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Chapter 16

Worst-Case Upper Bounds
Evgeny Dantsin and Edward A. Hirsch

There are many algorithms for testing satisfiability — how to evaluate and
compare them? It is common (but still disputable) to identify the efficiency of
an algorithm with its worst-case complexity. From this point of view, asymp-
totic upper bounds on the worst-case running time and space is a criterion for
evaluation and comparison of algorithms. In this chapter we survey ideas and
techniques behind satisfiability algorithms with the currently best upper bounds.
We also discuss some related questions: “easy” and “hard” cases of SAT, re-
ducibility between various restricted cases of SAT, the possibility of solving SAT
in subexponential time, etc.

In Section 16.1 we define terminology and notation used throughout the
chapter. Section 16.2 addresses the question of which special cases of SAT are
polynomial-time tractable and which ones remain NP-complete. The first non-
trivial upper bounds for testing satisfiability were obtained for algorithms that
solve k-SAT; such algorithms also form the core of general SAT algorithms. Sec-
tion 16.3 surveys the currently fastest algorithms for k-SAT. Section 16.4 shows
how to use bounds for k-SAT to obtain the currently best bounds for SAT. Sec-
tion 16.5 addresses structural questions like “what else happens if k-SAT is solv-
able in time (...)?”". Finally, Section 16.6 summarizes the currently best bounds
for the main cases of the satisfiability problem.

16.1. Preliminaries
16.1.1. Definitions and notation

A literal is a Boolean variable or its negation. A clause is a finite set of literals
that does not contain a variable together with its negation. By a formula we
mean a Boolean formula in conjunctive normal form (CNF formula) defined as a
finite set of clauses. The number of literals in a clause is called the length of the
clause. A formula F is called a k-CNF formula if every clause in F' has length at
most k.

Throughout the chapter we write n, m, and [ to denote the following natural
parameters of a formula F":
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e 1 is the number of variables occurring in F;
e m is the number of clauses in F’;
e [ is the total number of occurrences of all variables in F'.

We also write |F| to denote the length of a reasonable binary representation of
F, i.e., the size of the input in the usual complexity-theoretic sense. The ratio
m/n is called the clause density of F'.

An assignment is a mapping from a set of variables to {true, false}. We
identify an assignment with a set A of literals: if a variable = is mapped to true
then z € A; if x is mapped to false then -z € A. Given a formula F' and an
assignment A, we write F[A] to denote the result of substitution of the truth
values assigned by A. Namely, F[A] is a formula obtained from F as follows:

e all clauses that contain literals belonging to A are removed from F
e all literals that are complementary to the literals in A are deleted from the
remaining clauses.

For example, for F' = {{x,y},{-y,2}} and A = {y}, the formula F[A] is {z}.
If C is a clause, we write F[-C] to denote F[A] where A consists of the literals
complementary to the literals in C.

An assignment A satisfies a formula F if F[A] = (. If a formula has a
satisfying assignment, it is called satisfiable.

SAT denotes the language of all satisfiable CNF formulas (we sometimes refer
to this language as General SAT to distinguish it from its restricted versions),
k-SAT is its subset consisting of k-CNF formulas, SAT-f is the subset of SAT
containing formulas with each variable occurring at most f times, k-SAT-f is the
intersection of the last two languages. Unique k-SAT denotes a promise problem:
an algorithm solves the problem if it gives correct answers for k-CNF formulas
that have at most one satisfying assignment (and there are no requirements on
the behavior of the algorithm on other formulas).

Complexity bounds are given using the standard asymptotic notation (O, 2,
o, etc), see for example [CLRS01]. We use log to denote the binary logarithm
and In to denote the natural logarithm. The binary entropy function is given by

H(z) = —zlogz — (1 — x)log(l — x).
16.1.2. Transformation rules

We describe several simple operations that transform formulas without changing
their satisfiability status (we delay more specific operations until they are needed).

Unit clauses. A clause is called unit if its length is 1. Clearly, a unit clause
determines the truth value of its variable in a satisfying assignment (if any).
Therefore, all unit clauses can be eliminated by the corresponding substitutions.
This procedure (iterated until no unit clauses are left) is known as unit clause
elimination.

Subsumption. Another simple procedure is subsumption: if a formula contains
two clauses and one is a subset of the other, then the larger one can be dropped.



Resolution. If two clauses A and B have exactly one pair of complementary
literals a € A and —a € B, then the clause AUB\{a, —a} is called the resolvent of
A and B (by a) and denoted by R(A, B). The resolvent is a logical consequence of
these clauses and can be added to the formula without changing its satisfiability.
The important cases of adding resolvents are:

e Resolution with subsumption. If F' contains two clauses C' and D such that
their resolvent R(C, D) is a subset of D, replace F by (F\{D})U{R(C, D)}.

e FElimination of a variable by resolution. Given a formula F' and a literal a,
the formula denoted DP,(F) is constructed from F' by adding all resolvents
by a and then removing all clauses that contain a or —a (this transformation
was used in [DP60]). A typical use of this rule is as follows: if the number
of clauses (resp. the number of literal occurrences) in DP,(F) is smaller
than in F', replace F' by DP,(F).

e Bounded resolution. Add all resolvents of size bounded by some function
of the formula parameters.

16.2. Tractable and intractable classes

Consider the satisfiability problem for a certain class of formulas. Depending on
the class, either this restriction is in P (2-SAT for example) or no polynomial-
time algorithm for the restricted problem is known (3-SAT). Are there any criteria
that would allow us to distinguish between tractable and intractable classes? A
remarkable result in this direction was obtained by Schaefer in 1978 [Sch78]. He
considered a generalized version of the satisfiability problem, namely he consid-
ered Boolean constraint satisfaction problems SAT(C) where C is a set of con-
straints, see precise definitions below. Each set C determines a class of formulas
such as 2-CNF, 3-CNF, Horn formulas, etc. Loosely speaking, Schaefer’s di-
chotomy theorem states that there are only two possible cases: SAT(C) is either
in P or NP-complete. The problem is in P if and only if the class determined by
C has at least one of the following properties:

Every formula in the class is satisfied by assigning true to all variables;
Every formula in the class is satisfied by assigning false to all variables;
Every formula in the class is a Horn formula;

Every formula in the class is a dual-Horn formula;

Every formula in the class is in 2-CNF;

6. Every formula in the class is affine.
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We describe classes with these properties in the next section. Schaefer’s theorem
and some relevant results are given in Section 16.2.2.

