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Abstrat

During the past three years there was a onsiderable growth in the number of

algorithms solving MAX-SAT and MAX-2-SAT in worst-ase time of the order 

K

,

where  < 2 is a onstant, and K is the number of lauses of the input formula.

However, similar bounds w.r.t. the number of variables instead of the number of

lauses are not known.

Also, it was proved that approximate solutions for these problems (even beyond

inapproximability ratios) an be obtained faster than exat solutions. However,

the orresponding exponents still depended on the number of lauses of the input

formula. In this paper, we give a randomized (1 � �)-approximation algorithm for

MAX-k-SAT whose worst-ase time bound depends on the number of variables.

Our algorithm and its analysis are based on Sh�oning's proof of the best urrent

worst-ase time bound for k-SAT [40℄. Similarly to Sh�oning's algorithm (whih is

also very lose to Papadimitriou's algorithm [36℄ and the experimentally suessful

WalkSAT family by Selman et al. [41,31℄), our algorithm makes random walks of

polynomial length. We prove that the probability of error in eah walk is at most

1� 

�N

k;�

, where N is the number of variables, and 

k;�

< 2 is a onstant depending

on k and �. Therefore, making d� ln�e � 

N

k;�

suh walks gives the probability of error

bounded from above by any prede�ned onstant � > 0.

1 Introdution

The maximum satis�ability problem (MAX-SAT ) is one of the most important

MAXSNP-omplete optimization problems sine many pratial optimiza-
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tion problems have natural formulations in terms of MAX-SAT (see refer-

enes in [4℄). During the past deade, this problem has been attaked both

by designing heuristi algorithms showing good performane in omputational

experiments [5,19,29,39℄ and by proving various theoretial results.

Theoretial results related to MAX-SAT mostly onentrate in two diretions:

polynomial-time approximation algorithms and exponential-time exat algo-

rithms. We start with basi de�nitions, brief desription of known results both

in this �eld and in the losely related �eld of SAT algorithms, and then de-

sribe our results.

Basi de�nitions. We onsider formulas in onjuntive normal form (CNF )

represented as multisets of lauses. Every lause of a formula in k-CNF is an

i-lause for i � k. An i-lause onsists of exatly i literals (a literal is a Boolean

variable or the negation of a Boolean variable). General CNF is just n-CNF,

where n is the number of variables.

The satis�ability (SAT ) problem is to �nd a truth assignment that satis�es all

lauses of the input formula F in CNF. The k-SAT problem is a subproblem

of SAT in whih the input is restrited to k-CNF.

The maximum satis�ability (MAX-SAT ) problem is to �nd a truth assign-

ment that satis�es the maximum possible number OptVal(F ) of lauses of

the (possibly unsatis�able) input formula F in CNF (an optimal assignment).

The MAX-k-SAT problem is a subproblem of MAX-SAT in whih the input

is restrited to k-CNF.

An �-approximation algorithm for MAX-SAT (or MAX-k-SAT) is an algo-

rithm that for every input formula F �nds an assignment satisfying at least

� �OptVal(F ) lauses of F . In this paper, we suppose � � 1 to be a onstant,

where � = 1 orresponds to an exat algorithm.

Worst-Case Time Bounds for SAT. SAT an be easily solved in time

of the order

2

2

N

, where N is the number of variables in the input formula.

In the early 1980s, this trivial bound was improved for formulas in 3-CNF

to 

N

, where  < 2 is a onstant [7,32,33℄. After that, many upper bounds

for SAT and its NP-omplete subproblems were obtained ([9,10,23,38,40℄ are

the most reent). Most authors onsider bounds w.r.t. three main parameters:

the length L of the input formula (i.e., the number of literal ourrenes), the

number K of its lauses, and the number N of the variables ourring in it.

2

Here and in what follows, we write all bounds up to a polynomial fator poly(jF j),

where jF j denotes the size of the bit representation of the input. For example, 2

N

is in fat poly(jF j) 2

N

, et.
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The algorithms orresponding to the best known bounds w.r.t. K and w.r.t.

