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Abstract

In 1980 Monien and Speckenmeyer [21] proved that satisfiability of a propositional
formula consisting of K clauses (of arbitrary length) can be checked in time of the order
2K/3 Recently Kullmann and Luckhardt [16] proved the worst-case upper bound 2L/9,
where L is the length of the input formula. The algorithms leading to these bounds
are based on the splitting method which goes back to the Davis—Putnam procedure.
Transformation rules (pure literal elimination, unit propagation etc.) constitute a
substantial part of this method. In this paper we present a new transformation rule
and two algorithms using this rule. We prove that these algorithms have the worst-case
upper bounds 20-30897K and 20-1029L pegpectively.

1 Introduction.

SAT (the problem of satisfiability of a propositional formula in conjunctive normal form)
can be easily solved in time of the order 2V, where N is the number of variables in the
input formula. In the early 1980s this trivial bound was reduced for formulas in 3-CNF by
Monien and Speckenmeyer [20] (see also [22]) and independently by Dantsin [1] (see also
[4] and [2]). After that, many upper bounds for SAT and its subproblems were obtained
[21, 17, 25, 13, 14, 26, 16, 8, 23, 24]. Most authors consider bounds w.r.t. three main
parameters: the length L of the input formula, the number K of its clauses and the number
N of the variables occurring in it. Before the conference proceedings version of this paper
[9], the best known worst-case upper bounds for SAT were:

o p(L)2"7 [16],
o p(L)257/3 [21] (see also [16]),

where p is a polynomial. Also, the upper bound p(L)2"/* for satisfiability problem for general
Boolean formulas (i.e., not necessarily in CNF) is known [28]. Recently Paturi, Pudlak, Saks
and Zane [24] proved that 3-SAT is checkable in the randomized time O(2%446N) but it is still
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unknown whether the trivial upper bound 2% for the general SAT problem can be improved.
Kullmann and Luckhardt in [16] simplified the algorithm of Monien and Speckenmeyer from
[21] and presented also an improved algorithm of the same complexity p(L)QK/ 3 which works
better when the ratio of the number of clauses to the number of variables is greater than
2.64557. In the conference proceedings version of this paper [9] we presented two algorithms
which improve the bounds p(L)2K/3 = p(L1)2033333-K and p(L)2L/° = p(L)20111-L o
p(L)20-30897K and p(L)2%19537% regpectively. In this journal version we improve the second
algorithm and prove the worst-case upper bound p(L)2%'92%% Our new algorithm uses the
p(L)20-30897K _time algorithm as a subroutine; the proof of the corresponding upper bound is
much simpler than the proof in the conference proceedings version [9].

The most popular methods for solving SAT are the local search method and the splitting
method. Many experimental and average-case results show the significant power of the local
search method (for references, see the survey [7]). However, most best known worst-case
upper bounds for SAT and its N'P-complete subproblems are obtained using the splitting
method [21, 16, 8] (for worst-case upper bounds for the local search method see [10, 11,
12]). The splitting method is also useful in proving worst-case upper bounds for exact and
approximate MAXSAT solving [18, 3, 19].

The splitting method goes back to the Davis—Putnam procedure [6]. Let [ be a literal
occurring in a formula F. Let F[l] be the formula obtained from F by assigning the value
True to the literal [, i.e. by removing all clauses containing [ and deleting all occurrences of
[ from the other clauses. In short, the main idea of the Davis-Putnam procedure is that F is
satisfiable iff at least one of the formulas F[[] and F[[] is satisfiable. In a wider sense [5], a
splitting algorithm constructs a tree by reducing satisfiability of a formula F' to satisfiability
of several formulas F[I], F[I,], ..., F[I;] obtained from F by assignments Iy, I5,..., I re-
spectively. Then, a splitting algorithm simplifies each of the formulas F[L;], F[I5)], ..., F[L]
according to transformation rules which do not change their satisfiability. These transfor-
mations take a polynomial time. Their role is to reduce some of the parameters L, K or
N of the formulas F[I], F[L],..., F[I] and to simplify these formulas by eliminating pure
literals (a literal is pure if its negation does not occur in the formula), 1-clauses (1-clause is
a clause consisting of one literal) and other “easy pieces”.

Recurrent equations are often used in complexity analysis of algorithms. Kullmann and
Luckhardt in [16] described a very similar, but simpler technique which is very useful in the
estimation of the running time of splitting algorithms. One can consider an execution of
a splitting algorithm as a branching tree, i.e. a tree such that formulas labelling children
are simpler than formulas labelling parents (leaves are labelled with the simplest formulas).
With each node of this tree we associate a branching vector of non-negative numbers and
a polynomial constructed from this vector. One can estimate the number of leaves in the
tree using the largest of the positive roots of these polynomials. Precise definitions and
formulations are given in Sect. 3.

Transformation rules play an important role in splitting algorithms. Two simplest rules
were proposed in the original paper of Davis and Putnam [6]: we can eliminate pure literals
and 1-clauses. All transformation rules we use are described in Sect. 4. This paper introduces
a new transformation rule which goes up to the following simple observation: if each clause
of our formula contains at least one negative literal, then this formula is trivially satisfiable



by the assignment in which all variables have the value False. Let P(l, F) be a property of
a literal and a formula, for example, “F' contains exactly two occurrences of [ and at least
three occurrences of {”. In addition, we suppose that for each variable v in the formula F
at most one of the literals v and v satisfies P. Given F, the literals that satisfy the property
P will be referred as P-literals.

The black and white literals principle. Let F' be a formula in CNF. At least
one of the following two alternatives holds.

(1) There is a clause in F' that contains a P-literal and does not contain the
negations of any other P-literals.

(2) Satisfiability of F' is equivalent to satisfiability of the formula obtained
from F' by removing all clauses containing the negations of P-literals.

A formal proof of the black and white literals principle is given in Lemma 4.3. Figure 1
illustrates this principle. White circles (o) denote P-literals, black circles (o) denote their
negations, circles with dots (e) denote other literals (i.e., literals which are neither P-literals
nor the negations of P-literals; note that the negation of such literal is again neither P-literal
nor the negation of a P-literal). Columns correspond to clauses of the formula. The figure
contains two formulas, the first one satisfies the condition (1), the second one satisfies the
condition (2).
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Figure 1: Two alternatives of the black and white literals principle.

