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Abstra
t

In 1980 Monien and Spe
kenmeyer [21℄ proved that satis�ability of a propositional

formula 
onsisting of K 
lauses (of arbitrary length) 
an be 
he
ked in time of the order

2

K=3

. Re
ently Kullmann and Lu
khardt [16℄ proved the worst-
ase upper bound 2

L=9

,

where L is the length of the input formula. The algorithms leading to these bounds

are based on the splitting method whi
h goes ba
k to the Davis{Putnam pro
edure.

Transformation rules (pure literal elimination, unit propagation et
.) 
onstitute a

substantial part of this method. In this paper we present a new transformation rule

and two algorithms using this rule. We prove that these algorithms have the worst-
ase

upper bounds 2

0:30897K

and 2

0:10299L

respe
tively.

1 Introdu
tion.

SAT (the problem of satis�ability of a propositional formula in 
onjun
tive normal form)


an be easily solved in time of the order 2

N

, where N is the number of variables in the

input formula. In the early 1980s this trivial bound was redu
ed for formulas in 3-CNF by

Monien and Spe
kenmeyer [20℄ (see also [22℄) and independently by Dantsin [1℄ (see also

[4℄ and [2℄). After that, many upper bounds for SAT and its subproblems were obtained

[21, 17, 25, 13, 14, 26, 16, 8, 23, 24℄. Most authors 
onsider bounds w.r.t. three main

parameters: the length L of the input formula, the number K of its 
lauses and the number

N of the variables o

urring in it. Before the 
onferen
e pro
eedings version of this paper

[9℄, the best known worst-
ase upper bounds for SAT were:

� p(L)2

L=9

[16℄,

� p(L)2

K=3

[21℄ (see also [16℄),

where p is a polynomial. Also, the upper bound p(L)2

L=4

for satis�ability problem for general

Boolean formulas (i.e., not ne
essarily in CNF) is known [28℄. Re
ently Paturi, Pudlak, Saks

and Zane [24℄ proved that 3-SAT is 
he
kable in the randomized time O(2

0:446N

), but it is still

�
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unknown whether the trivial upper bound 2

N

for the general SAT problem 
an be improved.

Kullmann and Lu
khardt in [16℄ simpli�ed the algorithm of Monien and Spe
kenmeyer from

[21℄ and presented also an improved algorithm of the same 
omplexity p(L)2

K=3

whi
h works

better when the ratio of the number of 
lauses to the number of variables is greater than

2:64557. In the 
onferen
e pro
eedings version of this paper [9℄ we presented two algorithms

whi
h improve the bounds p(L)2

K=3

= p(L)2

0:33333:::K

and p(L)2

L=9

= p(L)2

0:11111:::L

to

p(L)2

0:30897K

and p(L)2

0:10537L

respe
tively. In this journal version we improve the se
ond

algorithm and prove the worst-
ase upper bound p(L)2

0:10299L

. Our new algorithm uses the

p(L)2

0:30897K

-time algorithm as a subroutine; the proof of the 
orresponding upper bound is

mu
h simpler than the proof in the 
onferen
e pro
eedings version [9℄.

The most popular methods for solving SAT are the lo
al sear
h method and the splitting

method . Many experimental and average-
ase results show the signi�
ant power of the lo
al

sear
h method (for referen
es, see the survey [7℄). However, most best known worst-
ase

upper bounds for SAT and its NP-
omplete subproblems are obtained using the splitting

method [21, 16, 8℄ (for worst-
ase upper bounds for the lo
al sear
h method see [10, 11,

12℄). The splitting method is also useful in proving worst-
ase upper bounds for exa
t and

approximate MAXSAT solving [18, 3, 19℄.

The splitting method goes ba
k to the Davis{Putnam pro
edure [6℄. Let l be a literal

o

urring in a formula F . Let F [l℄ be the formula obtained from F by assigning the value

True to the literal l, i.e. by removing all 
lauses 
ontaining l and deleting all o

urren
es of

l from the other 
lauses. In short, the main idea of the Davis{Putnam pro
edure is that F is

satis�able i� at least one of the formulas F [l℄ and F [ l ℄ is satis�able. In a wider sense [5℄, a

splitting algorithm 
onstru
ts a tree by redu
ing satis�ability of a formula F to satis�ability

of several formulas F [I

1

℄; F [I

2

℄; : : : ; F [I

s

℄ obtained from F by assignments I

1

; I

2

; : : : ; I

s

re-

spe
tively. Then, a splitting algorithm simpli�es ea
h of the formulas F [I

1

℄; F [I

2

℄; : : : ; F [I

s

℄

a

ording to transformation rules whi
h do not 
hange their satis�ability. These transfor-

mations take a polynomial time. Their role is to redu
e some of the parameters L, K or

N of the formulas F [I

1

℄; F [I

2

℄; : : : ; F [I

s

℄ and to simplify these formulas by eliminating pure

literals (a literal is pure if its negation does not o

ur in the formula), 1-
lauses (1-
lause is

a 
lause 
onsisting of one literal) and other \easy pie
es".

Re
urrent equations are often used in 
omplexity analysis of algorithms. Kullmann and

Lu
khardt in [16℄ des
ribed a very similar, but simpler te
hnique whi
h is very useful in the

estimation of the running time of splitting algorithms. One 
an 
onsider an exe
ution of

a splitting algorithm as a bran
hing tree, i.e. a tree su
h that formulas labelling 
hildren

are simpler than formulas labelling parents (leaves are labelled with the simplest formulas).

With ea
h node of this tree we asso
iate a bran
hing ve
tor of non-negative numbers and

a polynomial 
onstru
ted from this ve
tor. One 
an estimate the number of leaves in the

tree using the largest of the positive roots of these polynomials. Pre
ise de�nitions and

formulations are given in Se
t. 3.

Transformation rules play an important role in splitting algorithms. Two simplest rules

were proposed in the original paper of Davis and Putnam [6℄: we 
an eliminate pure literals

and 1-
lauses. All transformation rules we use are des
ribed in Se
t. 4. This paper introdu
es

a new transformation rule whi
h goes up to the following simple observation: if ea
h 
lause

of our formula 
ontains at least one negative literal, then this formula is trivially satis�able

2



by the assignment in whi
h all variables have the value False. Let P (l; F ) be a property of

a literal and a formula, for example, \F 
ontains exa
tly two o

urren
es of l and at least

three o

urren
es of l ". In addition, we suppose that for ea
h variable v in the formula F

at most one of the literals v and v satis�es P . Given F , the literals that satisfy the property

P will be referred as P -literals.

The bla
k and white literals prin
iple. Let F be a formula in CNF. At least

one of the following two alternatives holds.

(1) There is a 
lause in F that 
ontains a P -literal and does not 
ontain the

negations of any other P -literals.

(2) Satis�ability of F is equivalent to satis�ability of the formula obtained

from F by removing all 
lauses 
ontaining the negations of P -literals.

A formal proof of the bla
k and white literals prin
iple is given in Lemma 4.3. Figure 1

illustrates this prin
iple. White 
ir
les (Æ) denote P -literals, bla
k 
ir
les (�) denote their

negations, 
ir
les with dots (Æ�) denote other literals (i.e., literals whi
h are neither P -literals

nor the negations of P -literals; note that the negation of su
h literal is again neither P -literal

nor the negation of a P -literal). Columns 
orrespond to 
lauses of the formula. The �gure


ontains two formulas, the �rst one satis�es the 
ondition (1), the se
ond one satis�es the


ondition (2).