16.2.1. “Easy” classes

Trivially satisfiable formulas. A CNF formula F is satisfied by assigning
true (resp. false) to all variables if and only if every clause in F' has at least one
positive (resp. negative) literal. The satisfiability problem for such formulas is
trivial: all formulas are satisfiable.



Horn and dual-Horn formulas. A CNF formula is called Horn if every clause
in this formula has at most one positive literal. Satisfiability of a Horn formula
F can be tested as follows. If F' has unit clauses then we apply unit clause elim-
ination until all unit clauses are eliminated. If the resulting formula F’ contains
the empty clause, we conclude that F' is unsatisfiable. Otherwise, every clause in
F’ contains at least two literals and at least one of them is negative. Therefore,
F’ is trivially satisfiable by assigning false to all variables, which means that F
is satisfiable too. It is obvious that this method takes polynomial time. Using
data flow techniques, satisfiability of Horn formulas can be tested in linear time
[DG84].

A CNF formula is called dual-Horn if every clause in it has at most one
negative literal. The satisfiability problem for dual-Horn formulas can be solved
similarly to the case of Horn formulas.

2-CNF formulas. A linear-time algorithm for 2-SAT was given in [APT79].
This algorithm represents an input formula F' by a labeled directed graph G
as follows. The set of vertices of G consists of 2n vertices corresponding to all
variables occurring in F' and their negations. Each clause aVb in F' can be viewed
as two implications —a — b and —b — a. These two implications produce two
edges in the graph: (—a,b) and (—b,a). It is easy to prove that F is unsatisfiable
if and only if there is a variable x such that G has a cycle containing both = and
—x. Since strongly connected components can be computed in linear time, 2-SAT
can be solved in linear time too.

There are also other methods of solving 2-SAT in polynomial time, for exam-
ple, random walks [Pap94] or resolution (note that the resolution rule applied to
2-clauses produces a 2-clause, so the number of all possible resolvents does not
exceed O(n?)).

Affine formulas. A linear equation over the two-element field is an expression
of the form z1 @ ... ® x, = § where @ denotes the sum modulo 2 and § stands
for 0 or 1. Such an equation can be expressed as a CNF formula consisting of
2F=1 clauses of length k. An affine formula is a conjunction of linear equations
over the two-element field. Using Gaussian elimination, we can test satisfiability
of affine formulas in polynomial time.

16.2.2. Schaefer’s dichotomy theorem

Definition 16.2.1. A function ¢: {true, false}* — {true, false} is called a Boolean
constraint of arity k.

Definition 16.2.2. Let ¢ be a constraint of arity k£ and x1, ...,z be a sequence
of Boolean variables (possibly with repetitions). The pair (¢, (z1,...,2)) is
called a constraint application. Such a pair is typically written as ¢(z1,...,zg).

Definition 16.2.3. Let ¢(x1, ..., z)) be a constraint application and A be a truth
assignment to x1,...,xx. We say that A satisfies ¢(x1,...,xx) if ¢ evaluates to
true on the truth values assigned by A.



Definition 16.2.4. Let ® = {C1,...,Cp,} be a set of constraint applications
and A be a truth assignment to all variables occurring in ®. We say that A is a
satisfying assignment for ® if A satisfies every constraint application in ®.

Definition 16.2.5. Let C be a set of Boolean constraints. We define SAT(C) to be
the following decision problem: given a finite set ® of applications of constraints
from C, is there a satisfying assignment for ®7

Example. Let C consist of four Boolean constraints ¢1, @2, ¢3, ¢4 defined as
follows:

$1(z,y) =z Vy;
p2(z,y) =z V ~y;
¢3($,y) =V Y3
¢4(x,y) = false

Then SAT(C) is 2-SAT.

Theorem 16.2.1 (Schaefer’s dichotomy theorem [Sch78]). Let C be a set of
Boolean constraints. If C satisfies at least one of the conditions (1)-(6) below
then SAT(C) is in P. Otherwise SAT(C) is NP-complete.

FEvery constraint in C evaluates to true if all arguments are true.
FEvery constraint in C evaluates to true if all arguments are false.
Every constraint in C can be expressed as a Horn formula.
Every constraint in C can be expressed as a dual-Horn formula.
Every constraint in C can be expressed as a 2-CNF formula.
Every constraint in C can be expressed as an affine formula.
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The main part of this theorem is to prove that SAT(C) is NP-hard if none of
the conditions (1)—(6) holds for C. The proof is based on a classification of the sets
of constraints that are closed under certain operations (conjunction, substitution
of constants, existential quantification). Any such set either satisfies one of the
conditions (3)—(6) or coincides with the set of all constraints.

Schaefer’s theorem was extended and refined in many directions, for example
a complexity classification of the polynomial-time solvable case (with respect to
AC? reducibility) is given in [ABIT05]. Likewise, classification theorems similar
to Schaefer’s one were proved for many variants of SAT, including the counting
satisfiability problem #SAT, the quantified satisfiability problem QSAT, the max-
imum satisfiability problem MAX SAT (see Part 4 of this book for the definitions
of these extensions of SAT), and others, see a survey in [CKSO01].

A natural question arises: given a set C of constraints, how difficult is it to
recognize whether SAT(C) is “easy” or “hard”? That is, we are interested in the
complexity of the following “meta-problem”: Given C, is SAT(C) in P? As shown
in [CKSO01], the complexity of the meta-problem depends on how the constraints
are specified:

e If each constraint in C is specified by its set of satisfying assignments then
the meta-problem is in P.

e If each constraint in C is specified by a CNF formula then the meta-problem
is co-NP-hard.



e If each constraint in C is specified by a DNF formula then the meta-problem
is co-NP-hard.

