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Jlektinga 5

MaxkcumaJjibHOE I1apocoveTaHune

(Koucnekt: O. Measenes, B. Tpocdumos)

Disclaimer: Koncnexm npusodumcsa “as is’,
A e20 ne cmompen. ——39.A.

5.1 Ilomck MakCcmMaJbHOI'O IO MONIHOCTH IIa-
pocovYeTaHnd B MPOU3BOJLHOM Trpade

B cnenyromem pasmene paccmarpuBaercsa Oosee obmas 3amada. [losromy
9TOT Pas3es MOXKHO ObLIO OBl ONMYyCTUTH, HO WHTYUIHUS, MOJydeHHAs 37eCh
Ha 0oJjiee TPOCTOi 3a/1a4e, MOXKeT ObIThH 110JIe3HA IIPU ITPOYTEHUHN CJIe/LyIOIe-
ro pasjea.

Paccmorpum rpad 6e3 kparabix pebep u nerenb. [loxg nmapocoyeranuem
Oy/seM MOHMMATh ero moArpad, B KOTOPOM KaxKjas BepIIHHA MUMeeT CTeleHb
1 (T.e. Bce BepIuHBI pa3OUTHl Ha Haphl, coenuHeHHbIe pebpoMm). [Tox Makcu-
MAaJIbHBIM - MaKCUMAJbHOE N0 KOJNYeCTBY pebep (PaBHO KaK W BEPIIVH).

OmnuceiBaemblii gajiee aJIrTOPUTM OCHOBAH HA TMOHSITUU JIOTIOJTHSIIOIIETO Iy-
. [lycTh a namewm rpade dpukcuporano napocoueranue P, Torjia.

def 1. JlomonHgomuii MyTh - 9TO TPOCTOH NMyTh HEYETHON JIJUHHBI, B KO-
TOpPOM pebpa, npuHajjiexaiie P depeayiorcs ¢ pebpaMu, He ITpeHajiexKa-
mumvu P, iepBoe peOpo, niepBasi U 1OC/Ie/(Hsisl BEPIIUHBI HE TIpeHajiexkar P.
(Hanpumep, nyTh BioJib crpesiodek Ha puc. 5.1 ciesa).

$lcHo, 4TO ecou MBI HaiieM MOIONHAIOIIKA myTh A, TO IapoCcOoYeTaHHe
P' = P & A (cummerpuyeckasi pa3sHOCTb MHOXkKecTB pebep P u A) Gymer
cojlep:KaTh Ha OJHO pebpo Gosibiie (1 TOXkKe GyIeT NapoCcOYeTaHUEM ).
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Y

Puc. 5.1  VYBenmueHume  MapoOCOYETAHUS  3acUeT "MHBEPTUPOBA-
nus' nonosHsgomero nytu. Ha 3ToM u Bcex MOCHEAYIONUX PHUCYHKAX
JKUPHBIE pebpa - U3 MapocovYeTaHus, a XyIble - HeT.

Lemma 1. B rpade ectb H0nOJHSOMMUR MyTh <> TEKyIIee MapoCoYeTaHWe
P we makcuMaJibHO.

Llokaszamenvcmao.

=>: BBIIIIE NMOACHAJIOCH, KaK ITPU TOMOIIU AOTMOJITHAIOIIEro IMyTHU yBEJINYUTDH
P

<: IlycTh momoJiHgIONmero myTu Her, P He MaKCUMaJbHO, a P’ - Makcu-
MasbHO. Pacemorpum M = P @ P! - noarpad u3 Bcex pebep, IpUHAIIeKa-
mux Toabko P uwam P’ BMmecte ¢ MHIMAGHTHBIME MM BepmuHamu. CTeleHb
Jr000# BepiuHbl B HeM < 2 (T.k. u P, u P’ - napocoveranusi) - 3HaYUT 3TO
o0beIMHEHNe HECKOJIbKHMX IUKJIOB M IyTeil. Bojee Toro, m B IuUK/IaxX, U B
nyTsax peopa uz P u P’ depenyrorcsa. 3HauuT, BO BCEX IUKJaX pedep P u
P’ noposHy, HO Bcero pebep B P’ Gosibille, a IpU B3ITUU CHMMETDPUIECKOM
pasHoctu u3 P u P’ BBIKUHYTO OJMHAKOBOE KOJIMYECTBO, 3HAUUT €CTh IyTh,
rie pebep u3 P’ GoJibIie - 3170 U €CTh JAONOTHSIOMHMH yTh (OHSITHO, YTO W3
NEePBOl BEPIIMHBI Ty TH B UCXOJAHOM TI'pade He BBIXOAUJI0 Apyrux pedep us P/,
T.K. P’ - mapocovyeranue, 1 HUKaKuX u3 P, T.K. OHA OKa3aJach HepBOii).