�� �� Æ� Æ�

Æ �� Æ Æ�

Æ� Æ� Æ� ��

Æ� Æ Æ�

|{z}

(1)

�� Æ� �� Æ�

�� �� Æ Æ�

Æ� �� Æ� Æ�

Æ Æ�

| {z }

(2)

�

�

�

�

�

�

�

�

� �

�

�

�

�

Figure 1: Two alternatives of the bla
k and white literals prin
iple.

This prin
iple is the key point of our algorithm 
orresponding to the upper bound p(L)2

0:30897K

:

In this algorithm we use the presen
e of 
lauses that 
ontain a P -literal and do not 
ontain

the negations of other P -literals for a 
ertain property P . The bla
k and white literals prin-


iple is a kind of insuran
e: it guarantees that if we 
annot �nd a required 
lause, then we


an repla
e F by a simpler formula, or F does not 
ontain any P -literals at all. This prin
i-

ple is one of re-formulations of the following simple property: for any partial assignment A

(i.e., a set of literals whi
h does not 
ontain simultaneously x and x for any variable x) for

a formula F in CNF, either there is a 
lause in F 
ontaining only literals from A, or setting

the values of all these literals to False does not 
hange the satis�ability of F .

Another known re-formulations of this property are the generalized sign prin
iple [16℄ and

the autarkness prin
iple [20, 22, 17℄ (see also [16℄). A 
omprehensive study of the autarkness

prin
iple 
an be found in [15℄.

3



The use of the bla
k and white literals prin
iple leads to two new bounds for SAT pre-

sented in this paper and also to several upper bounds for the satis�ability problem for

formulas in CNF{(1,1) [8℄ (a formula is in CNF{(1,1) if ea
h literal o

urs in it positively

at most on
e; the satis�ability problem for these formulas is NP-
omplete).

In Se
t. 2 we give basi
 de�nitions. Se
tion 3 
ontains the te
hnique that allows us to

estimate the size of a bran
hing tree. In Se
t. 4 we explain transformation rules that we

use in our algorithms. In Se
t. 5 and Se
t. 6 we des
ribe the algorithms having the upper

bounds p(L)2

0:30897K

and p(L)2

0:10299L

respe
tively, and the 
orresponding proofs.

2 Basi
 de�nitions.

Let V be a set of Boolean variables. The negation of a variable v is denoted by v. Given a

set U , we denote U = fu j u 2 Ug. Literals are the members of the set W = V [V . Positive

literals are the members of the set V . Negative literals are their negations. If w denotes

a negative literal v, then w denotes the variable v. A 
lause is a �nite set of literals that

does not 
ontain simultaneously any variable together with its negation. The empty 
lause

is interpreted as False. A formula in CNF (CNF-formula) is a �nite set of 
lauses. The

empty formula is interpreted as True. The length of a 
lause is its 
ardinality, the length of

a formula is the sum of the lengths of all its 
lauses. The length of a 
lause C is denoted by

jCj. A k-
lause is a 
lause of the length k. A k

+

-
lause is a 
lause of the length at least k.

A k

�

-
lause is a 
lause of the length at most k. If we say that a literal v o

urs in a 
lause

or in a formula, we mean that this 
lause or this formula 
ontains the literal v. However, if

we say that a variable v o

urs in a 
lause or in a formula, we mean that this 
lause or this

formula 
ontains the literal v, or it 
ontains the literal v.

An assignment is a �nite subset of W that does not 
ontain any variable together with

its negation. Informally speaking, if an assignment I 
ontains a literal w, it means that w

has the value True in I. To obtain F [I℄ from F and an assignment I = fw

1

; : : : ; w

s

g, we

� remove fromF all 
lauses 
ontaining the literalsw

i

,

� delete all o

urren
es of the literals w

i

from the other 
lauses.

For short, we writeF [w

1

; : : : ; w

s

℄ instead ofF [fw

1

; : : : ; w

s

g℄.

An assignment I is satisfying for a formula F if F [I℄ is the empty formula. A formula is

satis�able if there exists a satisfying assignment for it. We say that two formulas F and G

are equi-satis�able if both are satis�able, or both are unsatis�able.

Let w be a literal o

urring in a formula F . This literal is a i-literal if F 
ontains exa
tly

i o

urren
es of w. It is a (i;j)-literal if F 
ontains exa
tly i o

urren
es of w and exa
tly j

o

urren
es of w. It is a (i;j

+

)-literal if F 
ontains exa
tly i o

urren
es of w and at least j

o

urren
es of w. It is a (i;j

�

)-literal if F 
ontains exa
tly i o

urren
es of w and at most

j o

urren
es of w. Similarly, we de�ne (i

+

;j

+

)-literals, (i

+

;j)-literals et
.

We denote the number of o

urren
es of a literal w in a formula F by #

w

(F ). We denote

the sum of the lengths of the 
lauses 
ontaining w by }

w

(F ). When the meaning of F is


lear from the 
ontext, we omit F . A literal w is a }i-literal if }

w

= i. Similarly, we de�ne

}i

+

-literals, (}i;}j)-literals, (}i

�

;}j

+

)-literals et
.
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3 Estimation of the size of a bran
hing tree.

Kullmann and Lu
khardt introdu
ed in [16℄ a notion of a bran
hing tree. It is intended for

estimating the time 
omplexity of splitting algorithms, sin
e a tree of formulas whi
h su
h an

algorithm splits, is a bran
hing tree. One 
an 
onsider an exe
ution of a splitting algorithm

as a tree whose nodes are labelled with CNF-formulas su
h that if some node is labelled with

a CNF-formula F , then its sons are labelled with (simpli�ed) formulas F [I

1

℄; F [I

2

℄; ::: ; F [I

s

℄

for some assignments I

1

; I

2

; ::: ; I

s

.

Suppose we have a tree whose nodes are labelled with formulas in CNF. To ea
h formula

F we atta
h a non-negative integer �(F ) (
omplexity of F ). The tree is a bran
hing tree if,

for ea
h node, the 
omplexity of the formula labelling this node is stri
tly greater than the


omplexity of ea
h of the formulas labelling its sons. In this paper we use

(1) �(F ) = N (F ) is the number of variables in F ;

(2) �(F ) = K(F ) is the number of 
lauses in F ;

(3) �(F ) = L(F ) is the length of F .

We prove two upper bounds, w.r.t. K and w.r.t. L. However, in this se
tion we do not �x

any 
on
rete measure of 
omplexity.

Let us 
onsider a node in our tree labelled with a formula F

0

. Suppose its sons are labelled

with formulas F

1

, F

2

, . . . , F

m

. A bran
hing ve
tor of a node is an m-tuple (t

1

; : : : ; t

m

),

where t

i

are positive numbers not ex
eeding �(F

0

)��(F

i

). The 
hara
teristi
 polynomial of

a bran
hing ve
tor

~

t is de�ned by

h

~

t

(x) = 1�

m

X

i=1

x

�t

i

:

The 
hara
teristi
 polynomial h

~

t

(x) is a monotone fun
tion of x on the interval (0;+1),

and h

~

t

(0) = �1, h

~

t

(+1) = 1. Hen
e, h

~

t

(x) = 0 has exa
tly one positive root. We denote

this root by �(

~

t ) and 
all it the bran
hing number . We suppose �(;) = 1 for leaves. We

omit one pair of parentheses and write �(t

1

; t

2

; : : : ; t

m

) instead of �((t

1

; t

2

; : : : ; t

m

)).

Example 3.1 For example,

�(1; 1) = 2;

�(1; 2) = 1:61803::: = 2

0:69424:::

is the golden ratio;

�(6; 7; 6; 7) = 1:23881::: = 2

0:30896:::

;

�(10; 10) = 1:07177::: = 2

0:1

.