16.3. Upper bounds for k-SAT

SAT can be trivially solved in 2™ polynomial-time steps by trying all possible as-
signments. The design of better exponential-time algorithms started with papers
[MS79, Dan81, Luc84, MS85] exploiting a simple divide-and-conquer approach®
for k-SAT. Indeed, if a formula contains a 3-clause {x1, 2,23}, then deciding
its satisfiability is equivalent to deciding the satisfiability of three simpler for-
mulas F[z1], F[-x1, 23], and F[-z1, @9, x3], and the recurrent inequality on the
number of leaves in such a computation tree already gives a | F |O(1) -1.84"-time al-
gorithm for 3-SAT, see Part 1, Chapter 8 for a survey of techniques for estimating
the running time of such algorithms.

Later development brought more complicated algorithms based on this ap-
proach both for k-SAT [Kul99] and SAT [KL97, Hir00], see also Section 16.4.2.
However, modern randomized algorithms and their derandomized versions ap-
peared to give better bounds for k-SAT. In what follows we survey these new ap-
proaches: critical clauses (Section 16.3.1), multistart random walks (Section 16.3.2),
and cube covering proposed in an attempt to derandomize the random-walk tech-
nique (Section 16.3.3). Finally, we go briefly through recent improvements for
particular cases (Section 16.3.4).

16.3.1. Critical clauses

To give the idea of the next algorithm, let us switch for a moment to a particular
case of k-SAT where a formula has at most one satisfying assignment (Unique
k-SAT). The restriction of this case ensures that every variable v must occur in
a v-critical clause that is satisfied only by the literal corresponding to v (other-
wise one could change its value to obtain a different satisfying assignment); we
call v the principal variable of this clause. This observation remains also valid
for general k-SAT if we consider an isolated satisfying assignment that becomes
unsatisfying if we flip the value of exactly one variable. More generally, we call
a satisfying assignment j-isolated if this happens for exactly j variables (while
for any other of the remaining n — j variables, a flip of its value yields another
satisfying assignment). Clearly, each of these j variables has its critical clause,
i.e., a clause where it is the principal variable.

Now start picking variables one by one at random and assigning random
values to them eliminating unit clauses after each step. Clearly, each critical
clause of length k has a chance of 1/k of being “properly” ordered: its principal
variable is chosen after all other variables in the clause and thus will be assigned
“for free” during the unit clause elimination provided the values of other variables
are chosen correctly. Thus the expected number of values we get “for free” is j/k;
the probability to guess correctly the values of other variables is 2~ (»~Li/k])

ISuch SAT algorithms are usually called DPLL algorithms since the approach originates
from [DP60, DLL62].



While this probability of success is the largest for 1-isolated satisfying assign-
ments, j-isolated assignments for larger j come in larger “bunches”. The overall
probability of success is

Z 9~ (n=Li/kl) . (number of j-isolated assignments),
J

which can be shown to be Q(2-"(1=1/k)) [PPZ97]. The probability that the
number of “complimentary” values is close to its expectation adds an inverse
polynomial factor. Repeating the procedure in order to get a constant probability
of error yields an |F|9(1) . 2n(1=1/k)_time algorithm, which can be derandomized
for some penalty in time.

The above approach based on critical clauses was proposed in [PPZ97]. A
follow-up [PPSZ98] (journal version: [PPSZ05]) gives an improvement of the
2n(1=1/k) hound by using a preprocessing step that augments the formula by all
resolvents of size bounded by a slowly growing function. Adding the resolvents
formalizes the intuition that a critical clause may become “properly ordered” not
only in the original formula, but also during the process of substituting the values.

Algorithm 16.3.1 (The PPSZ algorithm, [PPSZ05]).

Input: k-CNF formula F.

Output: yes, if F' is satisfiable, no otherwise.?

1. Augment F' using bounded resolution up to the length bounded by any
slowly growing function such that s(n) = o(logn) and s tends to infinity
as n tends to infinity.

n(1—¢2r+o(1) 4 e —
2. Repeat 2 k=1 times, where g ijl )

(a) Apply unit clause elimination to F'.
(b) Pick randomly a literal a still occurring in F and replace F by Fl[a].?

Theorem 16.3.1 ([PPSZ05]). The PPSZ algorithm solves k-SAT in time
‘F‘ou) . 2n(1—%+o(1))

with error probability o(1), where ug is an increasing sequence with us = 1.227
and limy,_, o0 p, = 72/6.

16.3.2. Multistart random walks

A typical local-search algorithm for SAT starts with an initial assignment and
modifies it step by step, trying to come closer to a satisfying assignment (if
any). Methods of modifying may vary. For example, greedy algorithms choose a
variable and flip its value so as to increase some function of the assignment, say,

2This algorithm and the other randomized algorithms described below may incorrectly say
no” on satisfiable formulas.
3Contrary to [PPSZ05], we choose a literal not out of all 2n possibilities (for n variables still
remaining in the formula) but from a possibly smaller set. However, this only excludes a chance
to assign the wrong value to a pure literal.



the number of satisfied clauses. Another method was used in Papadimitriou’s
algorithm for 2-SAT [Pap91]: flip the value of a variable chosen at random from
an unsatisfied clause. Algorithms based on this method are referred to as random-
walk algorithms.

Algorithm 16.3.2 (The multistart random-walk algorithm).

Input: k-CNF formula F.
Output: satisfying assignment A if F' is satisfiable, no otherwise.
Parameters: integers ¢t and w.

1. Repeat t times:

(a) Choose an assignment A uniformly at random.
(b) If A satisfies F', return A and halt. Otherwise repeat the following
instructions w times:

e Pick any unsatisfied clause C' in F'.

e Choose a variable z uniformly at random from the variables
occurring in C.

e Modify A by flipping the value of x in A.

e If the updated assignment A satisfies F', return A and halt.

2. Return no and halt.

This multistart random-walk algorithm with ¢ = 1 and w = 2n? is Pa-
padimitriou’s polynomial-time algorithm for 2-SAT [Pap91]. The algorithm with
t =(2—2/k)" and w = 3n is known as Schoning’s algorithm for k-SAT where
k > 3 [Sch99].