L (these bounds are 1:239

K

and 1:074

L

[23℄) are designed for SAT (and not

only for k-SAT). However, nothing better than 2

N

is known for SAT w.r.t. the

number of variables. Suh bounds are known only for k-SAT (the best known

bounds for 3-SAT are (4=3)

N

for randomized algorithms [40℄ and 1:481

N

for

deterministi algorithms [9,10℄).

Worst-Case Time Bounds for the Exat Solution of MAX-SAT. In

the past three years, there was a signi�ant progress in proving worst-ase

time bounds for the MAX-SAT problem. The researh [3,8,16,17,21,22,30,35℄

onentrated on MAX-SAT and MAX-2-SAT, both of these problems areNP-

omplete. The best known bounds are:

� 1:342

K

and 1:106

L

for MAX-SAT [3℄,

� 2

K=5

and 2

L=10

for MAX-2-SAT [16℄.

No non-trivial upper bounds w.r.t. the number of variables are known for

MAX-SAT or MAX-2-SAT.

Approximation Algorithms for MAX-SAT. There are polynomial-time

�-approximation algorithms for MAX-SAT and MAX-k-SAT [2,13,28℄, for ex-

ample, a 7=8-approximation algorithm for MAX-3-SAT [28,45℄. On the other

hand, for eah of the MAX-k-SAT/MAX-SAT problems there is an �

0

(inap-

proximability ratio) suh that polynomial-time (�

0

+ Æ)-approximation algo-

rithms (Æ > 0) do not exist unless P = NP (see, e.g., [1,20℄). In partiular,

for MAX-3-SAT the inapproximability ratio is 7=8, and for MAX-2-SAT the

best known inapproximability ratio is 0:955 [20℄. (Although, given an almost-

satis�able formula in 2-CNF, it is possible to onstrut an almost-optimal

assignment in polynomial time [44℄).

Dantsin et al. [8℄ explain how to onstrut (�

0

+ Æ)-approximation algorithms

that are faster than the algorithms for the exat solution of MAX-k-SAT (or

MAX-SAT). Their onstrution uses the Davis-Putnam-Logemann-Loveland

proedure [11,12℄ to obtain a guaranteed number ÆK of satis�ed lauses,

and then uses a polynomial-time �

0

-approximation algorithm. However, the

exponential-time bounds obtained in this way are w.r.t. the number of lauses

(and not w.r.t. the number of variables), for example, for MAX-3-SAT there

is a (7=8 + Æ)-approximation algorithm running in 2

8ÆK

time.

Loal Searh Algorithms and Our Results. SAT and MAX-SAT al-

gorithms have been extensively studied experimentally (see [4,18,27℄ for sur-

veys on the subjet). Both omplete and inomplete algorithms are studied
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in this �eld. The inomplete algorithms mainly use loal searh (see, e.g.,

[14,15,19,25,29,39,41℄). Theoretial study of worst-ase upper bounds for suh

algorithms was very limited [24,36℄. Reently, Sh�oning [40℄ proved the up-

per bound (2 � 2=k)

N

on the worst-ase running time of a randomized loal

searh algorithm for k-SAT. The algorithm he used is lose to Papadimitriou's

2-SAT algorithm [36℄; this random walk proedure is also an important om-

ponent of some of the empirially best performing SAT algorithms, inluding

the WalkSAT family [41,31,26℄.

Although Sh�oning's algorithm performs in pratie substantially worse than

WalkSAT or even state-of-the-art omplete SAT algorithms (e.g., suh as

rel sat [6℄ or zha� [34,43℄), it is the only loal searh algorithm for whih

a good worst-ase upper bound is proved. In this paper, we suggest a modi�-

ation of this algorithm that �nds a (1��)-approximate solution for MAX-SAT

for arbitrary � > 0. We do not expet that the obtained algorithm would be

pratial. However, this is the �rst algorithm for MAX-SAT approximation

beyond inapproximability ratio that has a \less-than-2

N

" worst-ase upper

bound, where N is the number of variables (note that all previous algorithms

had worst-ase time bounds with the exponent depending on the number of

lauses or the length of the input formula).