The bran
hing number of a tree T is the largest of the bran
hing numbers �(

~

t ) of its

nodes. We denote it by �

max;T

. The following lemma proved by Kullmann and Lu
khardt

allows us to estimate the number of leaves in a bran
hing tree using its bran
hing number.
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Lemma 3.1 (Kullmann, Lu
khardt, [16℄) Let T be a bran
hing tree, let its root be labelled

with a formula F

0

. Then the number of leaves in T does not ex
eed (�

max;T

)

�(F

0

)

.

This lemma already allows us to estimate the running time of a splitting algorithm

if we know the bran
hing number of the splitting tree and the algorithm pro
esses ea
h

its leaf in a polynomial time. However, our algorithm 
orresponding to the upper bound

p(L)�(6; 7; 6; 7)

L=3


alls the algorithm 
orresponding to the upper bound p(L)�(6; 7; 6; 7)

K

as a subroutine and thus pro
esses some of the leaves in an exponential time. To estimate

the overall running time, we use the following simple generalization of Lemma 3.1.

Lemma 3.2 [8℄ Let T be a bran
hing tree, let its root be labelled with a formula F

0

. Let G

l

denote the obje
t labelling a leaf l of the tree T . Let f(m) = ��

m

, where � > 1, � � 0. Then

X

l is a leaf of T

f(�(G

l

)) � �(max(�; �

max;T

))

�(F

0

)

:

Proof is the indu
tion on the 
onstru
tion of the tree.

Base. The tree 
onsisting of the unique node. In this 
ase �

max

= 1, �(max(�; �

max

))

�(F

0

)

=

��

�(F

0

)

= f(�(F

0

)):

Step. Consider the tree T presented in Fig. 2. Let

~

t = (t

1

; t

2

; : : : ; t

s

) be the bran
hing tuple

in its root.

X

l is a leaf of T

f(�(G

l

)) =

=

s

X

j=1

0

�

X

l is a leaf of T

j

f(�(G

l

))

1

A

� �

s

X

j=1

(max(�; �

max;T

j

))

�(F

j

)

(by indu
tion hypothesis)

� �

s

X

j=1

(max(�; �

max;T

j

))

�(F

0

)�t

j

(by de�nition of the tuple

~

t)

F

0

�

�

�

�

�

�

�

�

�

�

�

H

H

H

H

H

H

H

t

1

t

2

t

m

F

1

F

2

: : : F

m

�

�

�

�

�

�

C

C

C

C

C

C

�

�

�

�

�

�

C

C

C

C

C

C

�

�

�

�

�

�

C

C

C

C

C

C

T

1

T

2

T

m

Figure 2: A splitting tree
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� �

s

X

j=1

(max(�; �

max;T

))

�(F

0

)�t

j

(sin
e �

max;T

j

� �

max;T

)

= �(max(�; �

max;T

))

�(F

0

)

�

s

X

j=1

(max(�; �

max;T

))

�t

j

= �(max(�; �

max;T

))

�(F

0

)

(1� h

~

t

(max(�; �

max;T

))) (by de�nition of h

~

t

)

� �(max(�; �

max;T

))

�(F

0

)

(by monotoni
ity of h

~

t

)

ut

Now if we know the bran
hing number of the tree 
orresponding to a splitting algorithm,

then we 
an estimate its running time. We expli
itly require our algorithms to perform

splittings with bran
hing numbers not greater than we wish (and we only need to prove that

there always exists a splitting satisfying this 
ondition). For this purpose, the algorithm has

to 
ompare bran
hing numbers 
orresponding to di�erent ve
tors. Of 
ourse, this 
an be

done just by the examination of a 
onstant number of 
ases and the use of the monotoni
ity

of � . However, a more general statement holds.

Lemma 3.3 (Kullmann, Lu
khardt, [16℄) Let m, k be natural 
onstants, x

1

;x

2

; : : : ; x

m

;y

1

;

y

2

; : : : ; y

k

be positive rational numbers. The problem whether �(x

1

;x

2

; : : : ;x

m

) is not greater

than �(y

1

;y

2

; : : : ; y

k

) is solvable in time polynomial of max(x

1

;x

2

; : : : ; x

m

;y

1

;y

2

; : : : ; y

k

).

In the following, when estimating the running time of our algorithms, we use frequently

inequalities like �(7; 15) < �(5; 17) or �(5; 17) < �(6; 7; 6; 7)

1=3

without proofs. One 
an 
he
k

these inequalities by approximate 
al
ulation of the bran
hing numbers. However, there are

several simple observations that may help to prove some of this inequalities easier.

Lemma 3.4 (Kullmann, Lu
khardt, [16℄)

(1) Permutations of the 
omponents of a bran
hing ve
tor do not a�e
t the 
orresponding

bran
hing number.

(2) The bran
hing number stri
tly de
reases as one or more 
omponents of the bran
hing

ve
tor in
rease.

(3) Let 0 < � < t

1

. Then �(t

1

; t

2

; t

3

: : : ; t

m

) T �(t

1

� �; t

2

+ �; t

2

; : : : ; t

m

) i� t

1

T t

2

+ �.

4 Transformation rules.

In this se
tion F denotes a formula in CNF.

Lemmas 3.1 and 3.2 allows us to take into 
onsideration only the di�eren
es between

the 
omplexity of an input formula and the 
omplexities of the formulas obtained from it

by splitting. The higher these di�eren
es are, the smaller the number of leaves is. Thus,

to obtain a good algorithm, we should redu
e as mu
h as possible the 
omplexities of the

7



formulas obtained by splitting. Here we explain transformation rules that allow us to do it.

More pre
isely, we explain that in 
ertain 
ases we 
an �nd a simpler formula equi-satis�able

with F . In the following we use these rules so that they never in
rease the parameter under


onsideration (the number of 
lauses in a formula or the length of a formula).

Elimination of 1-
lauses. If F 
ontains a 1-
lause fag, then the formulas F and F [a℄ are

equi-satis�able sin
e all assignments that 
ontain a are unsatisfying.

Subsumption. If F 
ontains two 
lauses C and D su
h that C � D, then F and F nfDg are

equi-satis�able sin
e ea
h assignment that satis�es the 
lause C, satis�es also the 
lause D.

Resolution with subsumption. Suppose we are given a literal a and 
lauses C and D

su
h that a is the only literal satisfying both 
onditions a 2 C and a 2 D. In this 
ase, the


lause (C [ D) n fa; ag is 
alled the resolvent by the literal a of the 
lauses C and D. We

denote it by R(C;D).

Let now F 
ontain su
h 
lauses C and D. It is 
lear that adding R(C;D) to the formula

does not 
hange its satis�ability. However, it in
reases its size. To avoid this e�e
t, we

use this rule only if R(C;D) � D. In this 
ase we redu
e the satis�ability problem for the

formula F to the satis�ability problem for (F n fDg) [ fR(C;D)g.

Elimination of a variable by resolution. Given a literal a, we 
onstru
t the for-

mula DP

a

(F ) by

� adding to F all resolvents by a;

� removing from F all 
lauses 
ontaining a or a.

Lemma 4.1 (Davis, Putnam, [6℄) The formulas F and DP

a

(F ) are equi-satis�able.

This transformation 
an in
rease the size of a formula or/and the number of 
lauses in

it, but we use this rule only if it does not in
rease the parameter under 
onsideration (the

number of 
lauses in a formula or the length of a formula). Note that in parti
ular, this

transformation does not in
rease any of the parameters of F if a is a pure literal, and thus

it eliminates pure literals.