This principle is the key point of our algorithm corresponding to the upper bound p(L)20-30897K

In this algorithm we use the presence of clauses that contain a P-literal and do not contain
the negations of other P-literals for a certain property P. The black and white literals prin-
ciple is a kind of insurance: it guarantees that if we cannot find a required clause, then we
can replace F' by a simpler formula, or F' does not contain any P-literals at all. This princi-
ple is one of re-formulations of the following simple property: for any partial assignment A
(i.e., a set of literals which does not contain simultaneously = and 7 for any variable z) for
a formula F' in CNF, either there is a clause in F' containing only literals from A, or setting
the values of all these literals to False does not change the satisfiability of F'.

Another known re-formulations of this property are the generalized sign principle [16] and
the autarkness principle [20, 22, 17] (see also [16]). A comprehensive study of the autarkness
principle can be found in [15].



The use of the black and white literals principle leads to two new bounds for SAT pre-
sented in this paper and also to several upper bounds for the satisfiability problem for
formulas in CNF—(1,00) [8] (a formula is in CNF—(1,00) if each literal occurs in it positively
at most once; the satisfiability problem for these formulas is N'P-complete).

In Sect. 2 we give basic definitions. Section 3 contains the technique that allows us to
estimate the size of a branching tree. In Sect. 4 we explain transformation rules that we
use in our algorithms. In Sect. 5 and Sect. 6 we describe the algorithms having the upper
bounds p(L)20-30897K and p(L)20-10299L regpectively, and the corresponding proofs.

2 Basic definitions.

Let V be a set of Boolean variables. The negation of a variable v is denoted by v. Given a
set U, we denote U = {u|u € U}. Literals are the members of the set W =V UV. Positive
literals are the members of the set V. Negative literals are their negations. If w denotes
a negative literal U, then w denotes the variable v. A clause is a finite set of literals that
does not contain simultaneously any variable together with its negation. The empty clause
is interpreted as False. A formula in CNF (CNF-formula) is a finite set of clauses. The
empty formula is interpreted as True. The length of a clause is its cardinality, the length of
a formula is the sum of the lengths of all its clauses. The length of a clause C' is denoted by
|C|. A k-clause is a clause of the length k. A k*-clause is a clause of the length at least k.
A k™ -clause is a clause of the length at most k. If we say that a literal v occurs in a clause
or in a formula, we mean that this clause or this formula contains the literal v. However, if
we say that a variable v occurs in a clause or in a formula, we mean that this clause or this
formula contains the literal v, or it contains the literal .

An assignment is a finite subset of W that does not contain any variable together with
its negation. Informally speaking, if an assignment I contains a literal w, it means that w
has the value True in I. To obtain F[I] from F and an assignment I = {wy, ..., ws}, we

e remove from F' all clauses containing the literals w;,
e delete all occurrences of the literals w; from the other clauses.

For short, we write F'wy, ..., w] instead of F[{wy, ..., ws}].

An assignment [ is satisfying for a formula F' if F[I] is the empty formula. A formula is
satisfiable if there exists a satisfying assignment for it. We say that two formulas F' and G
are equi-satisfiable if both are satisfiable, or both are unsatisfiable.

Let w be a literal occurring in a formula F'. This literal is a i-literal if F' contains exactly
i occurrences of w. It is a (4,7)-literal if F' contains exactly 7 occurrences of w and exactly j
occurrences of w. Tt is a (4,5)-literal if F contains exactly 7 occurrences of w and at least j
occurrences of w. It is a (i,j7)-literal if F' contains exactly ¢ occurrences of w and at most
J occurrences of w. Similarly, we define (i*,5%)-literals, (i*,j)-literals etc.

We denote the number of occurrences of a literal w in a formula F by #,,(F). We denote
the sum of the lengths of the clauses containing w by . (F). When the meaning of F' is
clear from the context, we omit F'. A literal w is a {i-literal if {»,, = 7. Similarly, we define
Qit-literals, (1,0 7)-literals, (Pi~,$j)-literals ete.
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3 Estimation of the size of a branching tree.

Kullmann and Luckhardt introduced in [16] a notion of a branching tree. It is intended for
estimating the time complexity of splitting algorithms, since a tree of formulas which such an
algorithm splits, is a branching tree. One can consider an execution of a splitting algorithm
as a tree whose nodes are labelled with CNF-formulas such that if some node is labelled with
a CNF-formula F, then its sons are labelled with (simplified) formulas F[I,], F[I], ..., F[I]
for some assignments Iy, I, ..., .

Suppose we have a tree whose nodes are labelled with formulas in CNF. To each formula
F we attach a non-negative integer u(F') (complexity of F'). The tree is a branching tree if,
for each node, the complexity of the formula labelling this node is strictly greater than the
complexity of each of the formulas labelling its sons. In this paper we use

(1) pu(F) = N(F) is the number of variables in F;
(2) u(F) = IK(F) is the number of clauses in F
(3) u(F) = L(F) is the length of F.

We prove two upper bounds, w.r.t. I and w.r.t. £. However, in this section we do not fix
any concrete measure of complexity.

Let us consider a node in our tree labelled with a formula Fy. Suppose its sons are labelled
with formulas Fy, Fy, ..., F,. A branching vector of a node is an m-tuple (t1,...,tm),
where t; are positive numbers not exceeding u(Fy) — pu(F;). The characteristic polynomial of
a branching vector 7 is defined by

h;(:r) =1- inti.
i—=1

The characteristic polynomial hy(z) is a monotone function of x on the interval (0,+00),
and hy(0) = —o0, hy(+00) = 1. Hence, hy(z) = 0 has exactly one positive root. We denote
this root by 7(7) and call it the branching number. We suppose 7(f)) = 1 for leaves. We
omit one pair of parentheses and write 7(¢1,ts, ..., ty) instead of 7((¢1,t2,...,tm))-

Example 3.1 For example,
r(1,1) = 2;
7(1,2) = 1.61803... = 20-69424- ig the golden ratio;
7(6,7,6,7) = 1.23881... = 20-3089....
7(10,10) = 1.07177... = 201,

The branching number of a tree T is the largest of the branching numbers 7(7) of its
nodes. We denote it by 7,4, 7. The following lemma proved by Kullmann and Luckhardt
allows us to estimate the number of leaves in a branching tree using its branching number.
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Lemma 3.1 (Kullmann, Luckhardt, [16]) Let T' be a branching tree, let its root be labelled
with a formula Fy. Then the number of leaves in T does not exceed (TmaI’T)M(FO).