The algorithm of Papadimitriou and Sh�oning piks an initial assignment A

at random and then performs a loal searh: at eah step, it hooses (using an

arbitrary deterministi heuristi

3

) a lause unsatis�ed by the urrent assign-

ment A, piks a variable from this lause at random, and hanges the value

of this variable in A. Clearly, at eah step the assignment A is getting loser

to some satisfying assignment with probability at least 1=k (sine at least one

variable of the hosen unsatis�ed lause has di�erent values in A and in the

satisfying assignment).

Unfortunately, this trik does not work for MAX-k-SAT: a MAX-k-SAT in-

stane may ontain many lauses that are unsatis�ed even by an optimal

assignment. Therefore, an (arbitrary) deterministi hoie of an unsatis�ed

lause is not suitable here. Instead, we use an algorithm whih, similarly to

WalkSAT [41℄, piks an unsatis�ed lause at random and prove that this al-

gorithm is able �nd an (1 � �)-approximate solution of MAX-k-SAT in the

worst-ase time 

N

k;�

, where 

k;�

< 2 is a onstant depending on k and �.

In fat, to prove this result, it suÆes to use even a simpler analysis than

Sh�oning's one (the same applies to the derandomization of Sh�oning's al-

gorithm [9,10℄). However, by using Sh�oning's onstrution, we an obtain a

better onstant 

k;�

.

3

It is not important for Sh�oning's and Papadimitriou's algorithms how to hoose

this lause, thus it is not spei�ed in [36,40℄. In ontrast, WalkSAT [41℄ hooses an

unsatis�ed lause at random.
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Organization of the Paper. In Set. 2 we present our main result. Se-

tion 3 ontains generalizations and improvements. In Set. 4 we summarize

our results, desribe diretions for further work, and pose open questions.

2 Main Result

In this setion, we desribe a randomized (1 � �)-approximation algorithm

for MAX-k-SAT (for arbitrary onstant � > 0). This algorithm returns an

assignment satisfying at least (1� �) � OptVal(F ) lauses with probability at

least 1�

1

e

(where e = 2:71828 : : :), and with the remaining probability returns

an assignment satisfying less lauses. Clearly, repeating suh an algorithm

d� ln �e times (and seleting the assignment satisfying the largest number of

lauses) gives an assignment satisfying at least (1��) �OptVal(F ) lauses with

probability at least 1� � (for any prede�ned � > 0).

Our algorithm and its analysis are very lose to the ones presented by Sh�oning

[40℄ for k-SAT. Starting from a random initial assignment, we perform a loal

searh. The loal searh proedure iteratively hooses an unsatis�ed lause

and hanges the value of one of its variables. Sh�oning's proof uses the fat

that for k-SAT this proedure has a onstant probability of oming loser to

a satisfying assignment beause

the value of at least one variable from an unsatis�ed lause is

di�erent in the urrent (not satisfying) assignment and in an

optimal (satisfying) assignment.

(1)

For MAX-k-SAT this is not guaranteed beause even an optimal (maybe not

satisfying!) assignment an make many lauses false. However, if the urrent

assignment satis�es substantially less lauses than an optimal assignment, then

for a signi�ant portion of unsatis�ed lauses statement (1) holds. Therefore,

for suh a urrent assignment a random hoie of an unsatis�ed lause gives

a onstant probability of going in the \right" diretion.

In this setion, we give the simplest form of our algorithm and prove an upper

bound on its worst-ase running time. In the next setion, we desribe how to

improve the obtained exponent (using Sh�oning's arguments and other on-

strutions) and how to generalize our result.

Algorithm 1

Input: A formula F in k-CNF with N variables.
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Output: A (1� �)-approximation solution of the MAX-SAT problem for F .

Method:

(1) Repeat d(2�

2�

k+�+k�

)

N

e times the following steps:

(a) Pik an assignment A at random.

(b) Repeat N � 1 times the following step:

(i) If A satis�es every lause of F , then return A. Otherwise pik

an unsatis�ed lause of F at random, pik a variable from this

lause at random, and hange its value in A.

(2) Among the N � d(2�

2�

k+�+k�

)

N

e assignments onsidered by this algorithm,

hoose an assignment satisfying the greatest number of lauses of F , and

return this assignment.