Temnepb MOHATHO, KAK CTPOUTH MAPOCOYETAHUE: B3Th IYCTOE, W PACIIU-
PATH €10 3acCYeT JONOJTHAIOIINX HyTeﬁ, TIOKa OHU €CTh. TO YTO MMOJIyYUTCd -
OTBeET.

Kak naiitu ponosnustonuii nytb?! Mbl MomuduiupyeM jis 3TOH Ie/u
Kakoii-uubynb mouck (Hampumep, B mupuny). OH GyJer uCKATh HE KaKOii-
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HUOYAb MyTh, a MOJOCATHIR (T.€., TAKOH, ¥y KOTOPOTO mepBoe pebpo He u3 P,
caenyomiee - u3 P, 1 T.11.), T.K. TOJIbKO ¥ TaKOTO €CTh IMAHCHl OKA3aThCS J10-
nosHs oM. [loiyauM aaropuTM, KOTOPBI# HAXOMUT MyTh WHOTIAA, & MOTOM
YAYUIINM TaK, YTOOBI IyTh HAXO/WUJICS BCEI/a, KOIJAa OH €CTh.

Urak, mycts V' - Bepmunbl rpada, E - pedpa. Vp - BepIIUHbI TEKYIIEro
napocoderanusi P, Ep - pebpa. Aaroput™m jejaeT Tax:

e Cpeau ere HeoOpabOTaHHBIX BepIInH O6epeM Va : —a € Vp u MeTuMm ee
Kak even (pa3 Mbl WIEM He BCe IYTH, & TOJHKO HOJIOCATBIE, TO JAXKe
CBs3HBI rpad He 00s13aH YI0KUTHCA B OHO JI€PEBO IOUCKA, Iy Teil, Tak
9TO Y HAC BHIpACTET HeJibiii Jiec). Kiagem a B ouepespb.

e [lycTh u - cmenyromas w3 odepenu, v - €e Cocel.
If v He obpaboraHa then begin
If —v € Vp then
[IyTb OoT @ 10 v - JONMOTHSIONTUH
else
[Tomerum v Kax odd, ee Kenuxa v’ € Vp Kak even M OTIPABUM €ro
B OYepesb - TaKUM 00pa30M BCe BEpIIHHBI B O4Yepeau OyIyT even, a
JIFOOO# TyTh OT @ JI0 JIMCTA J€PEeBA OKAYKETCS MOJIOCATHIM.
end else begin
If v - odd then
eIMHCTBEHHOE BO3MOXKHOE TTPOJIOJIKEHHE TIOJIOCATOTO IYTH U3 U MOXKHO
CUYATATDH YK€ PACCMOTPEHHBIM - HUUYErO He JeTaeM.
else
SlcHo, uTOo 9Ta even BepIIMHA - U3 HAIIErO JiepeBa (MHaYe y HAC IPOCTO
eCTh JIONOJIHSAIONIAN 1yTh OT @ JI0 KOPHS J€peBa, B KOTOPOM JIEXKHT U
1 OH OBLT OBl HalieH paHbIe IPYU BBIPAITUBAHUN TOTO JiepeBa. SHAUNT,
MBI HAIILTH “MOYTH” MOJOCATHIN UK HEI€THOMN IJIHHBI(TAKOM, KaK IUKJT
Ha puc. 5.2). HazoBem muks Takoro tumna “rserodex”’. B mpunnune, ox
HAM He HY2K€H, TaK 4TO HHYEro He JIeJIAaeM.
end

e lxem B nynkr 1.