Elimination of blo
ked 
lauses. The 
lause C is blo
ked for a literal a w.r.t. F if C


ontains the literal a, and the literal a o

urs only in the 
lauses of F that 
ontain the

negation of at least one of the literals o

urring in C n fag. (Note that F may or may not


ontain C.) In other words, there are no resolvents by a of the 
lause C and any other


lause of the formula F . For a CNF-formula F and a literal a o

urring in it, we de�ne the

assignment

I(a; F ) = fag [ fx 2 W n fa; ag j the 
lause fa; xg is blo
ked for a w.r.t. Fg:

When the meaning of F is 
lear from the 
ontext, we omit F and write I(a).

The notion of a blo
ked 
lause was introdu
ed and investigated by Kullmann in [13, 14℄.

We use the following two fa
ts about blo
ked 
lauses.

8



Lemma 4.2 (Kullmann, [13, 14℄)

(1) If a 
lause C is blo
ked for a literal a w.r.t. F , then F , F n fCg and F [ fCg are

equi-satis�able.

(2) Given a literal a, the formula F is satis�able i� at least one of the formulas F [a℄

and F [I(a)℄ is satis�able.

Appli
ation of the bla
k and white literals prin
iple. Let P be a binary relation

between literals and formulas in CNF, su
h that for a variable v and a formula F , at most

one of P (v; F ) and P (v; F ) holds.

Lemma 4.3 Suppose that ea
h 
lause of F that 
ontains a literal w satisfying P (w; F )


ontains also at least one literal b satisfying P (b; F ). Then F and F [fl jP (l; F )g℄ are equi-

satis�able.

Proof. This is a parti
ular 
ase of the autarkness prin
iple [20, 22, 17, 16℄. We denote

G = F [fl jP (l; F )g℄. Suppose G is satis�able. Consider a satisfying assignment I for the

formula G. It is 
lear that the assignment I [ fl jP (l; F )g satis�es F . On the other hand,

G n F = ;, hen
e, ea
h assignment satisfying F satis�es also G. ut

5 A bound w.r.t. the number of 
lauses.

In this se
tion we present Algorithm 5.1 whi
h 
he
ks satis�ability of formula F in the time

p(L(F ))2

0:30897K(F )

(where p is a polynomial). This algorithm has two subroutines, Fun
-

tion REDUCE

K

and Fun
tion SPLIT

K

. Fun
tion REDUCE

K

simpli�es the input formula

using the transformation rules (see Se
t. 4). Fun
tion SPLIT

K

is intended for redu
ing the

satis�ability problem for the input formula to the satis�ability problem for several simpler

formulas. The exe
ution of this algorithm 
an be viewed as follows: Fun
tion REDUCE

K

simpli�es the input formula, then SPLIT

K

splits it into several formulas, REDUCE

K

sim-

pli�es ea
h of these, and so on.

In the following, we denote by REDUCE

K

(F ) the formula that Fun
tion REDUCE

K

outputs on input F . Similarly we de�ne SPLIT

K

(F ) et
.

Fun
tion REDUCE

K

.

Input: A formula F in CNF.

Output: A (simpli�ed) formula in CNF.

Method.

(KR1) Elimination of 1-
lauses. If F 
ontains a 1-
lause C = fag, then F := F [a℄.

Repeat this step while F 
ontains 1-
lauses.

9



(KR2) Appli
ation of the bla
k and white literals prin
iple. If ea
h 
lause C in F

that 
ontains a (2;3

+

)-literal, 
ontains also a (3

+

;2)-literal, then

F := F [fa j a is a (3

+

;2)-literalg℄:

(KR3) Elimination of a variable by resolution. Choose a literal a su
h that a or a

o

urs in F and � = K(F ) � K(DP

a

(F )) is maximal. If there are several su
h

literals, then 
hoose a literal with #

a

minimal. If � � 0, then F := DP

a

(F ).

Repeat this step while F satis�es this 
ondition.

(KR4) If F has been 
hanged at steps (KR1){(KR3), then go to step (KR1), otherwise

return F .

ut

Fun
tion SPLIT

K

.

Input: A formula F in CNF.

Output: If F is satis�able, then True, otherwise False.

Method.

(KS1) The empty formula. If F = ;, then return True.

(KS2) Formula 
ontaining the empty 
lause. If ; 2 F , then return False.

(KS3) Splitting into two subproblems. For ea
h literal a o

urring in F , 
onstru
t two

formulas

F

1

=REDUCE

K

(F [a℄);

F

2

=REDUCE

K

(F [a℄):

If there exists a literal a su
h that �(K(F ) � K(F

1

);K(F ) � K(F

2

)) � �(6; 7; 6; 7);

then 
hoose the formulas F

1

and F

2


orresponding to this literal. If SPLIT

K

returns

True for at least one of these, then return True, otherwise return False.

(KS4) Splitting into four subproblems. Choose a literal a o

urring in F . For ea
h

two literals b and 
 o

urring in F [a℄ and F [a℄ respe
tively, 
onstru
t four formulas

F

11

=REDUCE

K

(F [a; b℄);

F

12

=REDUCE

K

(F [a; b℄);

F

21

=REDUCE

K

(F [a; 
℄);

F

22

=REDUCE

K

(F [a; 
℄):

If there exist literals b and 
 su
h that

�(K(F )�K(F

11

);K(F )� K(F

12

);K(F )�K(F

21

);K(F )� K(F

22

)) � �(6; 7; 6; 7);

then 
hoose the formulas F

11

, F

12

, F

21

and F

22


orresponding to these literals. If

SPLIT

K

returns True for at least one of these, then return True, otherwise return

False.

ut
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Algorithm 5.1.

Input: A formula F in CNF.

Output: If F is satis�able, then True, otherwise False.

Method.

(KM1) Return SPLIT

K

(REDUCE

K

(F )).

ut

In Se
t. 4 we explained that none of the steps of REDUCE

K


hanges the satis�ability of

the formula. The steps (KR1){(KR4) 
annot be repeated more than K(F ) + N (F ) times

sin
e none of them in
reases the number of 
lauses or the number of variables, and during

ea
h iteration (KR1){(KR4){(KR1) at least one of these quantities de
reases. Ea
h of these

steps takes a polynomial time. Thus, REDUCE

K

does not 
hange the satis�ability of the

formula and returns the answer in a polynomial time.

We now 
onstru
t a tree whi
h re
e
ts the behaviour of Algorithm 5.1 (together with

Fun
tions REDUCE

K

and SPLIT

K

). Its internal nodes are labelled with formulas that

Algorithm 5.1 splits at steps (KS3) and (KS4). Its leaves are labelled with formulas that

satisfy the 
onditions of the steps (KS1) and (KS2). Ea
h internal node labelled with F has

two sons labelled with F

1

and F

2

or four sons labelled with F

11

, F

12

, F

21

and F

22

. Sin
e

the 
onditions of the steps (KS3) and (KS4) guarantee that the 
orresponding bran
hing

numbers do not ex
eed �(6; 7; 6; 7), by Lemma 3.1 the number of leaves in the tree is at most

�(6; 7; 6; 7)

K(F )

, where F is the input formula. Thus, the Algorithm 5.1 returns the answer

in the time p(L(F ))�(6; 7; 6; 7)

K(F )

, where p is some polynomial.

It remains to prove that Algorithm 5.1 performs 
orre
tly, i.e., ea
h formula in CNF

redu
ed by REDUCE

K

satis�es at least one of the 
onditions of the steps (KS1){(KS4). To

prove this statement, we need two simple lemmas 
on
erning the output of REDUCE

K

.

Lemma 5.1 Let F

1

be the value of F at step (KR1) of Fun
tion REDUCE

K

at some point

of time (maybe after eliminating several 1-
lauses), F

2

be the 
orresponding output formula

of Fun
tion REDUCE

K

, d and e be literals o

urring in F

1

.