This lemma already allows us to estimate the running time of a splitting algorithm
if we know the branching number of the splitting tree and the algorithm processes each
its leaf in a polynomial time. However, our algorithm corresponding to the upper bound
p(L)7(6,7,6,7)"/3 calls the algorithm corresponding to the upper bound p(L)7(6,7,6,7)%
as a subroutine and thus processes some of the leaves in an exponential time. To estimate
the overall running time, we use the following simple generalization of Lemma 3.1.

Lemma 3.2 [8] Let T be a branching tree, let its root be labelled with a formula Fy. Let Gy
denote the object labelling a leaf | of the tree T. Let f(m) = a\™, where A > 1, o > 0. Then

Z f(M(Gl)) < a(maX()\,TmaI’T))#(Fo)_
[ is a leaf of T

Proof is the induction on the construction of the tree.

Base. The tree consisting of the unique node. In this case Tyee = 1, a(max(\, Tiee) ) 0 =

aX ) = f(u(Fp)).
Step. Consider the tree T presented in Fig. 2. Let ¢ = (t1,t,...,ts) be the branching tuple
in its root.

> f(u(G) =
[is a leaf of T

S

S D T

7=1 "\l is a leaf of T}

< aZ(maX()\, TmaI’Tj))”(Fj) (by induction hypothesis)
j=1
< OZZ(I'H&X()\, TmaI,Tj))“(FO)’tf (by definition of the tuple £)
7=1
Fy

AR A

Figure 2: A splitting tree



S

S aZ(maX(A, Tmax,T))u(FO)_tj (Since 7-momc,Tj S 7-momc,T)
7=1
= a(max(\, Tmaer)) " Y " (max(\, Trnae.r)) 7Y
j=1
= a(max(\, Tmaer)) " (1 = hy (max(\, Trmae,r))) (by definition of h;)
< a(max(\, Tae,r) ) ) (by monotonicity of h;)

O
Now if we know the branching number of the tree corresponding to a splitting algorithm,
then we can estimate its running time. We explicitly require our algorithms to perform
splittings with branching numbers not greater than we wish (and we only need to prove that
there always exists a splitting satisfying this condition). For this purpose, the algorithm has
to compare branching numbers corresponding to different vectors. Of course, this can be
done just by the examination of a constant number of cases and the use of the monotonicity
of 7. However, a more general statement holds.

Lemma 3.3 (Kullmann, Luckhardt, [16]) Let m, k be natural constants, x1,%a, ..., Tm,Y1,
Yo, ..., Yk be positive rational numbers. The problem whether (1,2, ... ,Ty) is not greater
than 7(y1,Ys, - .., Yx) s solvable in time polynomial of max(x1,Ta, ..., Tm,Y1,Y2,- - -, Yk)-

In the following, when estimating the running time of our algorithms, we use frequently
inequalities like 7(7,15) < 7(5,17) or 7(5,17) < 7(6, 7,6, 7)/3 without proofs. One can check
these inequalities by approximate calculation of the branching numbers. However, there are
several simple observations that may help to prove some of this inequalities easier.

Lemma 3.4 (Kullmann, Luckhardt, [16])

(1) Permutations of the components of a branching vector do not affect the corresponding
branching number.

(2) The branching number strictly decreases as one or more components of the branching
vector increase.

(8) Let 0 < v < ty. Then T(t1,ta,t3...,tm)

AV

. >
T(tl—a,t2+04,t2,...,tm) Zﬁ tl §t2+04.

4 Transformation rules.

In this section F' denotes a formula in CNF.

Lemmas 3.1 and 3.2 allows us to take into consideration only the differences between
the complexity of an input formula and the complexities of the formulas obtained from it
by splitting. The higher these differences are, the smaller the number of leaves is. Thus,
to obtain a good algorithm, we should reduce as much as possible the complexities of the



formulas obtained by splitting. Here we explain transformation rules that allow us to do it.
More precisely, we explain that in certain cases we can find a simpler formula equi-satisfiable
with F. In the following we use these rules so that they never increase the parameter under
consideration (the number of clauses in a formula or the length of a formula).

Elimination of 1-clauses. If F' contains a 1-clause {a}, then the formulas F' and F[a] are
equi-satisfiable since all assignments that contain @ are unsatisfying.

Subsumption. If F contains two clauses C' and D such that C' C D, then F' and F\{D} are
equi-satisfiable since each assignment that satisfies the clause C', satisfies also the clause D.

Resolution with subsumption. Suppose we are given a literal a and clauses C' and D
such that a is the only literal satisfying both conditions ¢ € C' and @ € D. In this case, the
clause (C'U D) \ {a,a} is called the resolvent by the literal a of the clauses C' and D. We
denote it by R(C, D).

Let now F' contain such clauses C' and D. It is clear that adding R(C, D) to the formula
does not change its satisfiability. However, it increases its size. To avoid this effect, we
use this rule only if R(C, D) C D. In this case we reduce the satisfiability problem for the
formula F' to the satisfiability problem for (F'\ {D}) U {R(C, D)}.

Elimination of a variable by resolution. Given a literal a, we construct the for-
mula DP,(F) by

e adding to F' all resolvents by a;

e removing from F' all clauses containing a or @.

Lemma 4.1 (Davis, Putnam, [6]) The formulas F' and DP,(F) are equi-satisfiable.

This transformation can increase the size of a formula or/and the number of clauses in
it, but we use this rule only if it does not increase the parameter under consideration (the
number of clauses in a formula or the length of a formula). Note that in particular, this
transformation does not increase any of the parameters of F if a is a pure literal, and thus
it eliminates pure literals.

Elimination of blocked clauses. The clause C is blocked for a literal a w.r.t. F' if C
contains the literal a, and the literal @ occurs only in the clauses of F' that contain the
negation of at least one of the literals occurring in C'\ {a}. (Note that F' may or may not
contain C.) In other words, there are no resolvents by a of the clause C' and any other
clause of the formula F. For a CNF-formula F' and a literal a occurring in it, we define the
assignment

Z(a,F) ={a} U{x € W\ {a,a} | the clause {a,z} is blocked for @ w.r.t. F'}.

When the meaning of F' is clear from the context, we omit F' and write Z(a).
The notion of a blocked clause was introduced and investigated by Kullmann in [13, 14].
We use the following two facts about blocked clauses.