Ha puc. 5.3 u3obpaxkeHn mpumep 00xoia jiepeBa TakKuM crocoboMm. Vmeercs
o4eBUAHBIH IyTh 145326, KOTOPHIN TTPU TaKOM 00x01e He Haiiaen. Ha mannom
PUCYHKE MOXKHO yIAJIuTh pebpo 12, mocje 4ero myTh Oyaer HaiiaeH. 3aMeTumM,
OJIHAKO, YTO IPU ITOM TaKxke mponajer mserodek 123541. Jlapaiite obocHy-
€M, 4TO BCe 3JI0 HMEHHO B IBeToYKax. /s sToro momudunupyem camblii
mocJieTHUi else HAIEro ajJropuTMa - HalAeHHBII TaM IBETOYEK MBI Oy/ieM
CTSITUBATh B TOYKY, METHTb €€ KaK even M IPOJOJI:KATh BBIIIOJHEHUE AJITO-
puTrMa yxKe B ¢dakToprpade. 3aMeTuM, 4TO U3 BETOYKA BBIXOJUT He OoJiee
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1

Puc. 5.2: O6muit Bux uperovka co crebeabkom (ciesa). Uro cayuurcs ¢
JTOTIOJTHAONUM IIyTeM, IPOXOIANIAM Yepe3 IBETOYEK IIPH Iepexoje K (ax-
roprpady u 06paTHo (cupasa). 3aMeTuM, 4o npu GAKTOPU3AIUK HAII Iy Th
IPHUIILIOCh HECKOJBKO H3BPATHUTh, WHAYe Obl OH IepecTas ObITh JIOIOJIHSIIO-
TIAM.

5
@® — odd O —even

Puc. 5.3: [IBerouek u dpakTOpIrBeTOUEK
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onHOrO pebpa P (Bce even BepIIUHBI, KPOMe OJHON COMAEP:KATCS B IBETOY-
Ke BMecTe ¢ HapHbIME 0dd, a 3HA4uT, U pebGpoMm u3 P), mosroMmy HHYTO He
MeITaeT HaM O0bSBUTH €ro HOBO# even BepmmHoil. [locie Takoro neitcTBus
u3 Hee OyJyT BBIXOJIUTH HeoOpabOoTaHHBIE peOpa, TouHee, HeOOpabOTAHHBI-
MU OKazKyTCsl TOJIbKO HEKOTOPBIE pebpa ObiBIIeil BepIIUHBL U (IIOCKOJBKY BCe
OCTaJTbHBIE eVen BEPITUHBI IBETOYKA yKe ObLIN 00pabOTAHBI HAITUM MOUCKOM
B IIUPUHY) U BCe pebpa Bcex odd BepINUH U3 IBETOYKA, HE MPEHAIJIEIKABIITHE
MapocovYeTannio. AJITOPUTM IIPOCTO MPOJIOJIKAET UX 00pabaThIBATD.

Lemma 2. Jlonosustomuit nyrs ecth B pakToprpade < ecrb B UCXOIHOM
rpade.

Ou4eBuHO, €CIUM B MCXOTHOM rpade JONOJTHSIONHUN MyTh OBLI, TO OH 3a-
KaHYUBAJICA BHE I[BETOYKA, & 3HAUUT, OC/IeHEee U3 pedep, 0 KOTOPOMY 3TOT
IIyTh U3 I[BETOYKA BBIXOIUI MOXKHO O0bSIBUTH IEPBLIM PeOPOM IIYTH B HOBOM
rpacde. Bo3aMmoxkHO, IpuieTcs MOMEHATh Ha4YaJo IIyTH, C TEM YTOOBI HE OKa-
3aJI0Ch, YTO MYTh BXOAUT B IIBETOYEK U BHIXOAUT W3 HETO He MO pedbpy u3 P.
DTO BCerja MOXKHO CIeJIaTh, TPOIYCTUB HAYAJIO IMIyTH U3 KOPHS MO “cTe0II0”,
Ha KOTOPOM IIBETOYEK PACTET, a 3aTeM - MO IBETOYKY B HYXKHYIO CTOPOHY.