Random-walk algorithms can be analyzed using one-dimensional random walks.
Consider one random walk. Suppose that the input formula F' has a satisfying
assignment S that differs from the current assignment A in the values of exactly
j variables. At each step of the walk, A becomes closer to S with probability
at least 1/k because any unsatisfied clause contains at least one variable whose
values in A and in S are different. Thus, the performance of the algorithm can
be described in terms of a particle walking on the integer interval [0..n]. The po-
sition 0 corresponds to the satisfying assignment S. At each step, if the particle’s
position is j, where 0 < j < n, it moves to j — 1 with probability at least 1/k and
moves to j + 1 with probability at most 1 — 1/k.

Let p be the probability that a random walk that starts from a random
assignment finds a fixed satisfying assignment S in at most 3n steps. Using
the “Ballot theorem”, Schéning shows in [Sch99] that p > (2 — 2/k)™™ up to
a polynomial factor. An alternative analysis by Welzl reduces the polynomial
factor to a constant: p > (2/3)-(2—2/k)~™, see Appendix to [Sch02]. Therefore,
Schoning’s algorithm solves k-SAT with the following upper bound:

Theorem 16.3.2 ([Sch02]). Schoning’s algorithm solves k-SAT in time
|FIOW - (2 —2/k)"

with error probability o(1).



word word wordq word
words words words worda

word word word word n

Figure 16.1. A block code C? for code C = {wordy, ..., wordy }.

16.3.3. Cube covering

Schoning’s algorithm solves k-SAT using an exponential number of relatively
“short” random walks that start from random assignments. Is it possible to
derandomize this approach? A derandomized version of multistart random walks
is given in [DGHT02].

The idea behind the derandomization can be described in terms of a covering
of the Boolean cube with Hamming balls. We can view truth assignments to n
variables as points in the Boolean cube {0, 1}". For any two points u,v € {0,1}",
the Hamming distance between u and v is denoted by d(u,v) and defined to be
the number of coordinates in which these points are different. The Hamming ball
of radius R with center w is defined to be

{u € {0,1}" | 6(u,w) < R}.

Let C be a collection of Hamming balls of radius R with centers wy, ..., w;. This
collection is called a covering of the cube if each point in the cube belongs to at
least one ball from C. When thinking of the centers wy,...,w; as codewords, we
identify the covering C with a covering code [CHLL9T].

The derandomization of Schoning’s algorithm for k-SAT is based on the fol-
lowing approach. First, we cover the Boolean cube with Hamming balls of some
fixed radius R (two methods of covering are described below). This covering
should contain as few balls as possible. Then we consider every ball and search
for a satisfying assignment inside it (see the procedure Search below). The time
of searching inside a ball depends on the radius R: the smaller R we use, the less
time is needed. However, if the radius is small, many balls are required to cover
the cube. It is shown in [DGH"02] that for the particular procedure Search the
overall runnning time is minimum when R = n/(k + 1).

Covering of the Boolean cube with Hamming balls. How many Hamming
balls of a given radius R are required to cover the cube? Since the volume of a
Hamming ball of radius R is at most 277 (%/7) where H is the binary entropy
function, the smallest possible number of balls is at least 2n(1—H(E/n)) — Thig
trivial lower bound is known as sphere covering bound [CHLL97]. Our task is to
construct a covering code whose size is close to the sphere covering bound. To
do it, we partition n bits into d blocks with n/d bits in each block. Then we
construct a covering code of radius R/d for each block and, finally, we define a
covering code for the n bits to be the direct sum of the covering codes for blocks
(see Fig. 16.1). More exactly, the cube-covering-based algorithm in [DGHT02]
uses the following two methods of covering.



e Method A: Constant number of blocks of linear size. We partition n bits
into d blocks where d is a constant. Then we use a greedy algorithm for
the Set Cover problem to construct a covering code for a block with n/d
bits. The resulting covering code for n bits is optimal: its size achieves the
sphere covering bound up to a polynomial factor. However, this method
has a disadvantage: construction of a covering code for a block requires
exponential space.

o Method B: Linear number of blocks of constant size. We partition n bits
into n/b blocks of size b each, where b is a constant. A covering code
for each block is constructed using a brute-force method. The resulting
covering code is constructed within polynomial space, however this code is
only “almost” optimal: its size achieves the sphere covering bound up to a
factor of 2°™ for arbitrary € > 0.

Search inside a ball. After constructing a covering of the cube with balls, we
search for a satisfying assignment inside every ball. To do this, we build a tree
using the local search paradigm: if the current assignment A does not satisfy the
input formula, choose any unsatisfied clause {l1, ..., [} and consider assignments
A1,..., A where A; is obtained from A by flipping the literal I; (note that while
a traditional randomized local search considers just one of these assignments, a
deterministic procedure must consider all these assignments). More exactly, we
use the following recursive procedure Search(F, A, R). It takes as input a k-CNF
formula F, an assignment A (center of the ball), and a number R (radius of the
ball). If F has a satisfying assignment inside the ball, the procedure outputs yes
(for simplicity, we describe a decision version); otherwise, the answer is no.

1. If F' is true under A, return yes.

2. If R <0, return no.

3. If F contains the empty clause, return no.

4. Choose any clause that is false under A. For each literal [ in C, run
Search(F[l], A, R —1). Return yes if at least one of these calls returns yes.
Otherwise return no.

The procedure builds a tree in which

e cach degree is at most k;
e the height is at most R (the height is the distance from the center of the
ball).

Therefore, Search(F, A, R) runs in time k' up to a polynomial factor.

Algorithm 16.3.3 (The cube-covering-based algorithm, [DGHT02]).

Input: k-CNF formula F.
Output: yes if F' is satisfiable, no otherwise.
Parameter: ¢ > 0 (the parameter is needed only if Method B is used).

