU C 00HOCTROPOHHKET, 02DAHUMEHRHOT 8EPOATNHOCTIBI0 owubky (one-
sided bounded error). KakoBa peasibHasi 1o/ib3a OT Takoro aiaropurma’ Beapb
BEPOSITHOCTH OIUOKYM O4YeHb Bejwka. Ho ecim 3TOT ajmroputm npumeHuTb 10

10
pa3, To BeposTHOCTb omubKu craner (3), a aTo yxe menee 0.001.

3.3 MeTO,I[ «OTII€Y9aTKOB IIaJIbIIEB» B IIPDUMMEHECHUN
K 3aJa49YaM CO CTPpOKaMHU

1. CpaBHeHUe Ha PaBEHCTBO ABYX CTPOK. EcTb aBe CTpoKu a,b (MOXKHO
CHUTATh UX 6I/ITOBBIMI/I)7 KOTOpre HeO6XOﬂI/IMO CpaBHI/ITb Ha COBHa‘LLeHI/Ie7 3a~
TPATUB KAK MOXHO MeHbIle uH(OopMauu Ha 910 cpaHenune. Hanpumep, Ha10
cpaBHUTH (DAMJIBI 110 CETH.

Wnes anropurma — CpaBHUBATH HE CAMU CTPOKH, & dyHKIuu OT HuX. [lycTh
JUIMHA fa CTPOKU a COCTaBJISIeT N OUT.

IIycte p € P, P — mHOXeCTBO mPOCTHIX uuces. B kayecTBe DyHKIMA-XIIIA,
Bo3bMeM mod p. To ecth OymeM CpaBHUBATH yIKe

a modp mw b modp (3.2)

s TakOro CpaBHEHUs NOCTATOYHO nepenarb logp 6utos (3mech u nasee 1o-
YMOJIYaHUIO Oepercsi ABOUYHBIH jorapudm, log,) u emnie CToIBKO e OUTOB 110~
HAIO0UTCS )15 Iepesiadnl IucIa, p.

Byznem Gpath caydafiHoe mpocToe Imcso p u3 WHTEpBana [2..7] [ist HeKOTO-
poro 7T, KoTopoe onpeeanM no3xke. [lioxumu p st Hac OyayT Takue, KOTOpbhIe
OyayT JaBaTh PABEHCTBO B (3.2) MpM HEPABEHCTBE UCXOAHBIX CTPOK a,b. Kosu-
YeCTBO TAKUX YUCEJI PABHO

#{p € P: (a—D)p} (3.3)
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3amada 3.1. Kak BoiOparb npocroe 4mcCJio u3 330aHHOIO MHTEPBAJIA CILydaii-
HBIM 00Pa30M ¢ PABHOMEPHBIM PaCHpeseieHreM !

JIlemMma 3.1. ¢ < 2" = ¢ umeem He 60AEE N PASAUNHBLE NPOCMBLE deaumenet.

Jlokazameavemeo. OdueBumHO. ([

[Iycrs 7 = n?log n?. Torga BepOATHOCTD OIIMOKHU IIPU CPABHEHHH OCTATKOB
mod p MOXKHO OIIEHUTH

Toer n?logn? n
g7

Takum 00pa30oM, IPUBEIN BEPOSTHOCTHBIN aJITOPUTM C OIHOCTOPOHHEHN O1mu0-
Koii ¢ BepostrHOCTBIO ommGkn O( L), Tpebyromuit nepeaatn seero O(log n) Guros.

Omnpegenenne 3.1. Paccmosanuem MeX Ty IByMsi CTpOKaMu a, b 6ymem cautarh
KOJIMYECTBO HECOBMAJAIONINX ¥ HUX OUTOB.

Bamaga 3.2. IlpuaymMaTh anropuTM Jisi HAXOXKICHUS DACCTOSHUS d MEXKIy
JIBYMsi CTpPOKamMu a,b mymasl n. [locanTaTh KOIMYECTBO MEPEIaBAEMBIX OUTOB,
kak Gyukuuo T'(n,d).

Omnpenenenne 3.2. Ilox editing distance vexnay a,b Oynem nOHWUMATh MUHU-
MaJIbHOE KOJIMYECTBO OMEPAIVil PEeIaKTUPOBAHNSI, HEOOXOAUMBIX JIsI IPeodpa-
30BaHUSI CTPOKU @ B CTPOKY b. OnepanusiMu peJak TUPOBAHUST CIUTAEM:

1. BcraBky OuTa

2. 3ameny Oura,

3. yuuuroxkenue Gura

4. mepeMernenue CIJIONHOro 6J10Ka GUTOB

3anmadga 3.3. Ilpunymars anroput™m gys HaxoxkaeHus editing distance mexty
JIByMsi CTPOKaMu a, b mumet n. [locuurars Tpynoemkocts T'(n, d).

2. Tlouck BXOXXJEeHWS CTPOKH a B CTPOKY b. 3aiiMeMcs Temeph Takoit
3amadeii. Hy>kHO onpenennTh, BXOJUT JIX CTPOKA a B CTPOKY b. JInuHbI CTPOK a
u b paBubI, coorBercTBeHHO, M u N. Ilycts m < n. fcHo, 4T0 pemras ee B 100,
HOJIy9uM CJI0XKHOCTb moutu O(mmn).

IIpeabsiBUM BEPOSITHOCTHBIN AJITOPUTM C JIMHEHHOH CI0xkHOCTBIO O(m + n).

3ameuanne 3.1. CymecTByer JeTepMUHUPOBAHHbBIN AJTOPUTM IOMCKA IOJI-
CTPOKU B CTPOKe 3a BpeMsi O(m + n), HO OH ropa3z0 CJIOKHEE.

Ounpenennm
b(l) = bibi+1 e bi+m—1-

Heobxoumo poectr n — m + 1 cpaBHEHUT CTPOK HA PABEHCTBO, & 3TO MbI
y2Ke yMeeM Jienarh: OyneM CpaBHUBATH

(a modp) u (b(¢) mod p).
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Ho moxnO0 ynpocruts 3ana4y, serauciass (b(i) mod p) gepes (b(i—1) mod p).

b(1) = b; +2bj11 + .. + 2m_1bi+m_1
b(l — ].) = 2b; + 22bi+1 + ..+ 2m_1bi+m_2 +bi_1

b(i — 1) — bi_
2

= b(i) = + 2" iy

Omnsite Gynem 6paTh TPocToe 4UCHIo p € [2,7]. 7 = n?mlogn’m,

m 2mlogn®m (1)

T = 02 P 2
TogT n?mlogn?m n

Pomﬂﬁl(n S

MozxuO BOOOIIE W30aBUTH ITOT AJITOPUTM OT HEOOXOAMMOCTH OIIMOATHCS.
Ecmn

a mod p="b() mod p,

TO YECTHO MPOBEPUM PABEHCTBO ¢ = b. DTOT aysropurM yxke He ommbaercs. Ka-
KOBA €ro CJIOKHOCTL? MaTemaruieckoe oxkuianue Bpemenu ero paborst T'(n, m)
JIETKO TIOCYUTATD:

ET(n,m) < mn * % +(m+n)(1- %) =0(m+n).

To ecTh npenbsBUIN WCKOMBIN JIMHEAHO-OBICTPHIM AJTOPUTM ITOUCKA, HOJ-
CTPOKH B CTPOKE, IIPUYEM ITO 8EPOATNHOCTIHbOIY AA20PUMM C HYAEB0T 0WUbKOT.