Jnst mytn B dbakroprpade MOXKHO PacCMOTPETh BepIIMHY (B MCXOIHOM
rpade), Yepe3 KOTOPYIO OH MOXKeT BOWTH B IIBETOYEK W Ty, Yepe3 KOTOPYIO
OH MOKeT BBIITH, 10C/Ie Yero yJacTCs NPOIMYCTUTh OTPE30K IYTH MEXKLy
HUMHU B KaKyIO-TO CTOPOHY TIO IIBETOYKY, HE HAPYIIHUB CBONCTB MyTH.

Lemma 3. Ecyiu nonoHSIOMEro myTu He HAILIOCH, TO B CAMOM IIOCJIETHEM
dakroprpade (1.e, mocseaneM, ¢ KOTOPbIM pabOTAJ AJITOPUTM) HET CMEKHbBIX
even BepIIUH.

OueBuIHO: HHAYE HAI AJITOPUTM HAIIeJ OBl eIlle OJUH MBETOYEK U CTIHYJI
OBl ero. 3aMeTUM, UTO JIazKe eCJIH MOCJe CTITHBAHUs TMOJIYyYUTCs HOBOe pedpo
MeKJly even BepIINHAME, TO OHO (B HCXOHOM rpade) mpoxoamio Mex iy odd
U even BepIIMHAMHU M Mbl €ro cpa3y HaiijieM, obpabarbiBas Bce TaKue pedpa.

Lemma 4. Eciu B ucxomgaoMm rpade ObLT IyTh, TO HAIIT AJITOPUTM €0 HAIIE.

[Iycts He Hamesa. 3HAYUT BCe BEPINUHBI Pa30UTHl Ha even u odd, W UX
00JIbIIIe OHOM (;LOHOJIHﬂIomero IyTH BHYTPH I[BETOYKA B PUHIUIIE HE ObIBa-
€T, T.K. He JOCTaTOYHO BEPIIUH HE U3 P). 3amMerum, 4TO TIePBas U MOCTIeTHSIS
BEPIIUHbBI IIyTH - eVen, T.K. OHU He IPUHAJJIeXKAT 1mapocoderanuio. Pacemor-
puM rpad mocse Bcex PaKTOpHU3AIUNA U MPHUJIEM B IPOTUBOPYME C ITPEIbIITY-
el JieMMOM, IIOCKOJIbKY BEPIIUH B IIyTHU YeTHOe KOJIMYeCTBO, OAHAKO, even
1 odd BepIIMHBLI 00SI3aHBI Y€PEI0BAThHCSI.

W3 nocneaneit ieMMbl ciejlyeT KOPPEKTHOCTDb HAIIEro aJlOPUTMA.
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3ameuyaHme. ABTOpP 3TOT0 KOHCIEKTa OOHAPY:KUJ HECKOJIbKHUX JIIOMEi,
HCKpeHHE YOEeXKJIEHHBIX B TOM, YTO 3a/1a4a MOUCKA MapOCOYETaHUs B MPOU3-
BostbHOM Tpade NP-moHa. B mombITKax BBIICHUTH MPUYUHBI TAKOTO 3a0JTy-
JKJIeHHsl OH y3HaJ1, 4T0 NP-10/IHO# sIBJisieTcs 3a/1a4a O MOUCKe MUHUMAJIbHO-
IO [0 MOIHOCTH BEPUIMHHOIO IIOKPHITHs B IPOM3BOJIbHOM rpade (Beprius-
HBIM IIOKPBITHEM Ha3biBaerca Takoe V' C V', uro Ve € E oauH u3 KOHIOB €
npuHaiexRuT V' - e “nokpeiro” kakum-To smementoMm V). B ciyuae xe nBy-
nosbHOro rpada (“kaaccuyeckas’” 3a71a4a O TAPOCOYETAHNH ), TII€ BEPITUHHOE
MMOKPBITHE eIlle HA3bIBAETCsSI KOHTPOJIUPYIOIUM MHOXKECTBOM, 9TH JBE 3aa4n
SIBJISIFOTCSI IBOMCTBEHHBIMHU U 00€ OBICTPO PeIaioTCs.

