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Lecture plan (including next lecture(s))

» Space-bounded computation.
» Logspace-bounded computation continued.
» Parallel computation.
» The space hierarchy theorem.
» Bonus track: The time hierarchy theorem.
» Bonus bonus track: The nondeterministic time hierarchy theorem.

» Randomized Computation.

Definitions (ZPP,RP, BPP, PP). Examples. Equivalence. Probability amplification.
Understanding P/poly through non-uniform advice.

BPP C P/poly.

BPP C 5.

Discussion on probabilistic classes.

v

>
>
>
>
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More to learn about Space Complexity

Small-space classes
Logarithmic space, nondeterministic log. space

Parallel computation
How is it related to logarithmic space?

The space hierarchy theorem
More space = more languages
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Small space classes: Reminders

Definition
DSpace[f(n)] = {L | L is decided by a DTM using space O(f(n))},
where the DTM has a dedicated read-only input tape.

NSpace[f(n)] = {L | L is decided by a NTM using space O(f(n))},
where the NTM has a dedicated read-only input tape.

L = DL = DSpace|logn]
NL = NSpace[logn]

A logspace many-one reduction is computed by a polynomial-time DTM that uses log space on its
working tapes, while its input tape is read-only and its output tape is write-once and unidirectional.

Classes L, NL, other space-bounded classes below P are closed under logspace reductions.

Appetizer:
» NSpace classes are closed under complement (non-triviall).

» Small DSpace and NSpace classes are interleaved (NL C DSpace[log® ).

» Parallel computation classes are also related to them.
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The reachability problem: STCON

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.
NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

Lemma
STCON € DSpace]log? n].

PATH(x,y,i) = “thereis a path x ~» y of length < 2/
PATH(x,y,i) = \/(PATH(X, d,i—1) ANPATH(d,y,i — 1))
d

Induction base:

PATH(x,y,0) = "there is an edge (x,y) € E, or x=1y

Interested in:
PATH(s, t, [log | V[])
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The reachability problem: STCON

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.
NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

Lemma

STCON € DSpace]log? n].

Procedure PATH(x,y,i):

-- if x =y then return True;

-- if /=0 then return ((x,y) € E);
-- for each d € V do:

-- -- if PATH(x,d,i—1)

-- -- then if PATH(d,y,i—1)

-- -- then return True;

-- return False;

Interested in: PATH(s, t, [log |V[])

Implement it as a recursive procedure (using stack):

(s, t,2)
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The reachability problem: STCON

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.

NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

Lemma

STCON € DSpace]log? n].

Procedure PATH(x,y,i):

-- if x =y then return True;
-- if /=0 then return ((x,y) € E);

-- for each d € V do:
-- -- if PATH(x,d,i—1)

-- -- then if PATH(d,y,i—1)

-- -- then return True;

-- return False;

Interested in: PATH(s, t, [log |V[])

Implement it as a recursive procedure (using stack):

(s, t,2)

(SJ d171)
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The reachability problem: STCON

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.

NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

Lemma

STCON € DSpace]log? n].

Procedure PATH(x,y,i):

-- if x =y then return True;

-- if /=0 then return ((x,y) € E);
-- for each d € V do:

-- -- if PATH(x,d,i—1)

-- -- then if PATH(d,y,i—1)

-- -- then return True;

-- return False;

Interested in: PATH(s, t, [log |V[])

Implement it as a recursive procedure (using stack):
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The reachability problem: STCON

Lemma

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.
NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

STCON € DSpace]log? n].

Procedure PATH(x,y,i):

-- if x =y then return True;
-- if /=0 then return ((x,y) € E);

-- for each d € V do:

-- -— if PATH(x,d,i—1)
-~ —- then if PATH(d,y,i—1)

-- -- then return True;

-- return False;

Interested in: PATH(s, t, [log |V[])

Implement it as a recursive procedure (using stack):

(s, t,2)

(SJ d171)

(6‘2, di, O)\/_
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The reachability problem: STCON

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.
NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

Lemma

STCON € DSpace]log? n].