VYupaxuenne 3.1. Uccaenosars paboTy (BEpOATHOCTH OMMOKH M CJIO2KHOCTD )

takoro anropurma: ecau (a — b(i)):p, TO BEIOEpaeM HOBOE TPOCTOE p' U MEHsIEM
pHap.

3agava 3.4. O600UTEL AJTOPUTMBI HA, CJIy4aii JBYMEPHOIO TPOCTPAHCTBA. 10
€CTb Peajn30BaTh MOUCK OJIOKA B MATPHUIIE.

3.4 Muunmasnuoe cedenne (MIN-CUT)

Ilyckait Hy»KHO TIOCTPOUTH MUHUMAJIbHOE cedeHue rpada ¢ n BepUInHaAMA U 1M
pebpamu (0 TOM, YTO TaKOe CEYEHWE, CM. JIEKIWIO 5 B TEPBOH YaCTH KypCa).
Bynem caurars, 9To BCe Beca B rpade paBHbBI eIUHUIIE.

IToctymaem Tak: 6epem ciydaiitnoe pedpo B rpade u CTSAruBaeM /1B BEPIIHHbI
B OZIHY, OJIy9as rpad ¢ kparubiMu pebpamu (10 6e3 1ukJoB). Ilocie HeKOTOPO-
0 KOJIMYECTBA, TAKUX ONEPALUl y HAC OCTAHETCsI JBE BEPIIUHBL, PEOPa MEXKIy
HUMU COOTBeTCTByIOT KaKOMy—TO (6bITb MO)KeT, HE MI/IHI/IMa.HbHOMy) Ce4eHUul0 B
ucxogHoMm rpade. [Tocunraem BepositHOCTH OIIMOKH, T.€. TOrO, 9TO CEYEHUE — HE
MUHUMAJIBHO. IlycTh kK — 9TO BEC MUHUMAJBLHOTO cedeHus: (3aduKCUpyeM KOH-
KPETHOEe MUHUMAJIbHOE cederue M ); Toraa crernedb 060l BepIIMHBI — He MeHee
k. Omwnbka BO3HUKHET, €CJIM HA, KAKOM-TO IIare MbI CTSIHEM B TOYKY pebpo u3
M. Ilycth p — BEPOSTHOCTD 3TOrO (HA KAXKIOM KOHKPETHOM IIare),

p< .

TS

~|§‘pr-
SERN
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Torna

P{ycnexa} > (1 - %) (1 - i 1) (1 _ g) _ 2(nT; 2)! _ n(n2_ .

9TO MI0X0, T.K. NPUIETCS TOBTOPATL nponeaypy O(n?) pas, 4Tobbl mory-
YUTHh BEPOATHOCTb OMMOKH, OTPAHMYEHHYI0 KOHCTaHTOH. BmecTo sToro Oymem
IPOU3BOJIUTD CTATUBAHKE PeOEp TOJIBKO JI0 TEX MOP, II0KA HE OCTAHETCSI f% +1]

Bepuna. Crenaem st janaoro rpada H 310 JBaXK/bl; TaK MbI HOJYYUM JIBA
rpada: Hy u Hs. IlpumeHuM 3TOT ajropuTM PEKyPCHBHO K O0OOMM M BEPHEM
TO CEYEHHWE, KOTOPOE OKAXKeTCsl MeHbIme. Ba3a pekypcuu TpusmajbHa (rpad,
COCTOSAMUM W3 ABYX BEPIIWH).

IIyctb t — ocraromasics rirybuna pekypcun. [lycrs Pz.(t) — BEPOSATHOCTH TOTO,
49TO HU OJHO PeOPO U3 BHIOPAHHOIO HAMMY BBIIIE MUHUMAJIBHOrO cedenusi M He
6bLIO CTAHYTO NpH nepexoze ot rpada H (MOIy9eHHOro Ipu JAHHOM PEKyDPCHUB-
HOM BBI30Be) K rpady H; (mepemaBaemomy namnee mo pekypcum),

0 2 2 2 [HE+UMsl 1
Py 2(1 n)(l [%—FQ])_n(n—l) 2 Z2'

IIycrs P®) — epositHOCTB TOTO, 4TO, [TOJTY 9¥B HA, BXOJ MYJITATPAD, B KOTOPOM
cedenue M eme eCThb, ANTOPUTM BEPHET UMEHHO 3TO CedeHue (MpU yCIOBHUHU, 9TO
OyZeT JOCTATOYHO PEKYPCUBHBIX BBI30BOB IJIyOWHSI 1),

2 t—1))2
P >1-— H (1 _ Pi(t_l)P(t_l)) >1-— (1 _ %P(t—1)> _ P(t_l)_ﬁ-
i=1,2

BosbumeM ¢; Tak, uro P = #. Torzna

44 4 g,
@+l @+l (g—1+1)2  (g-1+1)?

1
G =q-1+1+—.
qi—1

Tanee, tax kaxk P© =1, 10 go = 3. Orciona t < ¢ < 3+t + Hy, rue H, =
1+ % + ...+ % Buaunt, Pt = Q(%), nockobKy rirybuna pexypeuu O(logn),
nmeem P = Q(loén), r.e. gocrarouno O(logn) moBTopoB st TOrO, ITOOBI

BEPOATHOCTH OI_HI/I6KI/I CTaJjia OrpaHu4veHa KOHCTAHTOIA.

Tenepb OLIEHUM TPYAOEMKOCThL ajroputma. Ha crsarusanue pebep HA OTHOM
mare Tparurcs Bpems O(n?).
(JIy4me HamucaTh peKypPEHTHOE yPABHEHUE. )

ITPOBEJI B KOHCIIEKTE.

Omno nosropstercst O(log® n) pa3 (omun morapudM OT peKypeHHm, a Ipyroi
— 9TOOBI NOJIyYUTH BEPOSTHOCTH OMMMOKY, OTPAHUYICHHYIO KOHCTaHTOH). VITOro:
BpeMsi paboTsl anropurma cocrasiser O(n? log? n).
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3.5 MuHumajbHOE OCTOBHOE JIEPEBO

OcToBHOE ZIEPEBO — 3TO JAEPEBO, COCTOSINEE U3 HEKOTOPBIX pebep rpada u co-
JleprKaliee BCe ero BepInuHbl. TpebdyeTcs: MOCTPOUTH OCTOBHOE JIEPEBO C MUHU-
MaJbHBIM CyMMapHbIM BecoM pebep. (Cumraem, uro Bce pebpa pasHOro Beca:
9TOr0 MOXKHO JOOUTHCSI, €CJU K PABHBIM pedpam J00aBUTH JTOCTATOYHO MAJIBIE
€;.) HYO Oynem cuurars Beca Bcex pebep pas/IMuHbIMHU.

CuepBa paccMOTPUM MPOCTOM JETEPMUHUPOBAHHbBIN AJTOPUTM: AJIFOPUATM
Bortvka. Beibepem y kazk 1011 Bepiunabl pedbpo HauMeHbnero seca. Ilocse 3ro-
ro B IOJy4eHHOM rpade KaxKJAyH KOMIIOHEHTY CBA3HOCTH CTSHEM B BEpIIUHY.
Ilpu kaxkm0if Tako#l mTepanuu 4YUCJIO BEPIIMH YMEHBIIAETCs BABOE. Tak d4TO
cokHOCTh 3Toro anropurma O(mlogn). @akTuyuecku, STOT AJITOPUTM MAJIO
YeM OTJIMYaeTCsl OT ajropurMma Kpackaja, HO €ro MOXKHO YJIYUIIUThb CJIELYI0-
UM 00pa3oM:

Anropurm 3.1. Ilo rpady G1 ¢ n BepmmHavMu u m pebpamMu CrpoOMM MUHU-
MAaJIbHbIA OCTOBHBIH Jjiec (16O rpad MOKeT ObITh HECBSI3€H) JIJIsl HETO.