Lemma 4.2 (Kullmann, [13, 14])

(1) If a clause C' is blocked for a literal a w.r.t. F, then F, F\ {C} and F U {C} are
equi-satisfiable.

(2) Given a literal a, the formula F is satisfiable iff at least one of the formulas Fa]
and F[Z(a)] is satisfiable.

Application of the black and white literals principle. Let P be a binary relation
between literals and formulas in CNF, such that for a variable v and a formula F', at most
one of P(v, F) and P(v, F') holds.

Lemma 4.3 Suppose that each clause of F' that contains a literal w satisfying P(w, F)
contains also at least one literal b satisfying P (b, F'). Then F and F[{l|P(l, F)}] are equi-
satisfiable.

Proof. This is a particular case of the autarkness principle [20, 22, 17, 16]. We denote
G = F[{I|P(I, F)}]. Suppose G is satisfiable. Consider a satisfying assignment I for the
formula G. It is clear that the assignment I U {I| P(I, F)} satisfies F. On the other hand,
G\ F = 0, hence, each assignment satisfying F satisfies also G. ad

5 A bound w.r.t. the number of clauses.

In this section we present Algorithm 5.1 which checks satisfiability of formula F' in the time
p(L(F))2030897K(F) (where p is a polynomial). This algorithm has two subroutines, Func-
tion REDUCFEY and Function SPLITy. Function REDUCFE simplifies the input formula
using the transformation rules (see Sect. 4). Function SPLITk is intended for reducing the
satisfiability problem for the input formula to the satisfiability problem for several simpler
formulas. The execution of this algorithm can be viewed as follows: Function REDUCFEg
simplifies the input formula, then SPLITk splits it into several formulas, REDUCFEg sim-
plifies each of these, and so on.

In the following, we denote by REDUCEK(F) the formula that Function REDUCEk
outputs on input F'. Similarly we define SPLITk(F) etc.

Function REDUCE¥.

Input: A formula F' in CNF.
Output: A (simplified) formula in CNF.

Method.

(KR1) Elimination of 1-clauses. If F' contains a 1-clause C' = {a}, then F' := FJa].
Repeat this step while F' contains 1-clauses.



(KR2) Application of the black and white literals principle. If each clause C' in F’
that contains a (2,3%)-literal, contains also a (3%,2)-literal, then

F:=F[{a]ais a (37,2)-literal}].

(KR3) Elimination of a variable by resolution. Choose a literal a such that a or @
occurs in F' and A = K(F) — K(DP,(F)) is maximal. If there are several such
literals, then choose a literal with #, minimal. If A > 0, then F := DP,(F).

Repeat this step while F' satisfies this condition.

(KR4) If F has been changed at steps (KR1)-(KR3), then go to step (KR1), otherwise
return F'.

O

Function SPLITy.

Input: A formula F in CNF.
Output: If F' 1s satisfiable, then True, otherwise False.

Method.
(KS1) The empty formula. If F' = (), then return True.

(KS2) Formula containing the empty clause. If () € F', then return False.

(KS3) Splitting into two subproblems. For each literal a occurring in F', construct two
formulas

Fy =REDUCEk(F|a]),

F, =REDUCEKk(F[a)).
If there exists a literal a such that 7(K(F) — K(Fy),K(F) — K(Fy)) < 7(6,7,6,7),
then choose the formulas F; and F5 corresponding to this literal. If SPLITy returns
True for at least one of these, then return 7T'rue, otherwise return False.

(KS4) Splitting into four subproblems. Choose a literal a occurring in F. For each
two literals b and ¢ occurring in Fla] and F'[a] respectively, construct four formulas

[
Fiy = REDUCEx (Fla, b)),
F21 — REDUCEK(F[E, C]),
FQQ = REDUCEK(F[E, E])

If there exist literals b and ¢ such that
T(K:(F) - K:(Fll)a K:(F) - ’C(F12)a K:(F) - ’C(FZI)J ’C(F) - K:(F22)) S 7(67 7; 67 7);

then choose the formulas Fy, Fis, F5; and F, corresponding to these literals. If
SPLITk returns True for at least one of these, then return True, otherwise return
False.

O
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Algorithm 5.1.

Input: A formula F' in CNF.
Output: If F' is satisfiable, then True, otherwise False.

Method.
(KM1) Return SPLITx(REDUCE(F)).

O

In Sect. 4 we explained that none of the steps of REDUCFEK changes the satisfiability of
the formula. The steps (KR1)-(KR4) cannot be repeated more than IC(F) + N (F) times
since none of them increases the number of clauses or the number of variables, and during
each iteration (KR1)—(KR4)—(KR1) at least one of these quantities decreases. Each of these
steps takes a polynomial time. Thus, REDUCFEk does not change the satisfiability of the
formula and returns the answer in a polynomial time.

We now construct a tree which reflects the behaviour of Algorithm 5.1 (together with
Functions REDUCEg and SPLITk). Its internal nodes are labelled with formulas that
Algorithm 5.1 splits at steps (KS3) and (KS4). Its leaves are labelled with formulas that
satisfy the conditions of the steps (KS1) and (KS2). Each internal node labelled with F has
two sons labelled with F} and F, or four sons labelled with Fi{, Fio, F5 and Fy. Since
the conditions of the steps (KS3) and (KS4) guarantee that the corresponding branching
numbers do not exceed 7(6,7,6,7), by Lemma 3.1 the number of leaves in the tree is at most
7(6,7,6, 7)) where F is the input formula. Thus, the Algorithm 5.1 returns the answer
in the time p(£(F))7(6,7,6,7)*"), where p is some polynomial.

It remains to prove that Algorithm 5.1 performs correctly, i.e., each formula in CNF
reduced by REDUCEY satisfies at least one of the conditions of the steps (KS1)-(KS4). To
prove this statement, we need two simple lemmas concerning the output of REDUCFEK.

Lemma 5.1 Let Fy be the value of F' at step (KR1) of Function REDUCEf at some point
of time (maybe after eliminating several 1-clauses), Fy be the corresponding output formula
of Function REDUCEy, d and e be literals occurring in F}.

(1) If d is a (17,17)-literal, then K(Fy) < IC(Fy) — 1.

(2) If d and e are (17,17)-literals, #4 + #¢ + #7 + #= > 3 and there are no clauses in F
that contain d and e simultaneously, then KC(Fy) < K(Fy) — 2.