5.2 Ilouck MakCcmMaJIbHOTO IO BeCy IIapocove-
TAaHNS B IPOM3BOJBHOM Ipade

3aa4y 0 MOMCKe MAKCHMMAJbLHOIO MAapOCOYETaHUs] MOXKHO 3alliCaTh B BHJE
cJIeyIomeil 3a/1a4M JIMHERHOr0 MPOrPpaMMHUPOBAHUS. 3aBeJeM IO TIePeMeH-
HO#t X, Jj1 Kaxkjgoro pebpa u3 Hamiero rpada. bygem cuurars, 4to T, = 1
ecu pebpo NPUHAIJIEKUT TaPOCOYETAHUIO, U T, = 0 B IPOTHBHOM CJIydae.
Torna asg 5Toi 3a1a4n MOXKHO HAIKCATH CJIEAYIONUe IPAHUIHbIE YCIOBHS:
Vee Ex, >0;YveV > .,z <1

Henesoit dyukiueii B 3roit 3ajaue Oyjuer sapusrbed Y . W(e)Te. Mol
6y‘ILeM UCKaTh €€ MaKCUMYM 1IIpU AaHHBIX I'DaAaHUYHBIX YCJIOBUAX. PeIHeHI/Ie
JAHHON 3a7aud He 00g3aTeIbHO JacT HaM MaKCHMaJbHOe NapocoveTaHwue,
TaK KaK T, He 00s3aTeIbHO ABJIgeTCs HyJIeM WM exauHunei, a 0-1 mporpam-
mupoBanue gBiaserca NP-rpyaubiM. Ho ecim MBI TOCTpoMM mapocodeTaHue
U JIOKAXKeM, YTO Ha HEM PeaJu3yercs MAKCHUMyM LeJeBOi (DYHKIUHU, TO MbI
pelIuM UCXOAHYIO 3aja4y. JlobaBuM K HAIIMM IPAHUYHBIM YCJIOBHSIM YCJIO-
Bug suga Vr Vs C V (|s| = 2r+1 = > . 2. < 7). Ecim mMbl Haiizem
apocoYeTanne, MaKCUMU3UPYIONee IeJeBylo (DYyHKIMIO g W3HAYAJIbHOR
3a/1a4¥ JIMHEHHOTO IPOrPaMMUPOBAHKS, TO OHO OyJeT ABIATHCSA PelleHueM U
JIUIST IOTIOJTHEHHOM 381441, TaK KaK JIJIs I1apOCOYeTaHus HOBOE yCIOBHUE, OUe-
BUJIHO, BBINIOJIHsIeTCsI. Hanuirem Terneph ABOWCTBEHHYIO 3aJiady JIMHEHHOTO
nporpaMMupoBaHud K TOJBKO 4YTO HOJIyquHOfI.

max < ¢, T > min < b,y >
x; > 0; Az < b;
ATy > ¢ y; > 0.

Ecnu BMecre ¢ mapocoderanmeM MbI HaiijieM M pellleHHe IBONCTBEHHOMI
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3aJla4d, Takoe, 94To < ¢, Ty >=< b,y, >, TO MBI PEIINM HCXOJHYIO 3aJady.
[Iepemennble B ABOMCTBEHHO# 3a/1a4e OYAyT ABYX BUJIOB: OTBEUYAIOININE YCJIO-
BUAM Ha BEpIIUHBI Y, U OTBeYAIOIUAe YCJIOBUAM Ha IOAMHOXKECTBa BepIINH
zs. Hamumem rpaHudHble yCJIOBUS JIJIsI IBOMCTBEHHOM 3a1a4u: ¥y, > 0;25 > 0

V@ = (Ula UZ) Yuy + Yoy + Zzs Z W(e) (*)

ecs

ITpu sTux ycroBusix HaM HEOOXOIMMO MUHUMU3UDPOBATH Y. Y, + Y Zs|s[/2.
Hanumewm i Hamedt mapbl JBOWCTBEHHBIX 3a/a4 YCJOBUS JOMOJHATENHLHO-
cru: y, = 0 mis v ¢ M (M — napocoueranue); z; = 0 st BCex s, JJist
KOTODPBIX HEPABEHCTBO W3 NpsAMOi 3aiaun JIII BHINOJHSAETCH, KAK CTPOrOE;
(*) obpamaercs B paBenctso s Ve € M .