1. IIpumennm k G1 3 wara anropurma Bortvka - nosyuum rpad G2 u Hekoe
MHO2KeCTBO pebep S, KOTOphIe MPUHAJIEXKAT OCTOBHOMY JiepeBy. B rpade
n

G2 MakCUMyM § BEpIIWH.

2. U3 G2 BbIKMHEM NpPUMEPHO 1OJIOBUHY pebep (MMEHHO, KaXK10€ PeOpO BbI-
1 1 n
KHHEM C BEPOATHOCTBIO 5) — 310 Oyzer rpad Ga(3) (B nem < § sepiun,
a MarT. OKmJIaHue Koiudecrsa pebep < .

3. Hus Gg(%) [IPUMEHSIEM AJIIOPUTM PEKYPCHUBHO; NOIy4uM F' — MuHMMAIB-
HBIM OCTOBHBIH Jiec JJist 9TOro rpada.

Hanee tpebyerca oupenenenue. I[Iycts B rpade H ects oCcTOBHOE 1e-
peso (wm nec) T. Pe6po, coenpHSAIOMEEe BEPIIMHBL ¥ U W HA3BIBAETCS
Ts>KeabIM B H orHOocurensHo T, ecsi ero Bec Gosbie BeCa Mak-
CAMaJIBHOTO pebpa Ha myTtu u3 v B w B 1. llHade pebpo Ha3BIBAETCS
Jgerkum. IlousaTHO, 9TO TsKE/IbIE PEOPa HAC HE MHTEPECYIOT (ec/u Ta-
Koe pedpo ecTh B “MUHAMAIBHOM’ OCTOBHOM I€PEBE, TO IePEBO MOKHO
YMEHBIIUTD, 3AMEHUB 3TO Pe6PO APyrum).

3amadva 3.5. Haitru Bce jierkue pe0pa 3a JIMHEHRHOE BPEMS.

4. Ilycre Vo — muHOXKecTBO pebep G, Jjierkux orHocuresibHO F'. Bozbmem
TOJIBKO UX — moJryuuM rpad Gs.

5. PekypcuBno obpabarbiBaeM (G3 U BBIIAEM HOJIyYEHHBIN PE3yJIbTAT.

O

IMycrs T(n,m) — MaT. OXKUJAHWE BPEMEHU PAOOTHI HAIIETO AJIFOPUTMA HA,
rpade ¢ n BepmmHamu u m pebpamu (Gosiee CTPOro, MAKCUMyM ITOTO MAT.
oxuganvs 10 BceM rpadam). Ha pekypcuBHBI BBI30B OT G2(%) TPATUTCH Bpe-

ma T'(g,3). Tlokaxkem, 9TO Ha PEKypPCHUBHBIA BBI30B OT (i3 TPATHUTCH BpeMs
n
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JIemma 3.2. IIyemv G(p) — 2pad, noayuennwi us xaxozo-mo epaga G 6vi-
KudbvieaHuem Kaxicdozo pebpa ¢ sepoamuocmvio 1 — p, u F' — Munumasvhoil
ocmoenbili aec 8 G(p). Toeda mam. ooicudanue wucaa aeekux pebep ¢ G ommo-
cumenavno F' ne npesocxodum %, 2de N — WUCAO BEPUIUH.

Joxazameavcmeo. Jlec F Gynem crpoutsh oqHOBpeMeHHO ¢ rpadom G(p). Ymo-
pspounM pebpa G 1o Bozpacranuio BecoB. OdepenHoe pebpo ¢ BEPOSTHOCTHIO
p nobasysiem B G(p). Eciu nobasiennoe pebpo coenunsier B F' pa3Hble KOMIIO-
HEHTHI CBSI3HOCTH, TO fobasisieM ero B F' (kak B asnropurme Kpackama). Takum
obpazom, B F' nonager n — 1 pedbpo. Jlerkumu B G OyayT atu n— 1 < n, a Takxke
Te, KOTOpbhIe monaJiu Obl B F', eciin ObI ux ciy4aitHo we orbpocwin. Tak Kak B

cpenHeM “OTCeB TMPOXOAUT’ KaXKIIOe %—e pebpo, To Bcero Jerkux pedep Oyner B

cpenHeM He OoJiee, YeM %. ([

VYupaxsuenne 3.2. [lokazars jemmy 3.2 60see dpopmManibHO.

ITPOBEJI B KOHCIIEKTE.

Jlemma 3.3. Mam. oosicudanue xoauvecmea pebep 6 zpae G, aeekux ommo-
cumeavho aeca F, ne npesocxodum nj4.

Aoxasameavcmeo. B srom rpade g BepumH, a p = % IIpumensiem mpenpimy-

YO JIEMMY. [l

Takum 0O6pa3oM, Jyist MaT. OXKUJIAHKUS] BPEMEHU PAbOThI HAIIErO AJIFOPUTMA,
O0Y€BU/IHO, BEDHO COOTHOIIEHUE:

o <7 (3 2) o7 (3.2) +

VYuopaxnenne 3.3. Jlokaszars, uro T'(n,m) = O(n + m).

3.6 IIpoBepka mpoCTOTHI YHCJIA

Cwum. jeknuum g5 1ro Kypcea.

ITPOBEJI B KOHCITEKTE.

Ha mpotsizkeHun 3TOi JIGKIUU BCe YNCJIa, — HEOTPUIATEIbHBI. Jljis Hadama,
BCIIOMHHUM HECKOJIBKO OHpe,D;e.HeHI/If/‘I.
Cumson Jlexxanapa:

?

a\ _ 1 , ypasuenne 2 =a ( mod p) umeer KOpHH
p) | —1 , BmpoTuBHOM Ciy4ae

rje p — mpocToe, a 7# 0.
Cumson Axobu:

(%) =T1(5).

i
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ecrm N = p; -+ - pr, — pasnoxkenue N Ha IPOCTbIE MHOXKHUTENU (CPEIA P; MOTYT
ObITh 0UHAKOBBIE). HekoTophie cBoiicTBa:

a N—-1a-1 N

(_) = (=1)7 % (;) (3neck a, N /2, HOZl(a, N) = 1),

N
(%) = (%) (mpr @ = a/( mod N)),
)

YupaxkHenne 3.4. BcrnoMHuTh, KaK BbIMUACISTD (%) = (-1)".

Il
-

AsaropurMm 3.2.
Bxox: gucio N.
Bexoz: «composites wim «primes.

Ecau N:2 wmu N = 1, BbLIATH IPaBUJIBHBIA OTBET. (3.4)
M + random[2..N —1] (3.5)
if (M,N)# 1 then answer “composite” (3.6)
M _
else if (ﬁ) #M"7 ( mod N) (3.7)
then answer “composite” (3.8)
else answer “prime” (TyT aJropuT™M MOXKeT OIMUOUTHCS) (3.9
([l
Koppekraocts mara (3.7) D0Ka3bIBAET CJeAyIOmAsl JIEMMA!

Jlemma 3.4. NeP, N#2 — M 7 = (4)( mod N).