Proof. (1). If REDUCEg modifies once more the formula at steps (KR1) or (KR2), then at
least one clause will be deleted from it. Otherwise, at least one clause will be eliminated at
step (KR3) since K(Fy) — K(DPy(Fy)) > 1.

(2). W.lo.g we suppose that Fi contains at most one 1-clause, this clause (if any) contains
a 1-literal and after eliminating this clause the formula F; does not contain 1-clauses at
all. If F} contains exactly one 1-clause, then it will be eliminated at step (KR1), and one
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more clause will be eliminated by (1) since at least one of the literals d and e remains a
(17,17)-literal.

Now let F} contain no 1-clauses. If REDUCEf modifies this formula at step (KR2), then
at least one clause, i.e., at least two occurrences will be eliminated.

Now F has the value F; before the step (KR3). W.l.o.g. we suppose that A =1 in terms
of the step (KR3). At step (KR3) a 1~ -literal will be chosen. After the first application of
DP, at least one of the literals d and e remains a 1~ -literal and its negation or the literal
itself remains in the formula. Hence, by (1) at least one more clause will be eliminated. 0O

Lemma 5.2 Let F be a formula in CNF. Then the formula REDUCEk(F') does not contain
1-clauses, 1~ -literals and (2,2)-literals.

Proof. Function REDUCE} eliminates 1-clauses at step (KR1). If d is a 17-literal or a
(2,2)-literal, then K(DP,(F)) < K(F). Function REDUCEK eliminates such literals at
step (KR3). O

Theorem 5.1 Algorithm 5.1 performs correctly and stops in the time p(L)7(6,7,6,7)%
p(L)20-30897K “wyhere L is the length of the input formula, K is the number of clauses in it,
and p 1s a polynomial.

Proof. We have shown above that it suffices to prove that each formula F' in CNF reduced
by REDUCEY satisfies at least one of the conditions of the steps (KS1)—(KS4). Suppose
F does not satisfy the conditions of the steps (KS1)—(KS4). We now consider all possible
cases. We prove that each of this cases is impossible. All symbols have the same meaning
as they have at the corresponding steps of Function SPLITk. For 7,7 = 1,2, we denote

(F) = K(F),  Ay=K(F) - K(Fy),
= K(F) = K(Fla]), Ty =K(Fla]) = K(F),
(F) — K(F[a]), T2 =K(F[a]) - K(F3),

['ij= K(F[a]) — K(Fy;), Toy=K(Fla]) — K(Fy).

The key observation is that if the formula F' contains few “frequent” variables, then after
the transformation of F into F'[a], F[a] for some literal a we can apply Lemma 5.1. We now
prove this more formally.

CASE 1: The formula F' contains a (3%47)-literal a.

All clauses of the formula F' containing the literal a disappear in F'[a], all its clauses contain-
ing the literal @ disappear in F[a]. Since a is a (3%,4%)-literal, B; > 3, By > 4. Thus, in terms
of the step (KS3), 7(Ay, Ag) < 7(3,4) < 7(6,7,6,7), i.e., the condition of the step (KS3) is
satisfied.

CASE 2: The formula F' contains a clause that contains a (3,3)-literal a and a (2,3%)-literal
b.

All three clauses of the formula F containing a disappear in F'[a], all three clauses containing
a disappear in F'[a]. In addition, b becomes a (17,1)-literal in F[a]. Thus, in terms of the
step (KS3) we have I'y > 1 by Lemma 5.1. Hence, Ay = By + T > 4, Ay > 3, i.e., the
condition of the step (KS3) is satisfied.
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CASE 3: The formula F' contains a 2-clause C' = {a, b} consisting of 2-literals.

All clauses of the formula F' containing a disappear in Fla], all its clauses containing @
disappear in F[a]. By Lemma 5.2, a is a (2,3%)-literal. Thus, By > 2, By > 3. Similarly to
Case 2, in terms of the step (KS3) we have I'; > 1. In addition, C' becomes a 1-clause in
F[a] and will be eliminated at step (KR1), i.e. Ty > 1. We now have A; = By +T'; > 3,
Ay =By +T'5 > 4, i.e., the condition of the step (KS3) is satisfied.

CASE 4: The formula F' contains a 3"-clause C' = {aq, as, ..., as} consisting of 2-literals.

Let 1 € {1,2,...,s}. All clauses of the formula F' containing a; disappear in F[q;], all
its clauses containing @; disappear in Flg;]. By Lemma 5.2, a; is a (2,3%)-literal. Thus,
K(F) — K(Fla;]) > 2, K(F) — K(F[a;]) > 3. In addition, as and a3 become (17,17)-literals
in Fla;]. If C is the only clause that contains ay and a3 simultaneously, then by Lemma 5.1
we have K(F[a;]) — K(REDUCEK(F[a;1]))) > 2. Otherwise, az becomes a (0,3%)-literal
in Flay], i.e. K(Flaz]) — K(REDUCEK(F|as])) > 2. Depending on which of these two
alternatives takes place, we choose a; or ay as a in terms of the step (KS3). We now have
Ay =By +T >4, Ay > By > 3, ie., the condition of the step (KS3) is satisfied.

CASE 5: The conditions of Cases 1-4 are not satisfied.

Since the step (KR2) does not change F', it contains only 3-literals. Since F' does not satisfy
the condition of the step (KS3), for each literal a,

(5.1) K(F)=K(F[a]) + 3=K(REDUCEx(F|a])) + 3.

Let a be a literal occurring in F'. We now prove that there exist literals b and ¢ such that the
condition of the step (KS4) is satisfied. We consider three sub-cases (the first two of them
are similar to Cases 2—4).

CASE 5.1: There exists a clause C' = {ay,as, ...,as} in Fla], such that a; is a (3,3)-literal
and a9 is a 2-literal.

We suppose b = a; in terms of the step (KS4). Similarly to Case 2, I'y;; > 4, '3 > 3.

CASE 5.2: There exists a clause C' = {ay, as, ..., a5} in F[a], such that a; is a (2,3)-literal
and as, ..., a, are 2-literals.

We suppose b = a; in terms of the step (KS4). Similarly to Cases 3-4, I'y; > 3, T'jp > 4,
or I';; > 4, I'1p > 3. (Note that by (5.1) the literals a; and a; cannot occur together in two
clauses.)