�

Theorem 1 Algorithm 1 returns an assignment satisfying at least (1 � �) �

OptVal(F ) lauses of the input formula F with probability at least 1�

1

e

, where

e = 2:171828 : : :. Its worst-ase running time is poly(jF j) � 

N

k;�

, where 

k;�

=

2�

2�

k+�+k�

< 2, and jF j denotes the size of the bit representation of the input

formula F .

PROOF. Consider an (optimal) assignment S satisfying m = OptVal(F )

lauses of F . We all an assignment admissible if it satis�es at least (1� �)m

lauses of F .

Let K be the total number of lauses in F . If at some moment of time the

urrent assignment A satis�es at least (1 � �)m lauses, then we are done.

Otherwise, A does not satisfy u > K � (1 � �)m lauses of F , among them

there are at least u� (K�m) lauses satis�ed by S. Therefore, the algorithm

hanges the value of a variable that has di�erent values in A and S with

probability at least

p

k;�

=

u� (K �m)

ku

=

1

k

�

K �m

ku

�

1

k

�

K �m

k(K � (1� �)m)

=

�m

k(K � (1� �)m)

�

�m

k(2m� (1� �)m)

=

�

k(1 + �)

The seond inequality is based on the fat that

m �

1

2

K; (2)

whih an be shown by the following simple probabilisti argument: take a

random assignment; it satis�es eah lause with probability at least

1

2

; there-
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fore, the expetation of the number of satis�ed lauses is at least

1

2

K, and

the number of satis�ed lauses is greater than or equal to its expetation with

positive probability.

Suppose that at step 1(a) the algorithm hooses an assignment that di�ers

from S by the values of exatly n variables (this happens with probability

(

N

n

)

2

N

). For suh initial assignment, the algorithm �nds an admissible assignment

without hoosing a di�erent initial assignment at step 1(a) with probability

at least p

k;�;n

= (

�

k(1+�)

)

n

.

Summing over all possible values of n, we have that the probability of suess

of loal searh for one initial assignment is at least

1

2

N

�

N

n=0

�

N

n

�

(

�

k(1+�)

)

n

=

�

1

2

(1 +

�

k(1+�)

)

�

N

:

Note that for any real x > 1, ln(1�

1

x

) = �

1

x

�

1

2x

2

�

1

3x

3

� : : :, and thus

(1� x)

x

�

1

e

: (3)

Therefore, by hoosing at least x = (2�

2�

k+�+k�

)

N

=

�

1

2

(1 +

�

k(1+�)

)

�

�N

initial

assignments independently at random, we get the probability of error bounded

from above by

1

e

.

The bound on the running time is straightforward. �

Remark 2 Note that to obtain any prede�ned error probability � < 1 instead

of

1

e

, it is suÆient to repeat Algorithm 1 d� ln �e times. For example, the

error probability

1

2

100

is ahievable by repeating the algorithm just 70 times.

3 Generalizations and improvements.

3.1 Weighted MAX-k-SAT

A simple modi�ation of our algorithm solves the weighted MAX-k-SAT prob-

lem: Instead of piking a random unsatis�ed lause uniformly, we pik it with

probability proportional to its weight. The probability p

k;�

=

u�(K�m)

ku

remains

the same (though u, K, and m now denote the total weights and not just the

ardinalities of the orresponding sets of lauses). Therefore, the bound on the

running time of the algorithm does not hange.
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3.2 Allowing longer loal searh

Arguments from [40℄ take into aount not only the probability of obtaining

the answer by making n steps in the \right" diretion, but also the probability

of doing it by making i steps in the \wrong" and i + n steps in the \right"

diretion. To use Sh�oning's arguments, step 1(b)(i) should be repeated 3N

(and not N�1) times similarly to [40℄. Sh�oning [40℄ proves the following fat

about a random walk on the line.

Lemma 3 (Sh�oning, [40℄) Consider the following random walk on 0, 1, 2,

. . . , N . A partile starts at state n. At eah step, the partile goes from the

urrent state i to the state i�1 with probability p (0 < p < 1), and to the state

i+ 1 with probability 1� p. If the partile reahes 0, it remains there forever.

From the state N , the partile goes to N � 1 with probability one. Then the

probability to reah 0 in at most 3N steps is at least (p

�1

� 1)

�n

=poly(N).