1. Cover the Boolean cube with Hamming balls of radius R = n/(k+1) using
either Method A or Method B.

2. For each ball, run Search(F, A, R) where A is the center of the ball. Return
yes if at least one of these calls returns yes. Otherwise, return false.
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Theorem 16.3.3 ([DGH"02]). The cube-covering-based algorithm solves k-SAT
in time
[F1OW (2= 2/(k +1)"
and within exponential space if Method A is used, or in time
|FIOW (2 —2/(k+1) +¢)"
and within polynomial space if Method B is used.
In the next section we refer to a weakened version of these bounds:

Proposition 16.3.4. The cube-covering-based algorithm solves k-SAT in time

‘F‘O(l) .on(1=1/k)

16.3.4. Improvements for restricted versions of k-SAT

3-SAT. Like the general case of k-SAT, the currently best bounds for random-
ized 3-SAT algorithms are better than those for deterministic 3-SAT algorithms.

e Randomized algorithms. Schoning’s algorithm solves 3-SAT formulas in
time O(1.334™). It was shown in [IT04] that this bound can be improved by
combining Schéning’s algorithm with the PPSZ algorithm. The currently
best bound obtained using such a combination is O(1.323™) [Rol06].

e Deterministic algorithms. The cube-covering-based algorithm solves 3-SAT
in time O(1.5™). This bound can be improved using a pruning technique
for search inside a ball [DGH02]. The currently best bound based on this
method is O(1.473™) [BKO04].

Unique k-SAT. The currently best bounds for Unique k-SAT are obtained
using the approach based on critical clauses.

e Randomized algorithms. For k > 4, the best known bound for Unique k-
SAT is the bound given by the PPSZ algorithm (Theorem 16.3.1). For
Unique 3-SAT and Unique 4-SAT, the PPSZ bounds can be improved:
0(1.308™) and O(1.470™) respectively [PPSZ05].

o Deterministic algorithms. The PPSZ algorithms can be derandomized for
Unique k-SAT using the technique of limited independence [Rol05]. This
derandomization yields bounds that can be made arbitrarily close to the
bounds for the randomized case (see above) by taking appropriate values
for the parameters of the derandomized version.

16.4. Upper bounds for General SAT

Algorithms with the currently best upper bounds for General SAT are based on
the following two approaches:

e Clause shortening (Section 16.4.1). This method gives the currently best
bound of the form [F|9() . 29" where o depends on n and m.

e Branching (Section 16.4.2; see also Part 1, Chapter 8). Algorithms based
on branching have the currently best upper bounds of the form |F |O(1) .2Bm
and |F|°M) . 27 where 8 and v are constants.
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16.4.1. Algorithms based on clause shortening

The first nontrivial upper bound for SAT was given by Pudlak in [Pud98]. His
randomized algorithm used the critical clauses method [PPZ97] to solve SAT
with the |F|9(M) .29 bound where o = 1 —1/(2y/n). A slightly worse bound was
obtained using a deterministic algorithm based on the cube-covering technique
[DHWO04].

Further better bounds were obtained using the clause-shortening approach
proposed by Schuler in [Sch05]. This approach is based on the following di-
chotomy: For any “long” clause (longer than some k = k(n,m)), either we can
shorten this clause by choosing any k literals in the clause and dropping the other
literals, or we can substitute false for these k literals in the entire formula.

In other words, if a formula F' contains a “long” clause C' then F' is equivalent
to F'V F” where F’ is obtained from F by shortening C to a subclause D of
length k& and F” is obtained from F by assigning false to all literals in D. This
dichotomy is used to shorten all “long” clauses in the input formula F' and apply
a k-SAT algorithm afterwards.

The clause-shortening approach was described in [Sch05] as a randomized
algorithm. Its derandomized version was given in [DHWO06].

Algorithm 16.4.1 (The clause-shortening algorithm).

Input: CNF formula F' consisting of clauses C1,...,C),.
Output: vyes if F' is satisfiable, no otherwise.
Parameter: integer k.

1. Change each clause C; to a clause D; as follows: If |C;| > k then choose
any k literals in C; and drop the other literals; otherwise leave C; as is.
Let F’ denote the resulting formula Dy V...V D,,.

2. Test satisfiability of F’ using the cube-covering-based algorithm (Sec-
tion 16.3).

3. If I’ is satisfiable, output yes and halt. Otherwise, for each 4, do the
following:

(a) Convert F to F; as follows:

i. Replace C; by D; for all j < i;
ii. Assign false to all literals in D;.

(b) Recursively invoke this algorithm on Fj.

4. Return no.

What value of k is optimal? If & is small then each k-SAT instance can be
solved fast, however we have a large number of k-SAT instances. If k is large
then the k-SAT subroutine takes much time. Schuler’s bound and further better
bounds for the clause-shortening approach were improved by Calabro, Impagli-
azzo, and Paturi in [CIP06]. Using this approach, they reduce a SAT instance to
an exponential number of k-SAT instances and prove the following “conditional”
bound:
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Theorem 16.4.1 ([CIP06]). If k-SAT can be solved in time |F|OM) . 20" then
SAT can be solved in time

4m

o0 . g 2

for any n,m and k such that m > n/k.

Although this theorem is not used in [CIP06] to give an improved bound for
SAT explicitly, such a bound can be easily derived as follows. Since there is an
algorithm that solves k-SAT with the 271 =1/%) bound (Corollary 16.3.4), we can
take @« = 1—1/k. Now we would like to choose k such as to minimize the exponent

an + %’i

in the bound given by Theorem 16.4.1 above. Assuming that m > n, we take
k = 2log(m/n) 4+ ¢ where c is a constant that will be chosen later. Then

4 1 4
an+ 58 =n(1-5) + 5%

_ 1 1
=n(l- 2log(m/n)+c + (m/n) 23*3)
The constant ¢ can be chosen so that
2log(m/n) +c < (m/n)2°73

for all m > n. Therefore, the exponent is bounded by n(1 —1/0(k)), which gives
us the currently best upper bound for SAT:

Proposition 16.4.2. SAT can be solved (for example, by Algorithm 16.4.1) in
time .
|F|O(1) .2”(1_W)

where m > n.
16.4.2. Branching-based algorithms

Branching heuristics (aka DPLL algorithms) gave the first nontrivial upper bounds
for k-SAT in the form |F|9() .2°" where o depends on k (Section 16.3). This ap-
proach was also used to obtain the first nontrivial upper bounds for SAT as func-
tions of other parameters on input formulas: Monien and Speckenmeyer proved
the | F'|9().2m/3 hound [MS80]; Kullmann and Luckhardt proved the |F|?(1).2!/9
bound [KL97]. Both these bounds are improved by Hirsch in [Hir00]:

Theorem 16.4.3 ([Hir00]). SAT can be solved in time
1. ‘F‘O(l) . 90.30897m .
2. |[F]oW). 20‘10299l"

To prove these bounds, two branching-based algorithms are built. They
split the input formula F into either two formulas F[z], F[-z] or four formu-
las Flz,y], Fz,—y], F[-x,y], F|-x, ~y]. Then the following transformation rules
are used (Section 16.1.2):

e Elimination of unit clauses.

13



o Subsumption.

e Resolution with subsumption.

e Elimination of variables by resolution. The rule is being applied as long as
it does not increase m (resp., l).

e Elimination of blocked clauses. Given a formula F', a clause C, and a literal
a in C, we say that C is blocked [Kul99] for a with respect to F if the literal
—a occurs only in those clauses of F' that contain the negation of at least
one of the literals occurring in C'\ {a}. In other words, C is blocked for a
if there are no resolvents by a of the clause C' and any other clause in F'.
Given F and a, we define the assignment I(a, F') to be consisting of the
literal a plus all other literals b of F' such that
— b is different from a and —a;

— the clause {—a, b} is blocked for —a with respect to F'.

The following two facts about blocked clauses are proved by Kullmann in

[Kul99]:

— If C is blocked for a with respect to F, then F and F \ {C} are equi-
satisfiable.

— For any literal a, the formula F' is satisfiable iff at least one of the
formulas F'[—a] and F[I(a, F)] is satisfiable.

The rule is based on the first statement: if C' is blocked for a with respect

to F, replace F by F\ {C}.

e Black and white literals. This rule [Hir00] generalizes the obvious fact that
if all clauses in F' contain the same literal then F' is satisfiable. Let P be
a binary relation between literals and formulas such that for a variable v
and a formula F, at most one of P(v, F) and P(—w, F) holds. Suppose
that each clause in F that contains a “white” literal w satisfying P(w, F')
also contains a “black” literal b satisfying P(—b, F'). Then, for any literal
a such that P(—a, F), the formula F' can be replaced by Fa].

Remark. The second bound is improved to 20:0926! ysing another branching-
based algorithm [Wah05].

Formulas with constant clause density. Satisfiability of formulas with con-
stant clause density (m/n < const) can be solved in time O(2%") where o < 1
and « depends on the clause density [AS03, Wah05]. This fact also follows from
Theorem 16.4.3 for m < n and from Corollary 16.4.2 for m > n. The latter also
shows how « grows as m/n increases:

_ _ 1
o =1- Shcgimmy-

16.5. How large is the exponent?

Given a number of 2%"-time algorithms for various variants of SAT, it is natural
to ask how the exponents an are related to each other (and how they are related
to exponents for other combinatorial problems of similar complexity). Another
natural question is whether o can be made arbitrarily small.

Recall that a language in NP can be identified with a polynomially balanced
relation R(z,y) that checks that y is indeed a solution to the instance x. (We

14



refer the reader to [Pap94] or some other handbook for complexity theory notions
such as polynomially balanced relation or oracle computation.)

Definition 16.5.1. Parameterized NP problem (L,q) consists of a language
L € NP (defined by a polynomially-time computable and polynomially balanced
relation R such that © € L <= 3JyR(z,y)) and a complexity parameter g,
which is a polynomial-time computable* integer function that bounds the size of
the shortest solution to R: = € L <= Jy(ly| < q(x) A R(x,y)).

For L = SAT or k-SAT, natural complexity parameters studied in the lit-
erature are the number n of variables, the number m of clauses, and the total
number [ of literal occurrences. We will be interested whether these problems
can be solved in time bounded by a subexponential function of the parameter
according to the following definition.

Definition 16.5.2 ([IPZ01]). A parameterized problem (L, q) € SE if for every
positive integer k there is a deterministic Turing machine deciding the membership
problem z € L in time |z|9() . 20(@)/k,

Our ultimate goal is then to figure out which versions of the satisfiability
problem belong to SE. An Ezponential Time Hypothesis (ETH) for a problem
(L, q) says that (L,q) ¢ SE. A natural conjecture saying that the search space for
k-SAT must be necessarily exponential in the number of variables is (3-SAT, n) ¢
SE.

It turns out, however, that the only thing we can hope for is a kind of com-
pleteness result relating the complexity of SAT to the complexity of other com-
binatorial problems. The completeness result needs the notion of a reduction.
However, usual polynomial-time reductions are not tight enough for this. Even
linear-time reductions are not always sufficient. Moreover, it is by far not straight-
forward even that ETH for (k-SAT, n) is equivalent to ETH for (k-SAT,m), see
Section 16.5.1 for a detailed treatment of these questions.

Even if one assumes ETH for 3-SAT to be true, it is not clear how the expo-
nents for different versions of k-SAT are related to each other, see Section 16.5.2.

16.5.1. SERF-completeness

The first attempt to investigate systematically ETH for k-SAT has been made by
Impagliazzo, Paturi, and Zane [IPZ01] who introduced reductions that preserve
the fact that the complexity of the parameterized problem is subexponential.

Definition 16.5.3 ([IPZ01]). A series {7} }ren of oracle Turing machines forms
a subexponential reduction family (SERF') reducing parameterized problem (A, p)
to problem (B, q) if T/ solves the problem F € A in time |F|9() . 2P()/k and
queries its oracle for instances I € B with ¢(I) = O(p(F)) and |I| = |F|°M.
(The constants in O(-) do not depend on k.)