Zloxazameavcmeo. J10Ka3bIBAETCS B Kypce airedphl. O

Jlemma 3.5. ITyems N /2, N # 1. Ecau dan ecex M, maxuz wmo (M, N) =1,

svnoanaemea () = M™% ( mod N), mo N — npocmoe.

Jlokazameavcmeo. Bynem moKa3piBaTh OT IPOTUBHOIO:

1. Ilycts N me conepxkur kBaaparoB: N = pi---pi, p; # p; € P. Puxcu-

pyem r Taxoe, 40 (-) = —1 (TaKoe ecTb: epecunTaeM BCE KBAJPAThI
mod p;...). Ilo kuraiickoit Teopeme 06 OCTATKAX MOXKHO BBHIODATH TaKOe
M, qaro

M = r( mod p1),

M = 1( mod p;)) mpmi#l.

C oHO# CTOPOHBI,

(v) =G G =
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C apyroit cTOpoHBbI,
M =1( mod p)#—1( mod N).
IIporuBopeune.

2. Ilycts N comepsxut kBagpatsi: N = p?n, p € P. Ilycts r — mepBoobpas-
HbI KOopenb 1o moayao p2. Io mpeanomoxkenuto,

N_lz (N—l)/22: L 2:
T =(r )_(N) =1( mod N),

a suaunt, u ( mod p?). T.e., onnospemerrno N — 1ip(p — 1) u N:p, Te.,
JIBa, TIOCJIEZIOBATEJLHBIX 9UCIa Aeaarcs Ha p. [IporuBopedne.

O

JIemma 3.6. Ecau N ¢ P, mo dan Gosee wem noaosunv, ecex M € [2.N — 1],
6saumno npocmuz ¢ N, (X) # M ( mod N).

JHoxazamenvcmeo. Tlo nemme 3.5 cyiecTByer Takoe Y9UCIO @, B3AUMHO IIPOCTOE
N-—-1
¢ N,uro (&) Za 2z ( mod N). Iycrs by, ba,..., by — 310 BCe OCTATKM,

J171st KOTOPBIX BBITIOJIHEHO cpasHenne () = M o ( mod N).

Pacemorpum aby, aba,..., aby ( mod N). Onu BCe pasju4YHBI, TAK KAK
ecm ab; = ab; ( mod N), o b; =b; ( mod N) (Bems (a, N) = 1). 3uauur,
X HE MeHee k‘ HpI/I 9TOM I HUX CpAaBHEHUE HE BBITTOJITHACTCH:

(3)- () (%) - ()3 s
[l

Tem caMbIM, BEPOSTHOCTH OIMMOKY HAIIETO aJTOPUTMA He mpesocxoauT 1/2.

3.7 Kparuaiimmue nyTn a0 Bcex BepminH rpada

3.7.1 IlpenucioBue: MOCTAaHOBKA 3343490

Hamra 3aia4ga rakosa. IIpejcraBum, 4To HAM Hy»KHO HAMTH Kpardaiiime myTH
MeXKJy HapaMy BePIIWH CBSI3HOIO HEOPMEHTHPOBAHHOTO rpada (IIMHBI BCEX
pebep MbI CINTAaEM PABHBIME 1, TAK 9TO PACCTOSIHUE MEXK/Iy BEPUIMHAMU — ITO
OPOCTO KOJMYECTBO pebep Ha IyTH U3 OJHOM B APYTYI0).

Kaxk ussectro, anroputym Jleiikcrpel pabotaer 3a spemsa O(n?). Ilonbrraemcs
HaliTu ajgropurM, paborarmmuii OpIcTpee.

Bynem uckars Taxyio marpuiy S, 9To S; j — 3TO HOMED IePBOii BEPITUHEI Ha,
KpaTdaiineM MyTH U3 BEpIIUHGI ¢ B j. ZICHO, YTO 10 Takoi MaTpuile Mbl OyIem
3HATh BCE KpaTJaiilline IIyTH MEXK/1y [1apaMy BEpIINH.
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3.7.2 TIlomck mMaTpuibl pacCTOdHUI MeXKJay BepIIUHAMU

Haiinem mMarpuiy paccTosiHUil MeXK/1y BceMu napamu BepiiuH rpada (HazoBem
ee D; D; ; — pacCTosiHne MeXKIy BepIIMHAMA § U j).

IMycts A — marpuna cmexkuoctu ucxoauoro rpada (pasmepa n X n). Pac-
cmorpum marpuiy A% Bamernwm, uro (A?); ; = 0 Torga M TONBKO TOTAA, KOTAA
B HamreM rpade He CyIIecTBYeT IyTH U3 ¢ B j JJIUHBI POBHO 2. [leiicTBUTEIDb-
HO, eciu B rpade HeT IyTH JJIMHBI POBHO 1BA U3 § B j, TO MHOXKecCTBa, N (1)
u N(j) (MHOXKeCTBa cocelieil BEpINVH ¢ U j) He IEPECEKAITCS, TO eCTh He CY-
mecrByer Takoro k, 4ro A;r = Apj; = 1 (a umenHo rakoe k Hy»KHO, 4TOObL
(A2);; = > AikAk,j OBLIO OTIMYHO OT HyJIs).

Teneps paccMoTpuM KBaApaT ucxoauoro rpada G (mazosem ero G') — Taxoit
rpad, B KOTOpOM PebpPO MeXKy BEPIIUHAMU U M U €CTh TOTJA W TOJBKO TOT/A,
KOrma B rpade G CyImecTByeT Iy Th MEXK/Iy STUMU JBYMsI BEPIIUHAMHY JIJIUHBI He
Gosiee nBYX, npudeM u # v. B marpurie A’ OyayT CTOATH €IUHUIBI TOJBKO TaM,
rJe CTOSNIH equHuIbl B MaTpune A mm A2, a Ha TIaBHON JUATOHAJHN B JTIOO0M
CJIy4ae TIOCTaBUM BCE HYJIU.

Ocobbiii ciny4aii: rpad G' - moamsiit.  fcHo, uro Torma D =2- A' — A.
y P

B o6mem ke caydae O0ymem mckath marpuity D pekypcuBHo. Ilycrs
D' - marpuua paccrosiauii gy rpada G' (HalineHHas PEKYyPCUBHBIM BBI30BOM
Harero ajropurma mis rpada G').

WuTynTUBHO $ICHO, YTO paccTosiiust B G IpuMepHO B 2 pa3a 60sbIle, 4eM B
G'. TlpumepHO, HO HE COBCEM, 8 UMEHHO:

JlemMma 3.7. Ecau Di,jf2, mo D;; = 2- D;yj; 6 npomuenom cayuae D;; =
2-D . —1.
»J

Zokasameavcmeo. OdeBumHO. O

Ho sToro eme ve nocrarodHo ayia Haxoxaenus uucna D; ; depes Da s

JJIS1 3TOrO HaM HY?KHO 3HATHh Y€THOCTH D,,J

BeJlb

Jemma 3.8. ITycmo k — coced i (k € N(i)). Tozda, ecau D; ;:2, mo D, >

D; ;. Ecau D, /2, mo D;cj < D; ;; 6oaee mozo, 6 amom cayuae natidemes

3 2 ) -

maxoe k, wmo Dj, i < Dg’ j (acro, wmo amot eepwunol 6ydem nepeas sepuwuUHa
9,

Ha Kpamuadwem nymuy u3 i 6 j).
Pacemorpum marpumy M, pasayio npowmssenenuto marpun; A u D'. Bame-

M, 910 Mij = 3" Aik Dy j = X ren(iy Dk, ;- Taxum obpasom, ecin D; 2, To
M; ; > (A?);;- D; j; B nporusrom ciiyuaae — M; ;j < (A2);; - D; ; (3amerum, 4ro
(A2); ; — crenens BepmmHb § B Tpade G).