Procedure PATH(x,y,i):

-- if x =y then return True;

-- if /=0 then return ((x,y) € E);
-- for each d € V do:

-- -- if PATH(x,d,i—1)

-- -- then if PATH(d,y,i—1)
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The reachability problem: STCON

STCON = {(G,s,t) | G =(V,E) is a directed graph, s ~> t in G}.
NB!!! We will use it for also implicitly defined graphs — graphs of configurations of TMs.

Lemma

STCON € DSpace]log? n].

Procedure PATH(x,y,i):

-- if x =y then return True;

-- if /=0 then return ((x,y) € E);
-- for each d € V do:

-- -- if PATH(x,d,i—1)

-- -- then if PATH(d,y,i—1)

-- -- then return True;

-- return False;

Interested in: PATH(s, t, [log |V[])

Implement it as a recursive procedure (using stack):

(s, t,2) (d1,t,1)
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Application: Savitch's Theorem

Lemma

STCON is NL-complete.

Proof: Consider L € NL and the graph of configurations of its machine.
We counted earlier that for each input there are only poly(n) vertices.

NL C DSpace[Iog2 n]. Caveat‘ NL C P follows from the Alg, not the Cor.
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NL C DSpace[Iog2 n]. NL C P follows from the Alg, not the Cor.
Even more (Savitch's Theorem) ‘ NSpace[s(n)] C DSpace[s(n)?] for “nice” s(n) > log n.

(already learned) PSPACE = NPSPACE.
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Application: Savitch's Theorem

Lemma
STCON is NL-complete.

Proof: Consider L € NL and the graph of configurations of its machine.
We counted earlier that for each input there are only poly(n) vertices.

NL C DSpace[Iog2 n]. Caveat‘ NL C P follows from the Alg, not the Cor.
Even more (Savitch's Theorem)‘ NSpace[s(n)] C DSpace[s(n)?] for “nice” s(n) > log n.

(already learned) PSPACE = NPSPACE.

the same problem for undirected graphs: USTCON € L [Omer Reingold, 2004].

Exercise

2-SAT is NL-complete.

6/22



Immerman-Szelepcsényi: NSpace(f) = co-NSpace(f) (not £2 1)

v

We proved that NSpace[s(n)] C DSpace[s(n)?].
It means that co-NSpace[s(n)] C NSpace[s(n)?].

v

v

We want to prove that co-NSpace[s(n)] C NSpace[s(n)].

v

(In particular, NL = co-NL.)

v

We proved that STCON, STCON € DSpace[log? ).

v

It is enough to prove that STCON € NSpace[log n] (= NL) — we will do it now.
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Immerman-Szelepcsényi: NSpace(f) = co-NSpace(f) (not £2 1)

Proof

Lemma

Given G = (V, E) with all loops {u, u}, and vertex x, the vertices reachable from x € V can be
visited (in particular, counted) nondeterministically using space O(log n), where n = |v|.

S(k) :={v : v there is a path x ~» v of length < k} /| Looking for t € S(n)
Visit S(k) using |S(k — 1)|.

-- counter_new:=0;

-- For every u € V do:

-- -- counter_old:=0;

-- -- For every v € V do: /Find the previous verter X ~> Vv — U
-- -- -- Guess and verify a path x=v - vi — ... = v_1 =v (allow v; = vj11);

-- -- -- If the path is correct, counter_old++;

-- -= -- If (v,u) € E then

-- -- -- -- { counter_new++; }
-- -- If counter_old # |S(k —1)|, reject. JFailed nondeterministic branch
-- Otherwise we can assume |S(k)| = counter_new.



Immerman-Szelepcsényi: NSpace(f) = co-NSpace(f) (not £2 1)

Proof

Lemma

Given G = (V, E) with all loops {u, u}, and vertex x, the vertices reachable from x € V can be
visited (in particular, counted) nondeterministically using space O(log n), where n = |v|.
In particular, we can check whether a given vertex t is reachable.