CASE 5.3: The conditions of Cases 5.1-5.2 are not satisfied.

Since by (5.1) the steps (KR1)-(KR3) do not reduce the number of clauses in the formula
Fla] and the conditions of Cases 5.1-5.2 are not satisfied, this formula consists of clauses
that contain only (2,2)-literals and clauses that contain only (3,3)-literals. Since exactly
three clauses of the formula F' disappear in F[a], all occurrences of any (3,3)-literal cannot
disappear in F[a]. Hence, it contains at least one (2,2)-literal b;. Let b; be a 2-literal. The
formula F' does not contain 2-clauses by (5.1). Similarly, it cannot contain two clauses,
each containing the literals @ and b; simultaneously. Thus, F[a] contains a 3"-clause
C ={by,by,...,bs}, where by, by, ..., bs are 2-literals.

13



We choose the literal b; as b. Both clauses of the formula F'[a] that contain b, disappear
in Fla,b;]. In addition, these clauses contain only (2,2)-literals which become (17,17)-
literals. Thus, by Lemma 5.1

K(F[a]) — K(REDUCEx (F|a,b])) > 3.

On the other hand, two clauses of F'la] containing b; disappear in F'[a, b;], and two more
clauses disappear by Lemma 5.1 since by and bz become (17,17)-literals. We note that by
(5.1) the formula F contains only one clause that contains by and b3 simultaneously. Thus,

K(F[a]) — K(REDUCEx(Fla, by])) > 4.

We now have that in each of Cases 5.1-5.3 there exists a literal b in Fla] such that
Ay =B+ T >6, Aig =By +T15 > 7. A literal ¢ can be chosen similarly. Hence, the
condition of the step (KKS4) is satisfied. O

6 A bound w.r.t. the length of a formula.

In this section we present Algorithm 6.1 which checks satisfiability of formula F' in the
time p(L(F))2019299£(F) (where p is a polynomial). As in the previous section, we define
two subroutines, Function REDUCE; and Function SPLIT;. We use them similarly to
REDUCEy and SPLITyk: Function REDUCE;, simplifies the input formula, then SPLITj,
splits it into several formulas, REDUCE;, simplifies each of these, and so on.

Function REDUCE;,.

Input: A formula F in CNF.
Output: A (simplified) formula in CNF.

Method.

(LR1) Elimination of 1-clauses. If F' contains a l-clause C' = {a}, then F' := FJa].
Repeat this step while F' contains such a clause.

(LR2) Subsumption. If F' contains two clauses C' and D such that C' C D, then F :=
F\ {D}. Repeat this step while F' contains such clauses.

(LR3) Elimination of blocked clauses. If F' contains a blocked clause C, then F' :=
F\ {C}. Repeat this step while F' contains blocked clauses.

(LR4) Resolution with subsumption. If F' contains two clauses C' and D such that
R(C,D)C D, then F := (F\ {D})U{R(C, D)}. Repeat this step while F' contains
such clauses.

(LR5) Elimination of a variable by resolution. Choose a literal a such that a or @
occurs in F' and A = L(F) — L(DP,(F)) is maximal. If A > 0, then F := DP,(F).
Repeat this step while F' satisfies this condition.
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(LR6) If F' has been changed at steps (LR1)-(LR5), then go to step (LR1), otherwise
return F'.

Function SPLIT;,.

Input: A formula F in CNF.
Output: If F' is satisfiable, then True, otherwise False.

Method.
(LS1) The empty formula. If F' = (), then return True.
(LS2) Formula containing the empty clause. If ) € F, then return False.

(LS3) Formula containing no 2-clauses. If F' does not contain 2-clauses, apply Algo-
rithm 5.1 to F' and return its answer.

(LS4) Splitting into two subproblems. For each literal a occurring in F', construct two
formulas

F, = REDUCE,(F[Z(a)]),
F, = REDUCE, (F[a)).

If there exists a literal a such that 7(L(F) — L(F1), L(F) — L(Fy)) < 7(5,17), then
choose the formulas F; and F, corresponding to this literal. If SPLIT}, returns True
for at least one of these, then return True, otherwise return False.

O
Algorithm 6.1.
Input: A formula F' in CNF.
Output: If F' is satisfiable, then True, otherwise False.
Method.
(LM1) Return SPLIT,(REDUCE;(F)).
O

Similarly to REDUCFEyg, Function REDUCE;, does not change the satisfiability of the
formula and returns the answer in a polynomial time.

We now construct a tree which reflects the behaviour of Algorithm 6.1 (together with
Functions REDUCE), and SPLIT}). Tts leaves are labelled with formulas that satisfy the
conditions of the steps (L.S1)—-(LS3). Algorithm 6.1 processes in a polynomial time formulas
satisfying the conditions of the steps (LS1) and (1.S2), and passes formulas satisfying the
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condition of the step (LS3) to Algorithm 5.1 which processes such a formula F' in the time
p(L(F))7(6,7,6, 7)) < p(L(F))7(6,7,6,7)*U)/3 where p is a polynomial (note that F
contains no 2~ -clauses since 1-clauses are eliminated at step (LR1)).

Internal nodes of our tree are labelled with formulas that Algorithm 6.1 splits at step (LS4).
Each internal node labelled with F' has two sons labelled with F; and F5,. Since the condi-
tion of the step (LS4) guarantees that the corresponding branching number does not exceed
7(5,17) < 7(6,7,6,7)'/3, by Lemma 3.2 the running time of Algorithm 6.1 is upper bounded
by q¢(L(G))7(6,7,6,7)~(/3 for input formula G, where ¢ is a polynomial.

It remains to prove that Algorithm 6.1 performs correctly, i.e., each formula in CNF
reduced by REDUCE], satisfies at least one of the conditions of the steps (LS1)—(LS4). We
need three simple lemmas concerning the output of REDUCE], to prove this statement.

Lemma 6.1 Let F' be a formula in CNF, d be a literal occurring in it.
(1) If d is a (1,27)-literal occurring in a 3~ -clause, then L(DPy(F)) < L(F) — 1.
(2) If d is a (1,17)-literal occurring in a 2~ -clause, then L(DPy(F)) < L(F) — 2.
(3) If d is a (1,1)-literal, then L(DPy(F)) < L(F) — 2.

Proof. By straightforward calculations. O

Lemma 6.2 Let F| be the value of F' at one of the steps (LR1)—(LR5) of Function REDUCE],,
E5 be the corresponding output formula of Function REDUCEYL, d be a literal occurring in
Fi.