Wrak, mpoBepuB Oy Y€HHOE HEPABEHCTBO JJ1sI KazKI0r0 JIEMEHTA, MATPHUIIBL,
Mmbl Haiinem D nyis rpada G pekypcusHO, 3Has D' musa rpada G'. Pekypcus
3akoHuIUTCS He 60s1ee, wem 3a O(logn) maros, nbo HA KaXKIOM IIare PeKypCun
muaverp Tpada (HamboJbiee PaCCTOSTHHE MEXKIY BEpPITUHAMM) COKDPAIIACTCS
npuMepHo BABOe (a Tounee? — ympaykHeHue!); B UTOTe MBI TIPUIEM K HAIIEMY
ocobomy ciayuaio — rpady G auaverpa 2 (COOTBETCTBEHHO, MOJHOMY rpady
G'), pa3obpaHHOMY OTIEIBHO.
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3.7.3 Ilomck «BUHOBHUKOB» B YMHO>K€HWU OyJIEBBIX MAaT-
pun

Hrmyumuenoe coobpasicenue: st paccrosuust D; j “BUHOBHUK TOIrO, 4TO Pac-
CTOAHUE MEXKJy ¢ U j MMEHHO Takoe — 310 yrb Juubl D; ;. Ho ceitdac mbl
OyZeM uCKaTh “BUHOBHUKOB” IJIsi IPYTOM 3aJa4u.

IIycrs AAB = P,rne A, B, P — 6yness! Marpuisl. fcno, uro eciu Py j =1,
TO JJ1s1 HEKOTOpOro k BeimosHsercs A;; = By ; = 1. Takoe k nHazoseMm “sunos-
HuKom”.

Paccmorpum Teneps matpuiy A*, rakyio uro A7, = k-A; j. lycrs P* = A*-
B (BHUMaHME: 371eCh yMHOXKEHUE TIeJI0e, a paHbine 66110 A — Oyseso). Toraa P,
— CyMMa BCEX BUHOBHHMKOB. JHAYHUT, €CJIM CYIIECTBYET POBHO OIWH BUHOBHUK,
TO ‘P‘::_] — BUHOBHUK.

VYupaxxaenne 3.5. Ilycrs cpeau n mapoB nmeercs: w OEJBIX U N — W YEPHBIX.
Cayuaiino swibupaercs r mapos. Torpa ecin n/(2w) < r < n/w, T0 BepoOST-
HOCTb TOrO, 9YTO CPeay BhIOPAHHBIX IIAPOB OyAeT POBHO OuH OeJIblil, HE MEHbIIE

1/(2e).

Paccmorpum teneps corydaidinbiii Bektop R = (r1,...,7,), B KOTOPOM POBHO
r koopauHAT paBHbI 1. Beraucium marpunsr A*® u BE ciemyromum o6pazom:

R _ . R . _ .
Ai,’j = kAz’ka, Bk,j = B;wrk.

Beraucium takxe CF := A . BE 3amerum, 4ro BepogTHOCTS TOTO, 9TO ij
— BHUHOBHUK, He MeHbIre 1/(2e), eciu COOTHOLIEHNE MEXKY T U YHUCJIOM BHHOB-
HHUKOB W — TaKOe 2Ke, KaK B YIIPa’KHEeHu! 3.5.

Y1061 yragars 7, gus r = 1,2,4,8,...,20°87 nopropum: soiGupaem ciy-
4aiino Bexkrop R u nposepsiem 3a O(1) oneparwmii, sBisieTcst u ij BUHOBHUKOM.
A1y npoueaypy nosropum 4logn pas.

Jlnst JAHHBIX 4 ¥ j, OIEHUM BEPOSTHOCTD TOrO, YTO 38 3TH UTEPALMU MbI HAli-
JleM BUHOBHUKA. ZICHO, 4TO KOrma-HuOy b r momazer B oTpe3ok [n/(2w);n/w],
npu 3rom o Paxry 3.5 Mbl HalileM BUHOBHUKA C BEPOSITHOCTHIO, HE MEHbIIEi
1/(2e). Ilocne 4logn Takux urepanuii BEPOSITHOCTb TOrO, YTO MBI HAWEM BU-
HoBHMKa, He Menbmre 1 — (1 — 1/(2¢))*18" < 1 — 1/n. Takum oGpazom, MaT.
OXKUJTAHNE KOJMYIeCTBa HeHallJeHHLIX BUHOBHUKOB He mpesocxomut n? - 1/n, T.e.
n. Ha mouck ocraBmmxcst BAHOBHUKOB MbI 3aTpartuM Bpems O(n?) (menaiinen-
HBbIX BUHOBHUKOB, KAK Mbl BbISICHIIU, HE OoJiee 1n).

Ha Bce omucannbie geiicTsust Mbl 3axparum spems F(n) = O(T(n) xlog? n),
rae T'(n) — Bpemsi, HeOOXOAUMOE JIJisl YMHOXKEHUsI JBYX MaTPUL] Pa3Mepa 1 X 1
¢ uncmamu or 0 10 n (scHO, uro F(n) 6ombime n?, HO MenbITe n2).

3.7.4 OO0benuHsEeM BCE€ BMECTE

ITokarkem, kak HadTu Marpuiyy S. 3aMeTUM, YTO IIepBasi BEPIINHA HA Kpardaii-
ImeM IyTH U3 ¢ B j — 3T0 Takoe k, 4r0 D; ; = Dy ; + 1. fcno, 9r0o nus moboit
BepuuHbl k € N (i), BBIIOJHIETCS OJJHO U3 TPEX CJIEAYIOIUX HEPABEHCTB:

D; ;= Dy,; + 1,
D;,; = Dy,
Dij = Dy, — 1.
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Nrak, nac nurepecyior rakue sepimubl k, uro D; ; — D = 1 (mod 3).

Paccmorpum reneps tpu mMarpuust D DM D®) | rakue uro D,(csz. =1 To-
I ¥ TOJIBKO Torna, Koraa Dy ; = (s—1) (mod 3). Teneps aust (npow3Beenmst)
6ynenbix Marpun, A u D(®) MBI OTyUMM HAITHM ATOPUTMOM MATPHIIBI BHHOB-
HUKOB - Hasosem ux W (®). U rorma marpumy S MBI CMOMKeM HANTH CJIeLyIONHM
obpasom: S;; = Wi(j)"’j mod 3)

Hroro, Bpemst paGorst anropurma: O(T(n) - logZn), rue T'(n) — Bpems: Ha
YMHOKEHHE [IBYX IEJIOYMCJICHHBIX MATPUI] TOPSIIKA T X 71, COACPKAIIMX TUCIIA
or 0 10 n? (TouHee, 3TO UX MPOM3BEJIEHUE MOXKET COJePKATh TAKHE YUC]I —

Haﬁ,ﬂHTe, B KaKOM MMEHHO MeCTe a.HFOpI/ITMa?..).