(1) If d is a (1

�

;1

+

)-literal, then K(F

2

) � K(F

1

)� 1.

(2) If d and e are (1

�

;1

+

)-literals, #

d

+#

e

+ #

d

+ #

e

� 3 and there are no 
lauses in F

that 
ontain d and e simultaneously, then K(F

2

) � K(F

1

)� 2.

Proof. (1). If REDUCE

K

modi�es on
e more the formula at steps (KR1) or (KR2), then at

least one 
lause will be deleted from it. Otherwise, at least one 
lause will be eliminated at

step (KR3) sin
e K(F

1

)� K(DP

d

(F

1

)) � 1.

(2). W.l.o.g we suppose that F

1


ontains at most one 1-
lause, this 
lause (if any) 
ontains

a 1-literal and after eliminating this 
lause the formula F

1

does not 
ontain 1-
lauses at

all. If F

1


ontains exa
tly one 1-
lause, then it will be eliminated at step (KR1), and one

11



more 
lause will be eliminated by (1) sin
e at least one of the literals d and e remains a

(1

�

;1

+

)-literal.

Now let F

1


ontain no 1-
lauses. If REDUCE

K

modi�es this formula at step (KR2), then

at least one 
lause, i.e., at least two o

urren
es will be eliminated.

Now F has the value F

1

before the step (KR3). W.l.o.g. we suppose that � = 1 in terms

of the step (KR3). At step (KR3) a 1

�

-literal will be 
hosen. After the �rst appli
ation of

DP , at least one of the literals d and e remains a 1

�

-literal and its negation or the literal

itself remains in the formula. Hen
e, by (1) at least one more 
lause will be eliminated. ut

Lemma 5.2 Let F be a formula in CNF. Then the formula REDUCE

K

(F ) does not 
ontain

1-
lauses, 1

�

-literals and (2;2)-literals.

Proof. Fun
tion REDUCE

K

eliminates 1-
lauses at step (KR1). If d is a 1

�

-literal or a

(2;2)-literal, then K(DP

d

(F )) � K(F ). Fun
tion REDUCE

K

eliminates su
h literals at

step (KR3). ut

Theorem 5.1 Algorithm 5.1 performs 
orre
tly and stops in the time p(L)�(6; 7; 6; 7)

K

<

p(L)2

0:30897K

, where L is the length of the input formula, K is the number of 
lauses in it,

and p is a polynomial.

Proof. We have shown above that it suÆ
es to prove that ea
h formula F in CNF redu
ed

by REDUCE

K

satis�es at least one of the 
onditions of the steps (KS1){(KS4). Suppose

F does not satisfy the 
onditions of the steps (KS1){(KS4). We now 
onsider all possible


ases. We prove that ea
h of this 
ases is impossible. All symbols have the same meaning

as they have at the 
orresponding steps of Fun
tion SPLIT

K

. For i; j = 1; 2, we denote

�

i

= K(F )� K(F

i

); �

ij

= K(F )� K(F

ij

);

B

1

= K(F )� K(F [a℄); �

1

= K(F [a℄)�K(F

1

);

B

2

= K(F )� K(F [a℄); �

2

= K(F [a℄)�K(F

2

);

�

1j

= K(F [a℄)�K(F

1j

); �

2j

= K(F [a℄)�K(F

2j

):

The key observation is that if the formula F 
ontains few \frequent" variables, then after

the transformation of F into F [a℄; F [a℄ for some literal a we 
an apply Lemma 5.1. We now

prove this more formally.

Case 1: The formula F 
ontains a (3

+

;4

+

)-literal a.

All 
lauses of the formula F 
ontaining the literal a disappear in F [a℄, all its 
lauses 
ontain-

ing the literal a disappear in F [a℄. Sin
e a is a (3

+

;4

+

)-literal, B

1

� 3, B

2

� 4. Thus, in terms

of the step (KS3), �(�

1

;�

2

) � �(3; 4) < �(6; 7; 6; 7); i.e., the 
ondition of the step (KS3) is

satis�ed.

Case 2: The formula F 
ontains a 
lause that 
ontains a (3;3)-literal a and a (2;3

+

)-literal

b.

All three 
lauses of the formula F 
ontaining a disappear in F [a℄, all three 
lauses 
ontaining

a disappear in F [a℄. In addition, b be
omes a (1

�

;1

+

)-literal in F [a℄. Thus, in terms of the

step (KS3) we have �

1

� 1 by Lemma 5.1. Hen
e, �

1

= B

1

+ �

1

� 4, �

2

� 3, i.e., the


ondition of the step (KS3) is satis�ed.
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Case 3: The formula F 
ontains a 2-
lause C = fa; bg 
onsisting of 2-literals.

All 
lauses of the formula F 
ontaining a disappear in F [a℄, all its 
lauses 
ontaining a

disappear in F [a℄. By Lemma 5.2, a is a (2;3

+

)-literal. Thus, B

1

� 2, B

2

� 3. Similarly to

Case 2, in terms of the step (KS3) we have �

1

� 1. In addition, C be
omes a 1-
lause in

F [a℄ and will be eliminated at step (KR1), i.e. �

2

� 1. We now have �

1

= B

1

+ �

1

� 3,

�

2

= B

2

+ �

2

� 4, i.e., the 
ondition of the step (KS3) is satis�ed.

Case 4: The formula F 
ontains a 3

+

-
lause C = fa

1

; a

2

; : : : ; a

s

g 
onsisting of 2-literals.

Let i 2 f1; 2; : : : ; sg. All 
lauses of the formula F 
ontaining a

i

disappear in F [a

i

℄, all

its 
lauses 
ontaining a

i

disappear in F [a

i

℄. By Lemma 5.2, a

i

is a (2;3

+

)-literal. Thus,

K(F ) � K(F [a

i

℄) � 2, K(F ) � K(F [a

i

℄) � 3. In addition, a

2

and a

3

be
ome (1

�

;1

+

)-literals

in F [a

1

℄. If C is the only 
lause that 
ontains a

2

and a

3

simultaneously, then by Lemma 5.1

we have K(F [a

1

℄) � K(REDUCE

K

(F [a

1

℄))) � 2. Otherwise, a

3

be
omes a (0;3

+

)-literal

in F [a

2

℄, i.e. K(F [a

2

℄) � K(REDUCE

K

(F [a

2

℄)) � 2. Depending on whi
h of these two

alternatives takes pla
e, we 
hoose a

1

or a

2

as a in terms of the step (KS3). We now have

�

1

= B

1

+ �

1

� 4, �

2

� B

2

� 3, i.e., the 
ondition of the step (KS3) is satis�ed.

Case 5: The 
onditions of Cases 1{4 are not satis�ed.

Sin
e the step (KR2) does not 
hange F , it 
ontains only 3-literals. Sin
e F does not satisfy

the 
ondition of the step (KS3), for ea
h literal a,

K(F )=K(F [a℄) + 3=K(REDUCE

K

(F [a℄)) + 3:(5.1)

Let a be a literal o

urring in F . We now prove that there exist literals b and 
 su
h that the


ondition of the step (KS4) is satis�ed. We 
onsider three sub-
ases (the �rst two of them

are similar to Cases 2{4).

Case 5.1: There exists a 
lause C = fa

1

;a

2

; : : : ; a

s

g in F [a℄, su
h that a

1

is a (3;3)-literal

and a

2

is a 2-literal.

We suppose b = a

1

in terms of the step (KS4). Similarly to Case 2, �

11

� 4, �

12

� 3.

Case 5.2: There exists a 
lause C = fa

1

; a

2

; : : : ; a

s

g in F [a℄, su
h that a

1

is a (2;3)-literal

and a

2

; : : : ; a

s

are 2-literals.