(1) If d is a (1,27)-literal occurring in a 3~ -clause, then L(Fy) < L(Fy) — 1.
(2) If d is a (1,1%)-literal occurring in a 2~ -clause, then L(Fy) < L(F}) — 2.

Proof. (1). Note that any change of the formula at steps (LR1)-(LR4) is a removal of some
clauses and/or a change of other clauses by their subsets, and thus results in decreasing the
length of the formula by at least one occurrence. If the formula does not change any more
before the step (LR5), then at least one occurrence will be removed by Lemma 6.1(1).

(2). Suppose that after F' gets the value F}, Function REDUCE;, modifies the formula
before the step (LR4). This modifying cannot result in increasing the length of a clause or
in increasing the number of occurrences of a literal. Moreover, if the formula changes at
these steps, at least one occurrence is removed. If only one occurrence is removed, then at
least one of the literals d, d remains in the formula. If this is the occurrence of d, then by
Lemma 6.1(1) at least one more occurrence will be removed at step (LR5), and (2) holds.
Otherwise, d becomes a pure literal and will be removed at step (LR5), thus (2) holds again.

Suppose now that REDUCE;, does not modify the formula before the step (LR5).
Then, (2) follows from Lemma 6.1(2). O

We use the following simple properties of the formula reduced by Function REDUCE],
in the proof of 6.1 without explicit mentioning.

16



Lemma 6.3 Let FF = REDUCEL(G) for some formula G. Then
(1) F does not satisfy any of the conditions of the steps (LR1)—(LR5);
(2) there are no 1-clauses in F;
(3) there are no pure literals and (1,1)-literals in F;
(4) there are no 2-clauses in F containing a 1-literal;
(5) for any literal d occurring in F, $g(F) > max(3,2#4);
(6) for any 1-literal d occurring in F, g+ #5>7;

(7) for any literal d occurring in F, $q+ #5 > 5.

Proof. (1) is trivial; (2)—(7) since F' does not satisfy the conditions of the step (LR1)and
(LR5); see also Lemma 6.1. 0

Theorem 6.1 Algorithm 6.1 performs correctly and stops in the time p(L)7(6,7,6,7)"/% <
p(L)201029L “yohere L is the length of the input formula and p is a polynomial.

Proof. We have shown above that it is sufficient to prove that each formula F'in CNF reduced
by REDUCE], satisfies at least one of the conditions of the steps (LS1)-(LS4). Suppose F
does not satisfy the conditions of the steps (LS1)-(LS3). We now consider the two possible
cases: when F' contains at least one 1-literal a, and when it contains no 1-literals. We prove
that in each of these cases F' satisfies the condition of the step (LS4).

Informally, this is done as follows. In the first case we show that the assignment Z(a)
contains many literals. The second case is handled by careful examination of sub-cases: we
choose a 2-clause {c¢,d} in F' and examine the following sub-cases:

e there are many occurrences in the clauses containing the literal ¢ (or d);

e F contains many occurrences of the literal ¢ (or d).

In these two sub-cases we show that many occurrences are eliminated during the trans-
formation of F' into Fc], F'[¢] (or F[d], F[d]) and the subsequent elimination of 1-clauses
obtained from the clauses containing the literals ¢, ¢ (or d,d). The third sub-case is:

e none of the previous sub-cases holds.

In this sub-case one of ¢ and d is a (2,2)-literal occuring only in 2- and 3-clauses which
allows us to use Lemma 6.1 after one occurrence of this literal is eliminated during the
splitting by another literal.

In the following we denote Ay, = L(F) — L(F}), Ay = L(F) — L(F3). Formulas F; and
F, and a literal a have the same meaning as they have at step (LS4) of Algorithm 6.1.
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CASE 1: The formula F' contains a 1-literal a.
Let D = {a,as,...,ap|} be the only clause containing a. Let r = min{5, |D|}. Since #z > 2
and {,+#z > 7 by Lemma 6.3, we have #; > max(7 —{,,2) > 7—r. Let 7 be the number
of 3*-clauses among all clauses that contain @.

During the transformation of the formula F' into F3, all occurrences of the literal ¢ and
all clauses containing @ will be eliminated. Thus,

A22<>E+#a22#6+7+#a2
20—r)+y+1=15—-2r+v2>5.

During the transformation of the formula F' into Fj, the clause D and all occurrences
of the literal @ will be eliminated; all 2-clauses containing @ will be eliminated too (at
step (LR1)). Since D is not blocked for any a; w.r.t. F, for each i € 2,... r there exists
clause D; in F such that D; N {a,ay,...,a.} = {@;}. All these clauses will be eliminated
since all clauses {@,@;} are blocked for @ w.r.t. F (i.e. {a,as,...,a.} C Z(a)). All clauses
containing @, all clauses D; and the clause D are distinct. Thus, we have

Ay > Dl +#a+FHa—7)+20r—1) 2
r+(7T=r)+(#a—7)+2(r—1) = 5+2r+(#z—7) > 9.

We now have Ay + Ay > 20+ #z > 22; Ay, Ay > 5. Thus, 7(Aq, Ay) < 7(5,17), i.e., the
condition of the step (L.S4) is satisfied'.

CASE 2: The formula F' does not contain 1-literals.

Since F' does not satisfy the condition of the step (LS3), it contains a 2-clause D = {c, d}.
Let us note that

The formula F' does not contain other clauses that con-
(6.2) tain the literal d and the literal c, or the literal d and the
literal ¢, or the literal d and the literal ¢, simultaneously.

This proposition is true since F' does not satisfy the conditions of the steps (LR2) and (LR4).
Also, in this case Z(c¢) = {c} and Z(d) = {d} by (6.2) and the definition of Z(...).

Let us denote one of the literals ¢, d by a (we shall choose later which one). We denote
the remaining literal by b. Let o be the number of 3*-clauses among all clauses that contain
a (note that #, — a > 1), let v be the number of 3*-clauses among all clauses that contain
a. We now count the occurrences that disappear during the transformation of the formula
F into F[Z(a)] (= F[a]) and F[a] and subsequent elimination of 1-clauses resulted from the
2-clauses containing the literals @ and a.

During the transformation of the formula F' into F}, all occurrences of the literal @ and
all clauses containing a will be eliminated; all 2-clauses that contain @ will be eliminated too
(at step (LR1)), there are (#5 — ) such clauses.