4Note that the definition is different from the one being used in the parameterized complexity
theory (Chapter 17).
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It is easy to see that SERF reductions are transitive and preserve subexpo-
nential time. In particular, once a SERF-complete problem for a class of param-
eterized problems is established, the existence of subexponential-time algorithms
for the complete problem is equivalent to the existence of subexponential time
algorithms for every problem in the class. It turns out that the class SNP defined
by Kolaitis and Vardi [KV87] (cf. [PY91]) indeed has SERF-complete problems.

Definition 16.5.4 (parameterized version of SNP from [IPZ01]). A parame-
terized problem (L,q) € SNP if L can be defined by a series of second-order
existential quantifiers followed by a series of first-order universal quantifiers fol-
lowed by a quantifier-free first-order formula in the language of the quantified
variables and the quantified relations f1,..., fs and input relations hq,..., hy
(given by tables of their values on a specific universum of size n):

(h1,y...,hy) €L <= 3f1,..., fsVp1,...,p:®(p1,-..,pt),

where ® uses f;’s and h;’s. The parameter ¢ is defined as the number of bits
needed to describe all relations f;’s, i.e., >, n®, where a; is the arity of f;.

Theorem 16.5.1 ([IPZ01]). (3-SAT,m) and (3-SAT,n) are SERF-complete for
SNP.

SERF-completeness of SAT with the parameter n follows straightforwardly
from the definitions (actually, the reduction queries only k-SAT instances with &
depending on the problem to reduce). In order to reduce (k-SAT, n) to (k-SAT, m),
one needs a sparsification procedure which is interesting in its own right. Then
the final reduction of (k-SAT,m) to (3-SAT,m) is straightforward.

Algorithm 16.5.5 (The sparsification procedure [CIP06]).

Input: k-CNF formula F.

Output: sequence of k-CNF formulas that contains a satisfiable formula if and
only if F' is satisfiable.

Parameters: integers 6; for ¢ > 0.

1. Forc=1,...,n,forh=c¢,...,1,search F fort > 6._j clauses C1,Cs,...,C; €
F of length ¢ such that |()'_, C;| = h. Stop after the first such set of
clauses is found and let H = ﬂ’;:l C;. If nothing is found, output F and
exit.

2. Make a recursive call for F'\ {C1,...,C;} U{H}.

3. Make a recursive call for F[-H].

Calabro, Impagliazzo, and Paturi [CIP06] show that, given k and sufficiently

small ¢, for
R it+1
eizo((’glog’;) )

this algorithm outputs at most 2°™ formulas such that

e for every generated formula, every variable occurs in it at most (k/g)3F
times;
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e F' is satisfiable if and only if at least one of the generated formulas is
satisfiable.

Since the number of clauses in the generated formulas is bounded by a linear func-
tion of the number of variables in F', Algorithm 16.5.5 defines a SERF reduction
from (k-SAT,n) to (k-SAT,m).

16.5.2. Relations between the exponents

The fact of SERF-completeness, though an important advance in theory, does
not give per se the exact relation between the exponents for different versions
of k-SAT if one assumes ETH for these problems. Let us denote the exponents
for the most studied versions of k-SAT (here RTime[t(n)] denotes the class of
problems solvable in time O(t(n)) by a randomized one-sided bounded error al-
gorithm):

s, = inf{6 > 0| k-SAT € RTime[2°"]},
siredf — inf{§ > 0| k-SAT-f € RTime[2°"]},

sge’“s’d = inf{§ > 0] k-SAT with at most dn clauses € RTime[Q‘S”]},
sted-f — inf{§ > 0| SAT-f € RTime[2°"]},

sdens:d — inf{§ > 0| SAT with at most dn clauses € RTime[2°"]},
o) = inf{d > 0| Unique k-SAT € RTime[2°"]},
Soo = lim sy,
k—o00
Sfreq.oo = lim Sfreq.f7
f—o0
Sdens.oo — lim sdens.d’
d— o0
O = lim oy.
k—o00

In the remaining part of this section we survey the dependencies between these
numbers. Note that we are interested here in randomized (as opposed to deter-
ministic) algorithms, because some of our reductions are randomized.

k-SAT vs Unique k-SAT

Valiant and Vazirani [VV86] presented a randomized polynomial-time reduction
of SAT to its instances having at most one satisfying assignment (Unique SAT).
The reduction, however, neither preserves the maximum length of a clause nor is
capable to preserve subexponential complexity.

As a partial progress in the above problem, it is shown in [CIKPO03] that

Soo = Ooo-

Lemma 16.5.2 ([CIKP03]). Vk Ve € (0,1) sp < o + O(H(¢)), where k' =
max{k, % In g}

Proposition 16.5.3 ([CIKP03]). s, < oy + O(%) Thus Seo = Ooo-
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In order to prove Lemma 16.5.2 [CIKPO03] employs an isolation procedure,
which is a replacement for the result of [VV86]. The procedure starts with con-
centrating the satisfying assignments of the input formula in a Hamming ball of
small radius en. This is done by adding a bunch of “size k¥’” random hyperplanes
@,crairi = b (encoded in CNF by listing the 2K =1 k/_clauses that are implied
by this equality), where the subset R of size k' and bits a;, b are chosen at random,
to the formula. For k' = max{k, % In %} and a linear number of hyperplanes, this
yields a “concentrated” k’-CNF formula with substantial probability of success.

Once the assignments are concentrated, it remains to isolate a random one. To
do that, the procedure guesses a random set of variables in order to approximate
(from the above) the set of variables having different values in different satisfying
assignments. Then the procedure guesses a correct assignment for the chosen set.
Both things are relatively easy to guess, because the set is small.

k-SAT for different values of k

Is the sequence ss, sy, ... of the k-SAT complexities an increasing sequence (as
one may expect from the definition)? Impagliazzo and Paturi prove in [IP01] that
the sequence sj is strictly increasing infinitely often. More exactly, if there exists
ko > 3 such that ETH is true for ko-SAT, then for every k there is & > k such
that si < sg. This result follows from the theorem below, which can be proved
using both critical clauses and sparsification techniques.