S(k) :={v : v there is a path x ~» v of length < k} /| Looking for t € S(n)
Visit S(k) using |S(k — 1)|.
For k:=1 to n—1 do: J15(0)] =1

-- counter_new:=0;
-- For every u € V do:
-- -- counter_old:=0;
-- -- For every v € V do: /Find the previous verter X ~> Vv — U
-- -- -- Guess and verify a path x=v - vi — ... = v_1 =v (allow v; = vj11);
-- -- -- If the path is correct, counter_old++;
-- -= -- If (v,u) € E then
-- -- == -- { counter_new++; If u=1t, reject, else break ‘“‘For v’’ and go to the next u;}
-- -- If counter_old # |S(k —1)|, reject. JFailed nondeterministic branch
-- Otherwise we can assume |S(k)| = counter_new.
5/--Accept. /No path to t is found
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Introduction to Parallel Computations



How is logspace related to parallel computation?

Consider a circuit. Compute it using parallel processes. Then

time = depth

o X2 Xy X,
N N e

/\I /\ The ultimate goal: parallelize all poly-time
@ stkyl

computations to achieve !
Gsyz{/' step 3

~

e
&
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Examples of parallel algorithms

Big A, big V, matrix multiplication, matrix power, reachability — to be added on the whiteboard.

(More in an elective course perhaps next year.)
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Uniform families and NC classes

Consider a family of circuits {C,}pen.

It is called polynomial-time uniform family if there is a polynomial-time DTM T printing each circuit
(T(1") = C, in time poly(n))

L € P < there is polynomial-time uniform circuit family for L.
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Uniform families and NC classes

Consider a family of circuits {C,},cn.

Definition

It is called polynomial-time uniform family if there is a polynomial-time DTM T printing each circuit
(T(1") = C, in time poly(n))

Theorem

L € P < there is polynomial-time uniform circuit family for L.

Definition

It is called logspace-uniform family if there is a logspace DTM T printing each circuit
(T(1") = C, in time poly(n))

Definition

NC’ = {L: there is a logspace-uniform family of O(log’ n)-depth circuits for L}.

NC = |J NC' (C P, because generated in logspace).
ieN
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So how logspace is related to parallel computations?

Theorem
NC! C L C NL C NC?.

Proof (sketch):

1: Evaluate a log-depth circuit in logspace — Exercise.
2: Trivial.

3: Powering the adjacency matrix in parallel.

NN IN

Theorem

NC is closed under logspace reductions.
In particular, if C is P-complete, then C € NC <= P = NC.
Proof (sketch):

> transform a logspace reduction into a log>-depth circuit
(recall the exercise on implicit reductions),

» then connect the two circuits.
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Exercise:
where is DSpace[log? n]?
Prove your answer.
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At last, we can prove some classes are different!

Space and Time hierarchy theorems
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A few words about UTM

There is a universal DTM U such that
> VxVDTM M U((M,x)) = M(x),

» U uses O( space used by M(x) ),
» U uses time O(T(|x|)log T(|x|)), where T(n) > n is the running time of M(x).
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The space hierarchy theorem

More space = more languages

Space-constructible function f(n): > log n, non-decreasing, and computable within space O(f(n)).

Consider DSpace|f(n)] only for space-constructible f !
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The space hierarchy theorem

More space = more languages

Space-constructible function f(n): > log n, non-decreasing, and computable within space O(f(n)).

Consider DSpace|f(n)] only for space-constructible f !

‘ Diagonalization: Simulate a machine, then invert its answer — can’t be done with fewer resources. ‘
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The space hierarchy theorem

More space = more languages

Space-constructible function f(n): > log n, non-decreasing, and computable within space O(f(n)).

Consider DSpace|f(n)] only for space-constructible f !

‘ Diagonalization: Simulate a machine, then invert its answer — can’t be done with fewer resources. ‘

Theorem (The Space Hierarchy Theorem, Nothing to do with PH 1)

DSpace[s(n)] # DSpace[S(n)], where s(n) = o(S(n)), where S(n) > log n.

L=< x=(M)o1k € DSpace[S(|x|)]  (using UTM).
M rejects x using space < S(|x])

Assume to the contrary: Let M, decide L using space < s.(|x|) = O(s(|x|)) = o(S(|x])).
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The space hierarchy theorem

More space = more languages

Space-constructible function f(n): > log n, non-decreasing, and computable within space O(f(n)).