I'maBa 4

IlapanaenabHble aJaropuTMbI

4.1 IlapananesbHble BHIYUCJICHUS

Brenem cienyromue 0603HaUEHUS:
e ¢(n) — KOJMYECTBO IPOLECCOPOB,
e T(n) — Bpems paboTHI,
e W(n) =c(n)T(n) — obmas paboTa.

3amernM, 9TO €Cim y HAC €CTh MPOrPaMMA, HANMCAHHAS Juis ¢(N) MPOIECCo-
POB, TO MBI BCEr[ja CMOXKEM MEPENuCATH €€ Jisi MEHBIIEr0 KOJIMIeCTBa ¢1(n);

HOJIyYeHHasi mporpaMma Oyjer paborarb Bpems nopsinka O(W(n) - ccl(&))) (aTy

dbopmyy HAIO, KOHEIHO, YTOYHUTD JJIsi KOHKPETHON MOJENN BBIYHCICHNH ).

Mopesb BerauciaeHuii MOXKHO BbIOparh, HanpuMep, takyio: RAM-mamuna ¢
¢(n) mpomeccopamm; y Kaxka0ro — OJ[HA M Ta Ke MPOrpaMma; HyJeBOR Perucrp
y KaxKJoro CBoii (mepes HadajoM PabOThI TaM 3aluCaH HOMED IIPOIECCOPa),
ocTajibHble — ObIue. Y HAC MOXKET BO3HUKHYTH MPO0OJIeMa KOJIU3Ui, TO €CTh
JIBa MPOIIECCOPA PEeIaT OJHOBPEMEHHO 3aluCaTh JAHHBIE B OAWH peructp. Ee
MOXKHO Pa3peInTh HECKOJIBKUMU CIOCODAMIY, HATIPUMED,

® 33IIPETUTH TAKWe IIPOrDAMBI;
® 3aIKCHIBATH TO, YTO 3AIMKUCAJI IIPOLECCOP € OOJIBIIUM HOMEPOM.

OpHaKo, JIydlie BCero noJjib30BaThCsi IPYroi MOZEJIbIO: OyJIeBbIMU CXEMAMMU.
CxeMa COCTOUT U3 TefTOB, Y KAaXKJOr0 U3 HUX €CThb «PE3YJIbTATS:

® BXOJHBIX — B HUX 3aKJIaJbIBAIOTCS JAHHBLIC (6HTbI), BXOJHO#M OUT M ecTh
pe3yabTaT TAKOrO IeiTa;

® BBIXOZHBIX — B HUX HOJIy9a€TCs OTBET (TOT K€, 9TO NOAAH TAKOMY reiiTy
Ha, BXOJ);

e pabounx — y HUX eCTh BXOJbI (OIWH WM [(BA) U DPE3YJIbTAT: BO BXOIBI
3aKJIa/IbIBAIOTCS ONMEPAHAbl (OUTHI), a HA BBIXOJAE IOJIYYaeTCsl PE3YJIbTaT
onepanuu (MOXKHO CUATATh, YTO OMEPAIMI BCETO [[BE: KOHBIOHKIUS U OT-
punanue).

41
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PeByﬂbTaT KaxK 1010 FeﬁTa MO2KHO UCITOJIB30BATH HECKOJIBKO pa3, HaHpaBI/IB ero B
KavecTBe OIEPAHIOB B pa3Hble paboune reiThl. B uTore Bce reidThl COeIMHSIIOTCS
B OPHEHTUPOBAHHBIN rpad 0e3 MUKJIOB U MOJIyIAETCs MOA00HAsT KAPTUHKA:

ITPOBEJI B KOHCIIEKTE.

Kaxaprit refir cxembl MOXKHO PaCCMATPUBATH KAK MPOIECCOP, BBIMOJIHSIIO-
muit OgHy CBOKO omepamnuio. Torma BpemMeHeM pabOTHI TOrO MHOTOIPOIECCOD-
HOTO yCTPONCTBA, OYEBUIHO, COOTBETCTBYET JJINHA CAMOTO JJIMHHOTO OPUEHTH-
POBAHHOTO IIyTH OT BXOJHOTO I'eiTa K BBIXOAHOMY (ryiyOMHA CXeMBbI), & 06beMy
paboThl (T.e. 00IIEMY KOJIMYECTBY I1Ar0B, CAEJIAHHOMY BCEMU TIPOIECCOPAMU) —
pa3Mep CXeMbl (3aMeTUM, YTO ITO ONpeeseHre PAGOThI OTNAUYGEMCA OT OIPe-
nenenusi st RAM-mais; 0JHAKO, MBI He OyJieM JIOKa3bIBaTh B 9TOM KypCe
9KBUBAJIEHTHOCTH CXE€M M HapalieIbHbIX RAM-MalvH U BBISICHST, KAK MEHSI-
IOTCsI CJIOXKHOCTHBIE MAPAMETPhI MPU MEPEXOJIe OT OJHON MOJEIN BBIYUCJICHUN
k apyroii). Koneuno, napanensnas RAM-mamuna cnocobHa npouHTEPIPETH-
posarb cxemy paszmepa W(n) uz ¢(n) reiiros na ¢'(n) < ¢(n) npoueccopax 3a
Bpemst W(n) - C%(L%

OpHako, cxema, CrocoOHa 06pabaThIBATE JIMIIL BXOAbI 3a,0aHHON AauHbL. [To-
9TOMY MBI OyJIeM PacCMaTPUBATEL CEMENACTBA CXEM, IO OJHON JJIsi KaXKIO0H BO3-
MOKHOH IJIMHBI BXOHA. UTOOBI TAaKOE CEMENCTBO MOXKHO OBLIO HCITOJb30BATH
aBTOMATUYECKH, HEOOXOAMMO, 4TOObI MOXKHO ObLIO afdexmueno nocmpoums
cremy I 3aaHHON jymHbL BX0na. OOb4HO TpeOyIoT, 9T00BI CyIIEeCTBOBAJIA
JIeTEPMUHUPOBAHHAS MAIIMHA THIOPUHIa, HOPOXKAAIOUAs cxemy (B Pa3yMHOM
BUJIE — TaK, YTOOLI €¢ BBIUMCIEHUS] MOXKHO OBLJIO MOJEJUPOBATH HA MAIIUHE
ThropuHra, KOTOpOoii oHa GyzeT 3a/1aHa BMECTE CO BXOJIOM) JIJIs BXOJIOB JJIUHBI 7
0 3AITUCH YUCJIA N B «MMAJOYHON» CUCTEME CUMCICHUS] W MTPU ITOM UCTIOIb3YI0-
mas guimb O(logn) sueek namsaru (4, CIeIOBATENIBHO, JIUIID TOJAHOMUATHHOE
or n BpeMms ). Takue ceMeiicTBa CXeM HA3BIBAIOTCS PAGHOMEDHLLMU.