We suppose b = a

1

in terms of the step (KS4). Similarly to Cases 3{4, �

11

� 3, �

12

� 4,

or �

11

� 4, �

12

� 3. (Note that by (5.1) the literals a

i

and a

j


annot o

ur together in two


lauses.)

Case 5.3: The 
onditions of Cases 5.1{5.2 are not satis�ed.

Sin
e by (5.1) the steps (KR1){(KR3) do not redu
e the number of 
lauses in the formula

F [a℄ and the 
onditions of Cases 5.1{5.2 are not satis�ed, this formula 
onsists of 
lauses

that 
ontain only (2;2)-literals and 
lauses that 
ontain only (3;3)-literals. Sin
e exa
tly

three 
lauses of the formula F disappear in F [a℄, all o

urren
es of any (3;3)-literal 
annot

disappear in F [a℄. Hen
e, it 
ontains at least one (2;2)-literal b

1

. Let b

1

be a 2-literal. The

formula F does not 
ontain 2-
lauses by (5.1). Similarly, it 
annot 
ontain two 
lauses,

ea
h 
ontaining the literals a and b

1

simultaneously. Thus, F [a℄ 
ontains a 3

+

-
lause

C = fb

1

; b

2

; : : : ; b

s

g, where b

1

; b

2

; : : : ; b

s

are 2-literals.
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We 
hoose the literal b

1

as b. Both 
lauses of the formula F [a℄ that 
ontain b

1

disappear

in F [a; b

1

℄. In addition, these 
lauses 
ontain only (2;2)-literals whi
h be
ome (1

�

;1

+

)-

literals. Thus, by Lemma 5.1

K(F [a℄)� K(REDUCE

K

(F [a; b

1

℄)) � 3:

On the other hand, two 
lauses of F [a℄ 
ontaining b

1

disappear in F [a; b

1

℄, and two more


lauses disappear by Lemma 5.1 sin
e b

2

and b

3

be
ome (1

�

;1

+

)-literals. We note that by

(5.1) the formula F 
ontains only one 
lause that 
ontains b

2

and b

3

simultaneously. Thus,

K(F [a℄)� K(REDUCE

K

(F [a; b

1

℄)) � 4:

We now have that in ea
h of Cases 5.1{5.3 there exists a literal b in F [a℄ su
h that

�

11

= B

1

+ �

11

� 6, �

12

= B

1

+ �

12

� 7. A literal 
 
an be 
hosen similarly. Hen
e, the


ondition of the step (KS4) is satis�ed. ut

6 A bound w.r.t. the length of a formula.

In this se
tion we present Algorithm 6.1 whi
h 
he
ks satis�ability of formula F in the

time p(L(F ))2

0:10299L(F )

(where p is a polynomial). As in the previous se
tion, we de�ne

two subroutines, Fun
tion REDUCE

L

and Fun
tion SPLIT

L

. We use them similarly to

REDUCE

K

and SPLIT

K

: Fun
tion REDUCE

L

simpli�es the input formula, then SPLIT

L

splits it into several formulas, REDUCE

L

simpli�es ea
h of these, and so on.

Fun
tion REDUCE

L

.

Input: A formula F in CNF.

Output: A (simpli�ed) formula in CNF.

Method.

(LR1) Elimination of 1-
lauses. If F 
ontains a 1-
lause C = fag, then F := F [a℄.

Repeat this step while F 
ontains su
h a 
lause.

(LR2) Subsumption. If F 
ontains two 
lauses C and D su
h that C � D, then F :=

F n fDg. Repeat this step while F 
ontains su
h 
lauses.

(LR3) Elimination of blo
ked 
lauses. If F 
ontains a blo
ked 
lause C, then F :=

F n fCg. Repeat this step while F 
ontains blo
ked 
lauses.

(LR4) Resolution with subsumption. If F 
ontains two 
lauses C and D su
h that

R(C;D)�D, then F := (F n fDg)[ fR(C;D)g. Repeat this step while F 
ontains

su
h 
lauses.

(LR5) Elimination of a variable by resolution. Choose a literal a su
h that a or a

o

urs in F and � = L(F )� L(DP

a

(F )) is maximal. If � � 0, then F := DP

a

(F ).

Repeat this step while F satis�es this 
ondition.
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(LR6) If F has been 
hanged at steps (LR1){(LR5), then go to step (LR1), otherwise

return F .

ut

Fun
tion SPLIT

L

.

Input: A formula F in CNF.

Output: If F is satis�able, then True, otherwise False.

Method.

(LS1) The empty formula. If F = ;, then return True.

(LS2) Formula 
ontaining the empty 
lause. If ; 2 F , then return False.

(LS3) Formula 
ontaining no 2-
lauses. If F does not 
ontain 2-
lauses, apply Algo-

rithm 5.1 to F and return its answer.

(LS4) Splitting into two subproblems. For ea
h literal a o

urring in F , 
onstru
t two

formulas

F

1

=REDUCE

L

(F [I(a)℄);

F

2

=REDUCE

L

(F [a℄):

If there exists a literal a su
h that �(L(F )� L(F

1

);L(F )� L(F

2

)) � �(5; 17), then


hoose the formulas F

1

and F

2


orresponding to this literal. If SPLIT

L

returns True

for at least one of these, then return True, otherwise return False.

ut

Algorithm 6.1.

Input: A formula F in CNF.

Output: If F is satis�able, then True, otherwise False.

Method.

(LM1) Return SPLIT

L

(REDUCE

L

(F )).

ut

Similarly to REDUCE

K

, Fun
tion REDUCE

L

does not 
hange the satis�ability of the

formula and returns the answer in a polynomial time.

We now 
onstru
t a tree whi
h re
e
ts the behaviour of Algorithm 6.1 (together with

Fun
tions REDUCE

L

and SPLIT

L

). Its leaves are labelled with formulas that satisfy the


onditions of the steps (LS1){(LS3). Algorithm 6.1 pro
esses in a polynomial time formulas

satisfying the 
onditions of the steps (LS1) and (LS2), and passes formulas satisfying the
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ondition of the step (LS3) to Algorithm 5.1 whi
h pro
esses su
h a formula F in the time

p(L(F ))�(6; 7; 6; 7)

K(F )

� p(L(F ))�(6; 7; 6; 7)

L(F )=3

, where p is a polynomial (note that F


ontains no 2

�

-
lauses sin
e 1-
lauses are eliminated at step (LR1)).

Internal nodes of our tree are labelled with formulas that Algorithm 6.1 splits at step (LS4).

Ea
h internal node labelled with F has two sons labelled with F

1

and F

2

. Sin
e the 
ondi-

tion of the step (LS4) guarantees that the 
orresponding bran
hing number does not ex
eed

�(5; 17) < �(6; 7; 6; 7)

1=3

, by Lemma 3.2 the running time of Algorithm 6.1 is upper bounded

by q(L(G))�(6; 7; 6; 7)

L(G)=3

for input formula G, where q is a polynomial.

It remains to prove that Algorithm 6.1 performs 
orre
tly, i.e., ea
h formula in CNF

redu
ed by REDUCE

L

satis�es at least one of the 
onditions of the steps (LS1){(LS4). We

need three simple lemmas 
on
erning the output of REDUCE

L

to prove this statement.

Lemma 6.1 Let F be a formula in CNF, d be a literal o

urring in it.