This random walk orresponds to the behaviour of our algorithm: the state 0

orresponds to an optimal assignment, and the state i orresponds to the set

of assignments that di�er from the optimal assignment in the values of exatly

i variables.

Using this lemma (where p = p

k;�

=

�

k(1+�)

), the probability p

k;�;n

improves to

(p

�1

k;�

� 1)

�n

=poly(N) = (

k(1+�)

�

� 1)

�n

=poly(N) = (

�

k(1+�)��

)

n

=poly(N):

Summing over all possible values of n, we have that the probability of suess

of loal searh for one initial assignment is at least

1

2

N

�

N

n=0

�

N

n

�

(

�

k(1+�)��

)

n

=poly(N) =

�

1

2

(1 +

�

k(1+�)��

)

�

N

�

poly(N):

By (3), it suÆes to pik only poly(N) �

�

1

2

(1 +

�

k(1+�)��

)

�

�N

= poly(N) � (2�

2�

k(1+�)

)

N

initial assignments to get the probability of error bounded from above

by

1

e

. Hene, 

k;�

an be improved to 

0

k;�

= 2�

2�

k(1+�)

if we modify Algorithm 1

in the following way:

(1) A longer loal searh is allowed at step 1(b) (step 1(b)(i) is repeated 3N

times instead of N � 1 times).

(2) The number of initial assignments onsidered at step 1 is hanged to

d(2�

2�

k(1+�)

)

N

e.

Overall, we obtain the following result.

Theorem 4 The modi�ed Algorithm 1 returns an assignment satisfying at

least (1� �)OptVal(F ) lauses of the input formula F with probability at least

8



1�

1

e

, where e = 2:171828 : : :. Its worst-ase running time is poly(jF j) �(

0

k;�

)

N

,

where 

0

k;�

= 2�

2�

k(1+�)

< 2, and jF j denotes the size of the bit representation

of the input formula F .

3.3 Better onstrution for MAX-2-SAT

The MAX-2-SAT part of Yannakakis's MAX-SAT approximation algorithm

[42℄ ontains a maximum symmetri ow algorithm whih redues (weighted)

MAX-2-SAT to weighted MAX-2E-SAT, i.e. to the instanes ontaining only

weighted 2-lauses (and no 1-lauses). More preisely, the following fat is

proved.

Lemma 5 (Yannakakis, [42℄) There is a polynomial-time algorithm that,

given a formula G in 2-CNF, outputs a formula F in 2E-CNF suh that an

�-approximation assignment for G an be reonstruted in polynomial time

from any �-approximation assignment for F .

This allows us to prove the following theorem.

Theorem 6 For any � > 0, one an onstrut an algorithm that given a

formula F in 2-CNF returns an assignment satisfying at least (1��)OptVal(F )

lauses of F with probability at least 1�

1

e

, where e = 2:171828 : : :, and runs

in time poly(jGj) � (

00

2;�

)

N

, where 

00

2;�

= 2�

3�

1+3�

< 2, and jGj denotes the size

of the bit representation of the input formula G.

PROOF. Transform the input formula G into a formula F in 2E-CNF using

Yannakakis's algorithm. Then apply Algorithm 1 modi�ed as desribed in

Subsetion 3.2 to F (but set the number of initial assignments onsidered at

step 1 to d(2�

3�

1+3�

)

N

e). An admissible assignment for G an be reonstruted

from an admissible assignment for F using Lemma 5.

A random assignment satis�es every 2-lause with probability

3

4

. Therefore,

the expeted number of lauses of F satis�ed by a random assignment is

3

4

K.

Thus there is an assignment satisfying at least

3

4

K lauses, i.e., the inequality

(2) an be made tighter:

m �

3

4

K:

Thus the bound for p

k;�

in Theorem 1 improves to

�

2(1=3+�)

. By Lemma 3, the

probability p

k;�;n

improves to

(p

�1

k;�

� 1)

�n

=poly(N) = (

2(1=3+�)

�

� 1)

�n

=poly(N) = (

�

2=3+�

)

n

=poly(N):
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Summing over all possible values of n, we have that the probability of suess

of loal searh for one initial assignment is at least

1

2

N

�

N

n=0

�

N

n

�

(

�

2=3+�

)

n

=poly(N) =

�

1

2

(1 +

�

2=3+�

)

�

N

�

poly(N):

By (3), it suÆes to pik only

poly(N) �

�

1

2

(1 +

�

2=3+�

)

�

�N

= poly(N) � (

1=3+�

2=3+�

)

N

= poly(N) � (2�

3�

1+3�

)

N

initial assignments to get the probability of error bounded from above by

1

e

.