JlomycTuM, 94TO MBI HAILIXA MAPOCOYETAHNE W PEIlleHne IBONCTBEHHON 3a-
JIaYM TAKWe, YTO BBHINOJHEHbl YCJOBHS JOIOJHUTEILHOCTH, TOT/A 3HAYCHHU
neaeBbIX (QYHKIMHA COBIAAyT. B caMoM jefe, eCu CJI0XKUTh BCE HEPABEeH-
crBa B2 (*) T0 ¢ yuerom yc/a0Buil JIONOIHUTEIBHOCTH HOIYIUM Y v Yy +
Yoo 2s8l/2=2 e Wie) =< z,w >.

Tenepb MBI OyieM CTPOUTH TOCJIeI0BATENbHOCTD TpadoB Gy, Gy, ..., Gy,
U TOCTe0BATEbHOCTh TTapocodeTanuit My, My, ..., M, Takue, yto Gy = G
— ucxoxuomy rpady, M, = M — uckomomy napocoderannio, (G; moaydaercs
3 G; — 1 npu MOMOIIM ONEPAIMH CTITUBAHUS IBETOYKA — CTATHBAHUS B Bep-
MIMHY UK/ HEYeTHOH JJIMHBI, Y KOTOPOTO MAaKCUMAJIbHOE BO3MOXKHOE YUCIIO
pebep NMpHHAIEXKAT HMapocovyeTaHnio. B Hammx rpadax OyayT paccMarpu-
BaThCA He TOJIHKO Beca Ha pe0dpax, HO W Beca Ha BepIIMHAX. B Xome Hammx
1peoOpa3oBaHuii Mbl Oy/ieM CJIeANTDH 33 BHIITOJHEHUEM CJIeAYIONINX CBONCTB.
(a) G = Gj.

(b) W(v) > 0;Ve = (v, v2) : W(v1) + W(ve) > Wi(e).

(c) B; — userok B Gi.

(d) ,Z[ﬂﬂ Bcex pebep nperouka W (vq) + W(ve) = W(e) (pebpa TounsbIe).
(e) ¢° (q u3 Tpacba G;) € B; - pebpo ¢ HaMMEHLIIEM BECOM B IBETOUKe. ' He
u3 M; (ecou ecth).

(f) B; crarusaerca B u’ + 1.

(h) W(u'+1) < W(gh).

(1) W(et+1) = W(e')+W(q") —W (v*), tie €' coenunsier v € B; ¢ BepmuHoi
HE U3 IIBETOYKA.

(j) B nocaeauem napocoveranuu Bce pebpa TOUHbIE.

(k) Vo™ & M, : W (v™) = 0.

[Tokaxkem, 9TO COOJTIO/IEHUE YCIOBUM @, . .., k JacT HAM pellleHre IPIMOit
1 JIBOMiCTBeHHO# 3a1a4n. [Ipu 9TOM ; - MOJIyYeHHOE MapOCOYeTAHNe, & Zs, Yy



8 Jleknmst 5. MakcumaabHOE mapocodeTaHme

emme Halo onpeaenuth. d; = W (q') —W (u'+1) 114 cTATMBaeMBIX I[BETOYKOB,
W HOMb MHave. Zp, = 2d; n HOMb MHAve, Yy, = W (v) = > . d, .

YeqoBue z; = 0 119 HEHACHIIIEHHBIX MOJAMHOXKECTB BBITIOJIHIETCH, TaK
KaK I[BETOYKM BCEr/la HACBIIIEHBI, a TOJbKO Ha HUX Zs > 0.

Ve 3 ncxonuoro rpada Iae-To 3aKoHIuIoch e — ¢/ . Bec pebpa namens-
eTCsl, €CJIM OJIUH ero KOHEIl JIEXKUT B CTATMBAEMOM IBETOYKE, a JAPYTOil He Jie-
»xuT. Ecn paccMOTpeTh He3aBHCHMO CTATMBAHMA KazKOT0 U3 KOHIIOB pebpa,
TO nipu ycJjioBuu paBerctsa B (h) momyanm W(el) = W(e) + W (v])+ W (v3) —
W(v1) — W(vs) + Y. dBy, rae nociaegnsisi CyMMa UET 10 BCEM IBETOYKAM,
COZEPIKAIIIM POBHO OJMH U3 KOHIOB pebpa. W(el) — W (v!) — W(v)) < 0,
¥ PABHO HYJIIO, €CJu PeOpo TONAJI0 B MapoCcOvYeTaHue. JHAYUT MbI TIOJTyYa-
em W(e) < W(vy) + W(vq)) — Y. dByg. B ciayuae nonajganus peGpa B OTBET
HocJie/IHee HEePpaBEHCTBO oOpalnaercd B paBeHCTBO. OTCIONa CIeyeT TPeThe
yCJIOBUE JIONOJIHUTEIbHOCTH. Bee zg Heorpunareabust B cuiay (h). Bee y,
HEOTPUIATE/IbHbI, TOCKOIbKY Y, = W (v) — )., a 970 He MeHbIe Beca Imo-
cJie/iHeil BepIIUHBI, B KOTOPYIO CTSIHETCs v. YTpaxkuenue. y, = 0 aus v ¢ M.