Theorem 16.5.4 ([IP01]). s < (1 —Q(k™1))s00-
Note that [IP01] gives an explicit constant in Q(k~1).

k-SAT vs SAT-f
The sparsification procedure gives immediately

freq.((k/2)**) dens. ((k/2)**)

Sk < 8 +e< s, +e.

In particular, for e = k=9 this means that k-SAT could be only slightly harder
than (k-)SAT of exponential density, and so, < sffea->0 < gdens-oo,

The opposite inequality is shown using the clause-shortening algorithm: sub-
stituting an O(2%T¢™)-time k-SAT algorithm and m < dn into Theorem 16.4.1
we get (after taking the limit as ¢ — 0)

(16.1)

Choosing k as a function of d so that the last summand is smaller than the
difference between s; and s, [CIP06] shows that taking (16.1) to the limit gives
gdens-oo < g e,

Soo = Sfreq.oo — Sdens.oo.

16.6. Summary table

The table below summarizes the currently best upper bounds for 3-SAT, k-SAT
for k > 3, and SAT with no restriction on clause length (the bounds are given up
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to polynomial factors). Other “record” bounds are mentioned in previous sections,
for example bounds for Unique k-SAT (Section 16.3.4), bounds as functions in m
or | (Section 16.4.2), etc.

| | randomized algorithms | deterministic algorithms |
3-SAT [ 1.323" [Rol06] 1.473" [BKOA]

k-SAT | 2n(1=#% o) [pPSZ98] | (2 —2/(k + 1))* [DGH*02]
SAT |2"(t~owstarm) [c1poep | 271~ owestarm ) [CIPOG)?

16.7. Addendum for the 2nd Edition: Connections to Circuit
Complexity

To prove an upper bound for a computational problem II, it suffices to design a
single algorithm that solves II using resources (like time or space) that do not
exceed this bound. To prove a lower bound for II, one needs to show that every
algorithm for solving II requires a certain amount of resources. Ryan Williams
showed in [Wil10, Will1] that there is a nontrivial connection between these some-
what opposing tasks: a slight improvement over exhaustive search for Boolean
satisfiability implies a nontrivial lower bound for circuit complexity.

In circuit complexity, the basic model of computation is a family {C, }nen
where C), is a circuit with n input bits. Such a family decides a language L C
{0, 1}* if for every n-bit string z, the circuit C,, outputs 1 on z if and only if x € L.
Since there may be no single algorithm producing every circuit C),, complexity
classes defined in terms of circuits are commonly referred to as “non-uniform”
classes in contrast to “uniform” complexity classes, like P or NP, defined in
terms of algorithms.

The most natural example of a non-uniform class is P/poly that consists of
all languages decidable by families {C}, },eny where the size of C,, is polynomial
in n. It is clear that each polynomial-time algorithm can be simulated using a
family of polynomial-size circuits and, therefore, P is a subset of P/poly. What
about nondeterministic polynomial-time algorithms, can they be simulated by
non-uniform families of polynomial-size circuits? It is commonly believed that
NP ¢ P/poly but the current state of complexity theory is far from proving this
(such a proof would imply P # NP). Moreover, it is open whether much larger
classes such as NEXP or ENP are contained in P/poly; the current best lower
bound is MAEXP ¢ P/poly [BFT98].

A possible approach to proving lower bounds for non-uniform computations
would be to restrict types of circuits. For example, ACC denotes the class of
languages decidable by constant-depth polynomial-size circuits with the following
gates: NOT gates, AND gates and OR gates of unbounded fan-in, MOD-m gates
of unbounded fan-in (such a gate outputs 0 if the number of ones in the input
is divisible by m and outputs 1 otherwise). The question of strong lower bounds
for ACC was open until 2011 when Williams proved the bound NEXP ¢ ACC

5This bound can be derived from Lemma 5 in [CTP06], see Corollary 16.4.2 above.
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building on connections between upper bounds and lower bounds [Wil10, Willl].
These exciting results can be summarized as follows.

Let C be a class of circuits. For example, C can consists of all polynomial-size
circuits over AND, OR, NOT, or C can be a class of circuits used in the definition
of ACC above. Let C-SAT denote the satisfiability problem for circuits of C:
given a circuit C € C, determine whether there is an input on which C outputs 1.

Theorem 16.7.1 ([Will0, Willl]). Suppose there is a ¢ > 0 such that C-SAT can
be solved on circuits with n inputs and n* size in O(2" /n°) time for every k. Then
NEXP contains a language that cannot be decided by a family of polynomial-size
circuits from the class C.

This theorem is proved by contradiction, assuming that C-SAT can be solved
by a O(2"/n°) algorithm and NEXP has polynomial-size circuits from C. These
two assumptions together imply an algorithm that is “too good to exist”: this
algorithm could be used to simulate every nondeterministic algorithm running
in O(2") time by a nondeterministic algorithm running in o(2") time, which
contradicts the nondeterministic hierarchy theorem [SFMT78].

Theorem 16.7.2 ([Willl]). Let C be the class of circuits with NOT gates and
unbounded fan-in AND, OR, MOD-m gates (such circuits are used in the defini-
tion of the class ACC). For every integer d > 0, there is an € € (0,1) and there
s an algorithm that solves C-SAT on circuits with n inputs of depth d and size at
most 2™ in 27" time.

The proof of this theorem relies on simulating ACC circuits by low degree
polynomials [Yao90, BT91].

Proposition 16.7.3 ([Willl]). NEXP ¢ ACC.

There is also a bunch of results relating modest upper bounds for satisfiability
to modest lower bounds for non-uniform classes. Here are two examples of such
results.

Theorem 16.7.4 ([Will0], Theorem 6.1). If the Exponential Time Hypothesis is
false, then ENP does not have linear size circuits.

Theorem 16.7.5 ([JMV18], Corollary 7). If 3-SAT is in time c" for any ¢ <
217 = 1.10..., then there exists a (non-Boolean) function f:{0,1}" — {0,1}?
in ENP such that any circuit over the full basis computing it requires at least 3n
(non-input) gates.
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