'Kullmann and Luckhardt [16] prove for a very similar algorithm that in this case (A1, Ay) < 7(5,21);
thus, 7(5,17) in the condition of the step (LS4) can be replaced by 7(8,12). However, this would not improve
our upper bound while would make the proof longer; thus, we present here this simpler proof.
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The formula F[a] contains the 1-clause {b} obtained from the 2-clause D. It will be
eliminated at step (LR1). If F' contains other 2-clauses containing a, the clauses obtained
from them will be eliminated at step (LR1) too. The number of such clauses is (#, —1 — ).
During the transformation of the formula F' into F5, all occurrences of the literal a and all
clauses containing @ or b will be eliminated. By (6.2), D is the only clause containing b in
which the literals a,@ can occur. Thus, even if we count only occurrences that disappear in
clauses containing a or @ before the first application of the step (LR2), we have

(6.3) Ay > Qo+ H#at (F#a— ),
(6.4) Ao >Oat+#a+ (v —1)+ (#a—1—a).

We consider several sub-cases.

CASE 2.1: $,. > 6 and {4 > 6.
From (6.3) and (6.4) we have

A >64+2+ (#z—7) >8+ (#z—7) =8,
Ag > 2#a+7)+2+5=11+~ > 11,
Ay + Ay > 194+ #, > 21.

Thus, (A1, Ag) < 7(8,13) < 7(5,17), i.e., the condition of the step (LS4) is satisfied.

CASE 2.2: #: > 3 or #5 > 3.

Let a € {c,d} be the literal for which #; > 3 holds, let b be the remaining literal in {c, d}.
Thus, we have

Ay > 2#a+a)+ 3+ (#a—7) > THa+(F#—7) > 7,
Do > 2z +7)+2+24 -1+ (#a—1—0a) >

10+ + (#4 — o) > 11,
Ay + Ay > 17+ 4 + #a > 22.

Thus, (A1, Ag) < 7(7,15) < 7(5,17), i.e., the condition of the step (LS4) is satisfied.

CASE 2.3: #:=#;=2,and $. <5 or {$g < 5.
Let a € {¢,d} be a literal such that {, = max({., $4), let b be the remaining literal in
{¢,d}. Then 4 < $p, < 5 and $, > Op. In this case b is a 2-literal, it occurs in D and in one
other 2- or 3-clause. We denote this clause by C}.

The literal b becomes a (1,2)-literal in F[Z(a)] (= Fla]). We now complete the proof
by showing that several literal occurrences will be eliminated in addition to the occurrences
counted by (6.3). There are three sub-cases.
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CASE 2.3.1: At least two occurrences are eliminated before the first application of step (LR2)
in addition to the occurrences counted by (6.3).

In this case,

(6.5) A > Qo+ #Hat (#Ha—v)+22

(Ad+a)+2+ (#z—7) +2>8+a+ (#a—7) > 8,
(6.6) Ao > (447) 4243+ (F#a— 1— ) > 847+ (#a—) >9,
(6.7) Ap+ Dy > 16 + Ffz + #4 > 20.

CASE 2.3.2: Exactly one occurrence is eliminated before the first application of step (LR2)
in addition to the occurrences counted by (6.3).

We remind that (6.3) counts only occurrences to the clauses containing one of the literals
a,a. By (6.2) the occurrence of the literal b to the clause Cj, or any occurrence of the literal
b cannot be eliminated during the transformation of the formula F into the formula F[a]. If
we counted any of these occurrences in the #; — 7 term of (6.3), then it was an elimination
of a 1-clause {b} obtained from a 2-clause {@, b}. Since it is impossible to have two distinct
identical clauses {@,b} in the formula, the other two occurrences (another occurrence of the
literal b and the occurrence of the literal b in Cj) eliminated at this moment are not counted
by (6.3); this fact contradicts the assumption of Case 2.3.2.

Thus in this case b remains a (1,2)-literal before the first application of the step (LR2). By
Lemma 6.2(1) at least one more occurrence will be eliminated after that and thus (6.5)—(6.7)
hold.

CASE 2.3.3: No occurrences are eliminated before the first application of step (LR2) in
addition to the occurrences counted by (6.3).

Similarly to Case 2.3.2, b remains a (1,2)-literal before the first application of the step (LR2)
during transformations of the formula F[a] by Function REDUCE],. Thus, if |C,| = 2, then
two more occurrences are eliminated by Lemma 6.2(2), and (6.5)—(6.7) hold.

If, however, |C}| = 3, then we can apply only Lemma 6.2(1), but in this case $, > $p = 5,
and thus

A 2>Qa+H#Hat+ FHa—7)+12>

542+ (#a—7)+12>28+(#z—17) =8,
Ay > (4+79)+2+4>10+~ > 10,
AL+ Ay > 18 + #4 > 20,

Hence, in all three sub-cases 2.3.1-2.3.3, 7(A, Ay) < 7(8,12) < 7(5,17), i.e., the condi-
tion of the step (L.S4) is satisfied. 0

20



7 Conclusion and further work

In this paper we have improved the existing upper bounds for SAT with respect to K (the
number of clauses) and L (the length of a formula). The key point in our algorithms and
proofs is the black and white literals principle, a new transformation rule which can be viewed
as a re-formulation of two previously known principles: the autarkness [20, 22, 17, 15] and
the generalized sign principle [16].

Our proofs (as well as the proofs of the previous upper bounds [21, 16]) are neither short
nor elegant. It would be a kind of breakthrough to find a compact way to present proofs
of upper bounds for splitting algorithms. It is believable that such a way could lead to
even better bounds, since currently our possibilities to create new heuristics and prove the
corresponding upper bounds are limited by the length of a comprehensible proof. On the
other hand, it is a challenging problem to prove (more) tight lower bounds for (some class
of) splitting algorithms: currently, the exponential lower bounds for resolution proofs (see,
e.g., [27]) are far enough from the known upper bounds for splitting algorithms. (Most of
splitting algorithms can be viewed as resolution proofs and vice versa.)

Another direction for work is to find randomized algorithms that give better upper bounds
for SAT (or to find a way how to apply modern randomized algorithms that have already been
invented for 3-SAT in recent breakthrough papers [23, 24]). Also, it remains a challenging
problem to find a less-than-2" upper bound where N is the number of variables.
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