B mporiecce onucanus aJropuTMa Mbl OyIeM CJIeIUTh 3a JBYMs MOy AHBa-
puaHTaMu. Bo-niepBbIX, KOJUIECTBO BEPIINH, He YI0BJIETBOPAIONIUX YCIOBUIO
3aBepiienusi (k) Oyger He yBeJMUMBATHCS C KAzKIBIM IMArOM AJTOPUTMA H,
BOBTOPBIX, €CJIA HepBbIﬁ HOJIYUHBAPUAHT HE USMEHACTCA, TO YBEJINYUBACTCA
KOJIN4YeCTBO pebep, 00aBIeHHBIX K OYePeIHOMY JIeCy TOUCKA.

B Hauajie ajropurMa IMOCJI€I0BATENbHOCTh I'pacdOB COCTOUT TOJBKO U3
GGy = (G, HavaJIbHOE TIAPOCOYETaHHE MYCTO U BECA BEPIIWH JIOCTATOYHO 0OJIb-
e, 4TOOb BBIMOJIHSIOCH yesosue (b). Anropurm Geper mpou3BOJIbHYIO BEp-
HmMHY 1oc/eHero rpada ijist Koropoii He Bbinosusiercs yeaosue (k). Haunewm,
KaK M B CJlyYae HEeB3BEeIIeHHOro rpada, CTPOMTh M3 Hee JIeC IOUCKA, J0II0JI-
HAOMUX 1eneit. Vcnoap3oBaThes IpU 3TOM OYAyT TOJIBKO TOUYHBIE pedpa.
Bepmunubl, B KOTOpBe MBI TIONaaeM [0 pebpy U3 MapocoYeTaHus, ¥ KOPHU
JIlepeBbeB Mbl HAa30BeM YEeTHBIMM, a OCTaJbHble — HEeYeTHBIMH. B Xoze To-
CTPOEHHus JepeBa 0093aTeIbHO BOSHUKHET OJHA U3 CJICLYIONIMX CHTYAIMi:
1. Mbl npunmuiy B emme OfHy HEB3ATYIO BePIIMHY. B 9TOM ciiydae Mbl HHBEp-
THPYeM BJOJb IIyTH W3 KOPHs B 3Ty BEPUIMHY IIPHHA/JIEKHOCTL BCeX pebep
napocoueranuio. ITocse 3Toro Hall IepBBId MOJYHHBAPUAHT YMEHBIIUTCS, U
MOYKHO HAYMHATH HOBBIH mar ajropurMa. Ha camMoM jiesie HeTpyaHO IIOHATD,
YTO NPH ITOIM 3aMeHe yBEJUUHUTCH UM CyMMapHBI BeC NapoOCOYEeTaHUs, TaK
KaK BCe pe6pa Ha IIyTHU TOYHBIC. HOCKO.H])Ky MbI HE MEHAET HUKaKUX BECOB,
TO HUKaAKHe CBOﬁCTBa, 3a KOTOPBIMM MbI CJIeJUM, HE HaPYIIaTCA.

2. MBI mpuIuIM BO B34TYIO BEpIIMHY C BECOM HOJIb. B 3TOM cilydae Jesaem
BCE TaK K€, KaK M B IIPEJbIIyIeM IIyHKTe, ¢ TOil JIMIIb pa3HUIeh, 4To KOJIH-
4ecTBO pebep B IapOoCOYeTAHUM He M3MEHSETC.