4.2 JloctukumocTh B rpade

IIycrs A — marpura cmexuoctu. Eciam Mbl yMHOXKHM ee OyieBCKU Ha cebsi, TO
HoJIy4uM Te pebpa, KOTOpble JOCTHXKUMBI 33 ABa mara. Eciu B marpuny A 3a-
NMCATh HA IUATOHAJb €IUHUYKH, TO KBAJPAT JACT HAM BEPIINUHBI, JOCTUKIMBIE
3a nBa win MeHee maros. Marpumy A? ymuoxuM erme pa3 Ha cebst: MbI TIOJTY-
YMM BEPLIMHBI, JOCTMKMMBIE 33 YeTbIpe WJIM MeHee [Iaros, u T. 1. Mroro: Ham
Hy?KeH ajiroputs, Bossoasuwii A B (n — 1)-yo (unu Gosblnyio) crenens. Bynem
cuntaTh!, uTo n — 1 = 2k,

AAAA...AA

\/ \/
A% A2 0 A2
\/

An—l

1dlcHo, 9TO 9TO HECYIIECTBEHHO.
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IIpu 3TOM, KOHEYHO, HE HAJ0 IEPEMHOXKATH OJHW U TE 2KE€ MATPUILI MHO-
ro pas; 3To AepeBo MOxKHO 3amenuTh Ha DAG (opuentupoBanHbii rpad 6e3
uKJI0B): BeraucuM A2, 3aTem BO3BesieM ero B KBaJpaT, U T. /. BCero omHo BBI-
YUCJUTEIBHOE yCTPOWCTBO MoxkeT 310 mnpozenarsh 3a O(log(n)) omepamuii Has
MaTpUaMU. HO TpOU3BEACHUE MATPUIL HE €CTh JJICMEHTapPpHAA Onepalni. HyCTB
MBI XOTHM yMHOXUTH MaTpuipl B u C, u3 6ysneso npoussenenue — D; Torma

n

dij = k\/ bir, A Crj MOXXHO BBIYHMCIINTD CIIEIYIOIIUAM CIIOCOOOM:
=1
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bﬂ/\Clj bz'Q/\CQj bz'n/\an
N/ ... \/
N/ N\ /

IIpu sTOM Kax/abli U3 31€MeHTOB d;; Mbl BbIYUC/IAEM HA CBOEM Habope 11po-
meccopos. 3a O(log(n)) omepamnuit u n® MPOIECCOPOB MBI IEPEMHOXKIM JBE MAaT-
3
puipt. Beero ke mbt ynpasumcs 3a spems O(log” n) u O(n®) mpormeccopos.

4.3 MakcuMaJibHOE 10 BKJIIOUEHUIO HEe3aBUCUMOEe
MHOKECTBO

Omnpegenenne 4.1. V' CV — nesasucumoe muooicecmso B rpade (V, E), ecin
Vu,v e V' {u,v} ¢ E.

Ounpepenenne 4.2. O6o3nauum depe3 deg(v) creneHb (KOJIMIECTBO COCEE)
BEPIIUHBI V.

Aaropurm.
Bxox: rpad G = (V, E).
Brixoz: He3aBUCHMOE MHOKECTBO S.

Wannuanumzanus: S = ().
Ha xaxx10it uTepanyum Mbl OyZeM JeJaTh CIeTyolee.

1. Yo e V:
ecnu deg(v) = 0, To nobGasuth v B S;
ecin deg(v) # 0, To moMeTuTh v ¢ BeposiTHOCTHIO 1/ (2deg(v)).

2. Ve e E:
ecu 00a KOHIa pedpa e IIOMEYEeHbI, TO CHITh IOMETKY C TOTO, y KOTOPOrO
CTEeII€Hb MEHBbIIIE.

3. Banuxarh B S BCe OMEYEHHbIE BEPIIUHBI.

4. V =V \{SUcocean Beprmu n3 S} (mpm 3roM Hano n E o6HOBUTH COOT-
BETCTBEHHO ).

ITosropsitk 31n marm Oyaem, noka rpad He CTaHeT IyCThIM.

Amnanns anropurma. KoppekrHocts anropurma ogesusna. Ilaru sroro an-
TOPUTMAa MOXKHO BBITIOJHSATH MAPAJIETIHHO JJIs BCEX BEPINUH win pebep, mpu
9TOM (TIpU Pa3yMHOI peau3aln) Ha OuH mar Oyaer Tpatutbes Bpems O(logn).
Ocraercs BBISICHUTH, CKOJIbKO Oyzier urepaimii: ecm ux takxke O(logn), 7o Mbi
[TOJTY YMJIA UCKOMBIi «ObICTPBINY mapaJiebHbIi ajaropur™. B nambaeiimem sToT
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dakr He Oyger J0KA3aH IIOJHOCTHIO; OAHAKO, OyAyT IPUBEIEHbI COOOPAXKEHUs,
MO/ITBEPIK JAIOIINE 3TO UHTYUTUBHO.

Bynem naseiBath Bepmmay zopoweti, ecim > 1/3 ee coceneil mmeroT creneHn
MEHBIIIY0, YeM CTEIeHb YTOU BEPINUHBI.

JIlemma 4.1. ITycmov v — zopowas eepwuna. Tozda sepoamuocms, wmo 00uH
u3 ee cocedeli nomevwen > 1 — e 1/8,

ZJlokazameavcmeo. JleficTBUTEIHHO, BEPOSITHOCTD, 9TO TO HE TAK, HE TIPEBOCXO-
gt (1 —1/2deg(v))?9()/3 uro, B cBo0O Ouepes, He Gombme e/, O

JIemma 4.2. Bepoamuocms cuamusa nomemxy — He 6oaee 1/2.

ZLoxasameavcmeo. JlanHas BEpPOSTHOCTH HE MPEBOCXOAUT BEPOSITHOCTH TOTO,
9TO IOMEYEH OAMH U3 cocezeil Gosbleii crenenu; 4ro He MeHbine, 4eMm deg(v) -
1/(2deg(v)), To ectb 1/2. O

Caenctsue 4.1. Ecau v — mopowas, mo ¢ eeposmmocmuro > (1 — e 1/6)/2
zomasa v 0dun u3 ee cocedeli nonadem 6 S.

Pebpo e Oynem Ha3bIBATH LOPOWUM, €CJIA XOTsI Obl OJWH U3 €r0 KOHIIOB —
XOPOIINH.

JIemma 4.3. Koauuecmso copowus pebep > |E|/2.

Jlokazameavcmeo. HampaBum peOpa u3 BepINUH C MEHBbINEH CTENeHbIO B BEp-
muHb ¢ Gombireii? (Teneps Ham rpad — OPUEHTHPOBAHHBIA; TyCTh degi,(v) u
degout (V) — BXOZHASI M BBIXOMHAS CTENEHU BEPIIUHBI U COOTBETCTBEHHO).

Yepez E(V1,V5) 0603Ha9MM KOJMYECTBO Pebep, WIAYIMUX U3 BEPIIWH MHO-
JKeCTBa V1 B BEPIIMHBI MHOXKECTBA Va; MycTh V; — MHOXKECTBO BCEX XOPOIINX
BepIIuH, V;, — MHOKECTBO BCEX IJIOXUX BEPIIIHH.

2E(Vy, Vi) + E(V3, V) + E(V,, V) <
> deg(v) <

VU — ILIOXad
3 Z (degout(v) - degzn(v)) =
V — II0Xad
3(E(Vs, V) + E(Vs, Vo) — E(Vy, Vo) — E(V5, Vb)) <
3(E(Vo, Vy) + E(Vy, Vh))-

CokparuM HaYajI0 U KOHEI| 9TOr0 HepaBeHCTBa. VITOro, y Hac xopormx pebep
0oJIbIlle, YeM IUIOXWX, 8 3HAYUT, UX OOJIbINE MOJIOBUHBI. |

Xopormux pebep 60bIe MOJOBUHBL, KAXK/0€ U3 HUX MPOMAIAET C BEPOSITHO-
cteio > (1 — e~1/%)/2; 3nauuT, Mar. ouzaHHe KOIMYECTRA TTPOTABIIX pebep
> (1 — e~'/%)|E|/4. Berxoaur, 9T0 Ha Ka)kI0H MTEPAIUi KOJUYECTBO pebep
COKDAIaeTcsl B KOHCTAHTHOE YMCI0 Pa3’; 3HAYMT, airOpUTM OyJIeT cOBepIIaTh
JIAIIE JIOraprudMUYECKOe YUCJIO NTEPALUA.