The bound on the running time is straightforward. �

Remark 7 The MAX-2-SAT part of Yannakakis's MAX-SAT approximation

algorithm has already been used in the ontext of exponential-time worst-ase

upper bounds [22℄. However, [22℄ ontains an error: Yannakakis' algorithm

may introdue lauses with non-integer weights whih break the algorithm of

[22℄. This error is �xed in [21℄ at the ost of replaing Yannakakis' algorithm by

another proedure. Note that for the algorithm of this paper it is not important

that Yannakakis' algorithm may introdue non-integer weights and inrease the

number of lauses.

4 Conlusion

In this paper, we presented the �rst algorithm that is able to �nd a (1 � ")-

approximate solution for the MAX-k-SAT problem in the worst-ase time

p

�

(jF j) � 

N

k;�

for any prede�ned probability of error � < 1 and any � > 0,

where N is the number of variables, 

k;�

< 2 is a onstant depending only on

k and �, jF j denotes the size of the bit representation of the input, and p

�

is

a polynomial whose oeÆients depend on �. Before, only suh bounds w.r.t.

the number of lauses were known.

We also proved that for MAX-2-SAT, the onstant 

2;�

an be improved to



00

2;�

= 2�

3�

1+3�

.

Our algorithm an be generalized straightforwardly to the weighted MAX-

k-SAT problem. Less obvious appliations of our results and open questions

related to the subjet are listed in the two next subsetions.
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4.1 Further work

The 

N

k;�

-time (1 � �)-approximation algorithm for MAX-k-SAT suggested in

this paper may lead to other new exponential-time algorithms for optimization

problems. For example, the algorithm and its analysis generalize to MAX-k-

CSP

4

similarly to Sh�oning's algorithm [40℄. Also, ombining with the ap-

proximation algorithm of [8℄, the polynomial-time approximation algorithms

of [13,28,44℄, the parametrized bounds of [3℄, or/and the exat bounds of [3,16℄

may give some new algorithms and bounds. It would be interesting to om-

pare both theoretially and empirially the behaviour of all these algorithms

on various lasses of formulas (\long" vs \short", satis�able vs almost satis-

�able vs having many unsatis�ed lauses for every assignment, obtained by

redutions of other problems, et.).

4.2 Open Questions

(1) Derandomize the MAX-k-SAT algorithm suggested in this paper. Curi-

ously, the derandomization of Sh�oning's k-SAT algorithm suggested in

[9,10℄ does (at least diretly) not work for our algorithm.

(2) Design an algorithm solving MAX-2-SAT exatly in 

N

time, where  < 2

is a onstant and N is the number of variables. Note that the same

question is still open for SAT but not for k-SAT.

(3) Design a polynomial-time loal searh �-approximation algorithm for

MAX-k-SAT with a good approximation ratio �. Note that there has

been a signi�ant experimental study of loal searh MAX-SAT algo-

rithms (see, e.g., [5,19,29,39℄); moreover, every SAT loal searh algo-

rithm an be viewed as a MAX-SAT approximation algorithm. However,

urrently no proof of a good approximation ratio for suh an algorithm

is known.

(4) Experimental study [27,37℄ suggests that in many ases, removing the

repeated hoie of random initial assignments does not a�et the perfor-

mane of a loal searh algorithm. Even if the repeated hoie is essential,

it an be replaed by the random walk extension [27℄. However, the proofs

of Sh�oning's bounds and of the bound shown in this paper heavily rely

on (exponentially many of) suh restarts. It would be interesting to show

that polynomially many (or even a onstant number of) restarts are suf-

�ient for obtaining the same worst-ase time bound.

4

MAX-k-CSP is the problem of �nding a solution for a system of k-onstraints. A

k-onstraint is a prediate on at most k variables, where eah variable takes values

in some �nite domain.
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