3. MBI HaILIM OBETOYEK, TO €CTh TOYHOE peOpo U3 YeTHOHl BepIIMHBLI B JpPY-
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T'YIO YeTHYIO BepIuHy. B 9TOM cydae MBI 3aBOJMM HOBBIH rpad), B KOTOPOM
3TOT IBETOYEK OyjeT cTaHyT B Bepmuny u’ + 1 ¢ Becom W (q'), n mepenocum
Ha STOT HOBBIH rpad HamI Jiec oucka. [[BeTok B 3TOM Jlece cTaHeTCS B YeT-
HYIO BEPIINHY, U BCe peOpa B HOBOM JIepEBe OCTAHYTCS TOYHBIMH, TAK KaK BecC
pebep U3 OKPECTHOCTH IBETOYKA W3MEHsieTCsl 10 cBoiicTBy (i), a pebpa He u3
OKPECTHOCTH IIBETOYKA MBI He TporaeM. Ilpm 3Tom mare BTOpOil mMosynHBa-
PUAHT YBEJIMYHUBAETCS.

4. M1 He MOXKeM 0OJIbITIE PACIIMPATH HAII JieC MOUCKA. B 3TOM ciiyuae Mbl
MeHdeM BeCa Y BEPIIWH. MI)I HOCTEIIEHHO yBEJIMYNBa€M Be€Ca BCE€X HEYETHBIX
BEPIIIUH U C TON Ke CKOPOCTBHIO YMeHbIlIaeM BeCa BCEX YE€THbIX BEPIIWH, ITOKa
HE BO3HUKHET OJHA U3 CJEAYIOINX CUTYAILUA.

a) Bo3Huk/10 HOBOIT TOUHOE peOpo U3 YeTHOi BepuuHbl. OHO HE MOXKET UJITH
B HEYETHYIO BEPIIMHY, TAK KaK CyMMa BECOB YETHOW W HEYETHOW BEpIIUH He
MEeHSeTCs. JHAYHUT €ro MOXKHO JJOOABUTH K HAIIEMy JIeCy IIOMCKA U YBEJIUYHUTD
BTOPO# ITOJIyMHBAPUAHT.

b) Bec Ha Bepmune cran paBHbiM Hy/110. Eciin 910 KOpeHb, TO HepBbIil 10JIy-
WHBAPUAHT YMEHBINUJICA, WHAUE BO3ZHUKAET CUTYAIMs U3 IIYHKTa 2.

¢) ITepecrano BeimosHsThea Hepaserctso (h) W (u' + 1) < W(q"). o mor-
JIO CJIYYUTHCS TOJIBKO B HEYETHOH BeprinHe. B 3ToMm ciiyuae Mbl pacKpbiBaeM
00paTHO HAIIl I[BETOYEK M OTKAThIBaeMCsl K mpebiayiiemy rpady. [Tockonbky
9TOT IBETOK MOT OBITH HE TOCJIEIHUM CTSIHYTHIM, TO (DOPMaJIbHO HAM HaJ0
PaCTSIHYTh €ro BO BCeil MOCJIeI0BATETLHOCTH T'padOB, HAUMHAS C €r0 CTITHU-
BaHUs. Tak KakK Mbl CTTUBAEM I[BETOYKYU B YeTHBIE BEPIIUHBI, 8 PACKPBIBAEM
U3 HEYETHBIX, TO MBI HE 3AIMKIIMCS.

[Tockosibky 110/10BUHA pebep B Jiece MOUCKA U3 11apOCOYEeTaHUsl, aJITOPUTM
copepmuT He 6osee V2 maros. ITocie Toro, Kak Mbl HAILIM NaPOCOYETAHME
B mocjeaHeM rpade, HaM OCTaeTcd “TPOHECTH €ro B W3Ha4daJbHBINA Tpad,
PACcKpbIBas 1O MYTH BCe IBETOYKU. [[pu packpuITUU 1IBETOYKA MOSIBJISETCS HE
6oJ1ee OHO} BEPUTMHBI, TPUHALIEXKAIIEl TapocoveTanuio (cTebesb), 3HAUNT
Me2K/Iy OCTAJbHBIMHU €r0 BepIIMHAMHE €CTb IIyTh U3 2k — 1 pedep, U3 KOTOPHIX
k GepyTcs B mapocoveTaHHe.