27 xax yroguo jyist pebep, COeAMHSIIONMX BEPITAHBI OJAHAKOBOH CTETeH .
3VBbI, mums B cpegHeM. 1109TOMY MOC/IEIyIOMuU BEIBOJ JOKA3bIBAETCS HE TAK MPOCTO.
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4.4 3agada 0 MAKCUMAJIbLHOM II0 BKJIIOYEHUN He3a-
BUCHUMOM MHO>KECTBE

Paccmorpum HeopuenTupyembrit rpad.

Omnpenenenne 4.3. Hesagucumoe MHOHCECNB0 — ITO MHOXKECTBO BEPIIUH I'Pa-
da, Mex Iy KOTOpbIMHU HET pebep.

Cuienyomuii napauie/bHbI aIrOpUT™M HAXOAUT MAKCUMAJBHOE (10 6KA10-
wenuro) He3aBuCHMOe MHOkecTBO 3a Bpemsi O(log? |mmua, Bxoza)).

Asropurm 4.1.
Bxox: rpad G = (V, E).
Bexon: HE3aBUCHMOE MHOXKECTBO S.

Wunnuanuzamus: S = (.
Ha xasxmoit uTepanuy Mbl OyIeM JelaTh ClIeTyolee.

1. Yve V:
ecau deg(v) = 0, To nobasurs v B S
eciu deg(v) # 0, To nomeTuTsb v ¢ BepositHOcThIO 1/(2 deg(v)).

2. Ve e E:
ecsiz 003, KOHIA pedpa € MOMedYeHbl, TO CHATH ITIOMETKY € TOr0, Y KOTOPOrO
CTE€II€Hb MEHbIIEe.

3. IobaButh B S BCe TOMEYEHHBIE BEPIIMHBI.

4. V :=V\ {SUcocenu Bepmmn u3 S} (upu 3r0M Hano u E 06HOBUTH COOT-
BETCTBEHHO).

IToBTOpSsITH 3TN Maru OyaeM, noka rpad He CTAHET IMYCTHIM. (|

3ameuanue 4.1. AjropuT™M KOPPEKTHbBIN, KAXK/JAbIA €ro mar 3aHuMmaer (Ipu
pa3yMHoii peanm3anun) Bpems He 6osee O(log |E|) u peGyer e 6omee |E| npo-
IIECCOPOB.

d: o
Onpenenenne 4.4. v — zTopowas, €CIu HE MeEHEe egT(v) ee coceneil nmeer
crenesb He Gosee yeM deg(v).

JIemma 4.4. ITycmv v — zopowas. Pr{xoma 6v odun u3 cocedeli v nomewen

na waze 2} > 1 —e 6.

JHoxazameavcmeo. Pr{ne tak} = 11 Pr{u — He momeuena} <
(u,v)€E,deg(u)<deg(v)
(1 _ 2delg(y))deg(v)/:i < 6_1/6. 0

JlemMma 4.5. Bepoamuocms cHAMUA NOMEMEY He NPEBOCTOuUmM %
Zloxazameabcmeo. DTa BEpOSITHOCTD 111 BEPIITUHBI U HE MPEBOCXOIUT

KOJI-BO COCEZOK ¥ He MeHbIIel cremenu - Pr{orMeruTs Takyio cocenky }

1 1
< deg(v) - 2deg(v) 2
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Caencreue 4.2. I[Iycmv v — xzopowas. Tozda eepoamnocmsb mozo, wmo xomas
~ —1/6
6v0 00ma cocedka eepuiunbl U 6KAMONENA 8 S Ha waze 4 — ne menee 1=
3amerum, 4T0 COObITHE, BEPOSITHOCTH KOTOPOI'O OLEHUBAETCS B CJIeACTBUN 4.2,
Bjeder TOT (DAKT, 9TO v OyneT ymaseHa u3 rpada Ha TekyieM mare. Bmecre ¢
Helt OyyT, pa3yMeercs, YAaJeHbl ¥ BKIIIOYAOIIE ee pedpa.

Omnpegenenne 4.5. Pebpo e xopoiriee, e XOTs ObI OTMH U3 KOHIIOB XOPOIIHA.

Onpenenenne 4.6. ¢(S,T) = {kommaecrso pebep u3 S B T'}.

JlemMma 4.6. Xopowux pebep — ne menee @

Zokxaszameavcmeo. Opuentupyem pebpa Tak, 4ro Obl OHM ObLIM HANPABJIEHbI
U3 BEPIIUHBI MEHBIIEH CTENeHu B BepUIMHY OOsblieil crenedu (M Kak yroHO,
€CJIM CTENeHu COBIAIAIOT); mycTh d;(v) u d,(v) — BXO#HAS U BBIXOJHAS CTEIe-
HU BEPIIMHBI ¥, COOTBETCTBEHHO. ECim v — mioxas BepIimHA, TO CTPOTO MEHee
1/3 ee coceneit umeror crenens He Gosee degw; crano ObITh, cTporo Gosee 2/3
cocezieil mMerOT cremens crporo menbme. Taxmm obpasom, do(v) > £ deg(v);
caefoBatensbho, di(v) < i deg(v). Uroro, do(v) — di(v) > degT("). Mycrs Vg —
MHOXKECTBO XOPOIIUX BEPIIWH, VB — MHOXKECTBO mioxux Bepuwd, e(Vy,Va) —
MHOKECTBO BCeX pebep M3 BepINUH MHOXKECTBA V] B BEPIIMHBI MHOXKECTBA V.

2-e(VB,VB) +e(Ve,Vg) + eV, VB) =
D> deg(v) <

v — ILJIoXas

3+ D (do(v) —di(v)) =

V — ILjaoxas

3((e(Va,VB) + e(VB, Vi) — (e(Ve, Va) + e(Vs,VB))) =
3(e(Va, VB) —e(Vg,VB)) < 3(e(Va, Va) +e(Va, Va)),

T.€.
e(VB,VB) < e(VB,Vg) + e(Vg,VB).

O

CrenoBaresbHO, HA OJHOIM HTEPAIUHN B CPeJHEM KOJIHYECTBO pebep yMeHb-
IaeTcs B KOHCTAHTY Pa3:

Teopema 4.1. Mamemamuueckoe 0scudanue KoAuuecmea pebep, ucHe3aouus
. _e—1/6
na 00nol umepayuu cocmasasem ne menee =4——|E| (20e |E| — mexywee

Koausecmeo pebep 6 zpage).

Orciona He clleflyeT HEeMmOCPeICTBEHHO, YTO KOJIMIECTBO UTEPAIM COCTaBIISI-
er O(log |E|).

VYupaxuenne 4.1. Tem e me Hee, JOKA3aTh 9TOT daxT. (YKazanue: paccMoT-
perb CaydaiiHblil mpouecc Ha oTpe3ke 1..k: Kak TOJIbKO KOJMYeCTBO pebep cra-
HOBUTCs MeHbmIe cF (¢ — HEeKOTOpasi KOHCTAHTA), PONECC CABUraeTcsa u3 k B
k-1.)

4.5 IIpomoskeHne, BO3MOXKHO, CJIEIYET