Consider DSpace|f(n)] only for space-constructible f !

’ Diagonalization: Simulate a machine, then invert its answer — can’t be done with fewer resources. ‘

Theorem (The Space Hierarchy Theorem, Nothing to do with PH 1)

DSpace[s(n)] # DSpace[S(n)], where s(n) = o(S(n)), where S(n) > log n.

k e NU {0},
L=< x=(Mo1k|[{M)] < S(x]), € DSpace[S(|x|)]  (using UTM).
M rejects x using space < S(|x])
Assume to the contrary: Let M, decide L using space < s.(|x|) = O(s(|x|)) = o(S(|x])).
“small o(...)" = 3Ny Vn > Ny s.(n) < S(n).
Consider N, > max{N1,2|<M*>|}, so that M, in the condition of L has enough space to run.
If M, ((M.)01N-~KM)I=1) — 1 = then its input ¢ L, and vice versa.



Bonus track: The time hierarchy theorem

Time-constructible function f(n): > n, non-decreasing, and computable within time O(f(n)).

Consider DTime[f(n)] only for time-constructible !

DTime[t(n)] # DTime[T (n)], where t(")Tl?i)t(n) 0.
k € NU {0},
L= {x = (M)01¥||M] < T(|x]), € DTime[T(|x])].

UTM rejects (M, x) using time < T(|x|)
Let M, decide L in time < t.(|x]) = O(t(|x])).

¢ = the const in UTM's overhead
ANy Vn > Ny cto(n)logt.(n) < T(n)
Consider N. > max{Ny,2/")1} so that M, in the condition of L has enough time to be run by by UTM.

If M,(M,01N-=IM:I=1y — 1 = then its input ¢ L, and vice versa.
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Superbonus track: The nondeterministic time hierarchy theorem

(Will be proved if there is enough time.)

Theorem
NTime[t(n)] # NTime[T(n)], where t(n+ 1) = o(T(n)), both time-constructible.
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Corollaries

> L+ PSPACE.
> P £ EXP.
> NP + NEXP.

> (etc — consider any [“nice”] functions you want)
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Now as we started to talk about such classes as EXP and NEXP.

PLNP vs EXP < NEXP

How are they related?
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Now as we started to talk about such classes as EXP and NEXP.

P=NP = EXP = NEXP
How are they related?

Assume P = NP. Take L € NEXP, decided by 2°(")-time NTM N.

Consider Lp,g = {XOlZP(lXI)_lXI_1 ixelL} o C NP. // lgnore the garbage padding.
N ——
2p(n) bits

Under our assumption L,y € P, decided by a g(n)-time DTM M;
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Now as we started to talk about such classes as EXP and NEXP.

P=NP = EXP = NEXP
How are they related?

Assume P = NP. Take L € NEXP, decided by 2°(")-time NTM N.

Consider Lp,g = {xOlZP(lXI)_lXI_1 ixelL} o C NP. // lgnore the garbage padding.
N ——
2¢p(n) bits

Under our assumption L,y € P, decided by a g(n)-time DTM M;
Then we can show that L € EXP:

Algorithm for L:
On input x,
Run /\/I(XOIZP(M)_‘X|_1) and return its answer.

The running time is g(2°(*)), and this is exponential in |x|. //(2”2)}( = ok’
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Now as we started to talk about such classes as EXP and NEXP.

P £ NP < EXP - NEXP

How are they related?

Assume P = NP. Take L € NEXP, decided by 2P("-time NTM N.

Consider Lpag = {XOlzp(le),|X|,1 tx €L} e C NP. /[ lgnore the garbage padding.
—_—_
2p(n) bits

Under our assumption L,,q € P, decided by a g(n)-time DTM M;
Then we can show that L € EXP:

Algorithm for L:
On input x,
Run M(XOlzp(‘Xl)"XPl) and return its answer.

. . . (1x1) . S £k in
The running time is g(2PU*)), and this is exponential in |x|. //(2” ) =2k
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Next lecture: Randomized (probabilistic) algorithms
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