(1) If d is a (1;2

�

)-literal o

urring in a 3

�

-
lause, then L(DP

d

(F )) � L(F )� 1:

(2) If d is a (1;1

+

)-literal o

urring in a 2

�

-
lause, then L(DP

d

(F )) � L(F )� 2:

(3) If d is a (1;1)-literal, then L(DP

d

(F )) � L(F )� 2:

Proof. By straightforward 
al
ulations. ut

Lemma 6.2 Let F

1

be the value of F at one of the steps (LR1){(LR5) of Fun
tion REDUCE

L

,

F

2

be the 
orresponding output formula of Fun
tion REDUCE

L

, d be a literal o

urring in

F

1

.

(1) If d is a (1;2

�

)-literal o

urring in a 3

�

-
lause, then L(F

2

) � L(F

1

)� 1:

(2) If d is a (1;1

+

)-literal o

urring in a 2

�

-
lause, then L(F

2

) � L(F

1

)� 2:

Proof. (1). Note that any 
hange of the formula at steps (LR1){(LR4) is a removal of some


lauses and/or a 
hange of other 
lauses by their subsets, and thus results in de
reasing the

length of the formula by at least one o

urren
e. If the formula does not 
hange any more

before the step (LR5), then at least one o

urren
e will be removed by Lemma 6.1(1).

(2). Suppose that after F gets the value F

1

, Fun
tion REDUCE

L

modi�es the formula

before the step (LR4). This modifying 
annot result in in
reasing the length of a 
lause or

in in
reasing the number of o

urren
es of a literal. Moreover, if the formula 
hanges at

these steps, at least one o

urren
e is removed. If only one o

urren
e is removed, then at

least one of the literals d, d remains in the formula. If this is the o

urren
e of d, then by

Lemma 6.1(1) at least one more o

urren
e will be removed at step (LR5), and (2) holds.

Otherwise, d be
omes a pure literal and will be removed at step (LR5), thus (2) holds again.

Suppose now that REDUCE

L

does not modify the formula before the step (LR5).

Then, (2) follows from Lemma 6.1(2). ut

We use the following simple properties of the formula redu
ed by Fun
tion REDUCE

L

in the proof of 6.1 without expli
it mentioning.
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Lemma 6.3 Let F = REDUCE

L

(G) for some formula G. Then

(1) F does not satisfy any of the 
onditions of the steps (LR1){(LR5);

(2) there are no 1-
lauses in F ;

(3) there are no pure literals and (1;1)-literals in F ;

(4) there are no 2-
lauses in F 
ontaining a 1-literal;

(5) for any literal d o

urring in F , }

d

(F ) � max(3; 2#

d

);

(6) for any 1-literal d o

urring in F , }

d

+#

d

� 7;

(7) for any literal d o

urring in F , }

d

+#

d

� 5.

Proof. (1) is trivial; (2){(7) sin
e F does not satisfy the 
onditions of the step (LR1)and

(LR5); see also Lemma 6.1. ut

Theorem 6.1 Algorithm 6.1 performs 
orre
tly and stops in the time p(L)�(6; 7; 6; 7)

L=3

<

p(L)2

0:10299L

, where L is the length of the input formula and p is a polynomial.

Proof. We have shown above that it is suÆ
ient to prove that ea
h formula F in CNF redu
ed

by REDUCE

L

satis�es at least one of the 
onditions of the steps (LS1){(LS4). Suppose F

does not satisfy the 
onditions of the steps (LS1){(LS3). We now 
onsider the two possible


ases: when F 
ontains at least one 1-literal a, and when it 
ontains no 1-literals. We prove

that in ea
h of these 
ases F satis�es the 
ondition of the step (LS4).

Informally, this is done as follows. In the �rst 
ase we show that the assignment I(a)


ontains many literals. The se
ond 
ase is handled by 
areful examination of sub-
ases: we


hoose a 2-
lause f
; dg in F and examine the following sub-
ases:

� there are many o

urren
es in the 
lauses 
ontaining the literal 
 (or d);

� F 
ontains many o

urren
es of the literal 
 (or d).

In these two sub-
ases we show that many o

urren
es are eliminated during the trans-

formation of F into F [
℄; F [
℄ (or F [d℄; F [d℄) and the subsequent elimination of 1-
lauses

obtained from the 
lauses 
ontaining the literals 
; 
 (or d; d). The third sub-
ase is:

� none of the previous sub-
ases holds.

In this sub-
ase one of 
 and d is a (2;2)-literal o

uring only in 2- and 3-
lauses whi
h

allows us to use Lemma 6.1 after one o

urren
e of this literal is eliminated during the

splitting by another literal.

In the following we denote �

1

= L(F ) � L(F

1

), �

2

= L(F ) � L(F

2

). Formulas F

1

and

F

2

and a literal a have the same meaning as they have at step (LS4) of Algorithm 6.1.
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Case 1: The formula F 
ontains a 1-literal a.

Let D = fa; a

2

; : : : ; a

jDj

g be the only 
lause 
ontaining a. Let r = minf5; jDjg. Sin
e #

a

� 2

and }

a

+#

a

� 7 by Lemma 6:3, we have #

a

� max(7�}

a

; 2) � 7�r. Let 
 be the number

of 3

+

-
lauses among all 
lauses that 
ontain a.

During the transformation of the formula F into F

2

, all o

urren
es of the literal a and

all 
lauses 
ontaining a will be eliminated. Thus,

�

2

� }

a

+#

a

� 2#

a

+ 
 +#

a

�

2(7� r) + 
 + 1 = 15� 2r + 
 � 5:

During the transformation of the formula F into F

1

, the 
lause D and all o

urren
es

of the literal a will be eliminated; all 2-
lauses 
ontaining a will be eliminated too (at

step (LR1)). Sin
e D is not blo
ked for any a

i

w.r.t. F , for ea
h i 2 2; : : : ; r there exists


lause D

i

in F su
h that D

i

\ fa; a

2

; : : : ; a

r

g = fa

i

g. All these 
lauses will be eliminated

sin
e all 
lauses fa; a

i

g are blo
ked for a w.r.t. F (i.e. fa; a

2

; : : : ; a

r

g � I(a)). All 
lauses


ontaining a, all 
lauses D

i

and the 
lause D are distin
t. Thus, we have

�

1

� jDj+#

a

+ (#

a

� 
) + 2(r � 1) �

r+(7�r)+(#

a

�
)+2(r�1) = 5+2r+(#

a

�
) � 9:

We now have �

1

+�

2

� 20+#

a

� 22; �

1

;�

2

� 5. Thus, �(�

1

;�

2

) � �(5; 17), i.e., the


ondition of the step (LS4) is satis�ed

1

.

Case 2: The formula F does not 
ontain 1-literals.

Sin
e F does not satisfy the 
ondition of the step (LS3), it 
ontains a 2-
lause D = f
; dg.

Let us note that

The formula F does not 
ontain other 
lauses that 
on-

tain the literal d and the literal 
, or the literal d and the

literal 
, or the literal d and the literal 
, simultaneously.

(6.2)

This proposition is true sin
e F does not satisfy the 
onditions of the steps (LR2) and (LR4).

Also, in this 
ase I(
) = f
g and I(d) = fdg by (6.2) and the de�nition of I(: : :).

Let us denote one of the literals 
, d by a (we shall 
hoose later whi
h one). We denote

the remaining literal by b. Let � be the number of 3

+

-
lauses among all 
lauses that 
ontain

a (note that #

a

� � � 1), let 
 be the number of 3

+

-
lauses among all 
lauses that 
ontain

a. We now 
ount the o

urren
es that disappear during the transformation of the formula

F into F [I(a)℄ (= F [a℄) and F [a℄ and subsequent elimination of 1-
lauses resulted from the

2-
lauses 
ontaining the literals a and a.

During the transformation of the formula F into F

1

, all o

urren
es of the literal a and

all 
lauses 
ontaining a will be eliminated; all 2-
lauses that 
ontain a will be eliminated too

(at step (LR1)), there are (#

a

� 
) su
h 
lauses.

1

Kullmann and Lu
khardt [16℄ prove for a very similar algorithm that in this 
ase �(�

1

;�

2

) � �(5; 21);

thus, �(5; 17) in the 
ondition of the step (LS4) 
an be repla
ed by �(8; 12). However, this would not improve

our upper bound while would make the proof longer; thus, we present here this simpler proof.
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The formula F [a℄ 
ontains the 1-
lause fbg obtained from the 2-
lause D. It will be

eliminated at step (LR1). If F 
ontains other 2-
lauses 
ontaining a, the 
lauses obtained

from them will be eliminated at step (LR1) too. The number of su
h 
lauses is (#

a

�1��).

During the transformation of the formula F into F

2

, all o

urren
es of the literal a and all


lauses 
ontaining a or b will be eliminated. By (6.2), D is the only 
lause 
ontaining b in

whi
h the literals a; a 
an o

ur. Thus, even if we 
ount only o

urren
es that disappear in


lauses 
ontaining a or a before the �rst appli
ation of the step (LR2), we have

�

1

� }

a

+#

a

+ (#

a

� 
);(6.3)

�

2

� }

a

+#

a

+ (}

b

� 1) + (#

a

� 1� �):(6.4)

We 
onsider several sub-
ases.

Case 2.1: }




� 6 and }

d

� 6.

From (6.3) and (6.4) we have

�

1

� 6 + 2 + (#

a

� 
) � 8 + (#

a

� 
) � 8;

�

2

� (2#

a

+ 
) + 2 + 5 = 11 + 
 � 11;

�

1

+�

2

� 19 + #

a

� 21:

Thus, �(�

1

;�

2

) � �(8; 13) < �(5; 17), i.e., the 
ondition of the step (LS4) is satis�ed.

Case 2.2: #




� 3 or #

d

� 3.

Let a 2 f
; dg be the literal for whi
h #

a

� 3 holds, let b be the remaining literal in f
; dg.

Thus, we have

�

1

� (2#

a

+�)+ 3+ (#

a

�
) � 7+�+(#

a

�
) � 7;

�

2

� (2#

a

+ 
) + 2 + 2#

b

� 1 + (#

a

� 1� �) �

10 + 
 + (#

a

� �) � 11;

�

1

+�

2

� 17 + #

a

+#

a

� 22:

Thus, �(�

1

;�

2

) � �(7; 15) < �(5; 17), i.e., the 
ondition of the step (LS4) is satis�ed.

Case 2.3: #




= #

d

= 2, and }




� 5 or }

d

� 5.

Let a 2 f
; dg be a literal su
h that }

a

= max(}




;}

d

), let b be the remaining literal in

f
; dg. Then 4 � }

b

� 5 and }

a

� }

b

. In this 
ase b is a 2-literal, it o

urs in D and in one

other 2- or 3-
lause. We denote this 
lause by C

b

.

The literal b be
omes a (1;2)-literal in F [I(a)℄ (= F [a℄). We now 
omplete the proof

by showing that several literal o

urren
es will be eliminated in addition to the o

urren
es


ounted by (6.3). There are three sub-
ases.
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Case 2.3.1: At least two o

urren
es are eliminated before the �rst appli
ation of step (LR2)

in addition to the o

urren
es 
ounted by (6.3).

In this 
ase,

�

1

� }

a

+#

a

+ (#

a

� 
) + 2 �(6.5)

(4 + �) + 2 + (#

a

�
) + 2 � 8 + �+ (#

a

�
) � 8;

�

2

�(4+
)+2+3+(#

a

�1��)�8+
+(#

a

��)�9;(6.6)

�

1

+�

2

� 16 + #

a

+#

a

� 20:(6.7)

Case 2.3.2: Exa
tly one o

urren
e is eliminated before the �rst appli
ation of step (LR2)

in addition to the o

urren
es 
ounted by (6.3).

We remind that (6.3) 
ounts only o

urren
es to the 
lauses 
ontaining one of the literals

a,a. By (6.2) the o

urren
e of the literal b to the 
lause C

b

or any o

urren
e of the literal

b 
annot be eliminated during the transformation of the formula F into the formula F [a℄. If

we 
ounted any of these o

urren
es in the #

a

� 
 term of (6.3), then it was an elimination

of a 1-
lause fbg obtained from a 2-
lause fa; bg. Sin
e it is impossible to have two distin
t

identi
al 
lauses fa; bg in the formula, the other two o

urren
es (another o

urren
e of the

literal b and the o

urren
e of the literal b in C

b

) eliminated at this moment are not 
ounted

by (6.3); this fa
t 
ontradi
ts the assumption of Case 2.3.2.

Thus in this 
ase b remains a (1;2)-literal before the �rst appli
ation of the step (LR2). By

Lemma 6.2(1) at least one more o

urren
e will be eliminated after that and thus (6.5){(6.7)

hold.

Case 2.3.3: No o

urren
es are eliminated before the �rst appli
ation of step (LR2) in

addition to the o

urren
es 
ounted by (6.3).

Similarly to Case 2.3.2, b remains a (1;2)-literal before the �rst appli
ation of the step (LR2)

during transformations of the formula F [a℄ by Fun
tion REDUCE

L

. Thus, if jC

b

j = 2, then

two more o

urren
es are eliminated by Lemma 6.2(2), and (6.5){(6.7) hold.

If, however, jC

b

j = 3, then we 
an apply only Lemma 6.2(1), but in this 
ase }

a

� }

b

= 5,

and thus

�

1

� }

a

+#

a

+ (#

a

� 
) + 1 �

5 + 2 + (#

a

� 
) + 1 � 8 + (#

a

� 
) � 8;

�

2

� (4 + 
) + 2 + 4 � 10 + 
 � 10;

�

1

+�

2

� 18 + #

a

� 20;

Hen
e, in all three sub-
ases 2.3.1{2.3.3, �(�

1

;�

2

) � �(8; 12) < �(5; 17), i.e., the 
ondi-

tion of the step (LS4) is satis�ed. ut
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7 Con
lusion and further work

In this paper we have improved the existing upper bounds for SAT with respe
t to K (the

number of 
lauses) and L (the length of a formula). The key point in our algorithms and

proofs is the bla
k and white literals prin
iple, a new transformation rule whi
h 
an be viewed

as a re-formulation of two previously known prin
iples: the autarkness [20, 22, 17, 15℄ and

the generalized sign prin
iple [16℄.

Our proofs (as well as the proofs of the previous upper bounds [21, 16℄) are neither short

nor elegant. It would be a kind of breakthrough to �nd a 
ompa
t way to present proofs

of upper bounds for splitting algorithms. It is believable that su
h a way 
ould lead to

even better bounds, sin
e 
urrently our possibilities to 
reate new heuristi
s and prove the


orresponding upper bounds are limited by the length of a 
omprehensible proof. On the

other hand, it is a 
hallenging problem to prove (more) tight lower bounds for (some 
lass

of) splitting algorithms: 
urrently, the exponential lower bounds for resolution proofs (see,

e.g., [27℄) are far enough from the known upper bounds for splitting algorithms. (Most of

splitting algorithms 
an be viewed as resolution proofs and vi
e versa.)

Another dire
tion for work is to �nd randomized algorithms that give better upper bounds

for SAT (or to �nd a way how to apply modern randomized algorithms that have already been

invented for 3-SAT in re
ent breakthrough papers [23, 24℄). Also, it remains a 
hallenging

problem to �nd a less-than-2

N

upper bound where N is the number of variables.
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